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CHAPTER I 

CARTESIAN AND POLAR COORDINATES. 

1. Cartesian Coordinates. Let XOX\ YOY' be two 
given intersecting lines, P any point in their plane. Let the 
parallelogram PLOM be completed having its adjacent sides 
OZ, OM along the given lines XOX\ YOY' respectively. The 
position in the plane of the j^oint P relatively to the given 
lines is known when the magnitudes and directions of OL and 
OM are known. 
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It is necessary in order that the point P may be definitely 
determined that the directions as well as the magnitudes of 
OL and OM should be known. For if only the magnitudes 
were given we should not know whether OL was* to be 
A. 1 
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measured in the direction OX or in the direction 0X\ nor 
again whether OM was to be measured in the direction OF or 
in the direction 0Y\ 

Accordingly we make use of that convention of signs with 
which 'the reader is already acquainted in Trigonometry, and 
consider OL to be a positive magnitude if it is in the direction 
OX, and negative if it is in the opposite direction 0X\ 
OM too is to be considered positive if in the direction OF, 
and negative in ’the direction OF'. 

6l and OM, regard being had to their sign as well as to 
their magnitude, are called the Cartesian coordinates of the 
point P with respect to the axes OX, OY. They are so called 
after the celebrated French ngiathematician, des Cartes, who 
first introduced this method of determining the position of a 
point in a plane. 

By calling the axes of coordinates OX, OF we imply that 
OX, OY are the directions in which OL, OM, as explained 
above, are to be accounted positive. 

We distinguish the two axes of coordinates by calling OX 
the a?-axis, and OF the y-axis. 0 is called the origin. 

OL may be called the aj-coordinate of P, OM the y-coordi- 
nate. OL is frequently denoted by x, and OM by y. The 
point P is then briefly represented as {x, y). 

When we wish to represent several points we can do so by 
means of suffixes. Thus {xp, yp) can represent P, and {xq, y^) 
can represent a different point Q. Different points are some- 
times represented by means of numerical suffixes as (a?i,yi), 
(ait, Vt), (ait, yt), &c., or again by dashes, as (x', y'), (®", f), 
(d",r'), &c. 

2. It will be convenient to speak of that part of the plane 
which falls within the angle XOY {OX, OY being unlimited), 
as the first quadrant, the part within the angle YOX* as the 
second quadrant, the part within X'OF' as the third quadrant, 
and the part within Y'OX as the fourth quadrant* 
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If then a point lie in the first quadrant both its x and y 
coordinates are positive; if in the second quadrant its a;-co- 
ordinate is negative and its y-coordinate positive; if in the 
third quadrant both coordinates are negative ; if in the fourth 
quadrant the a?-coordinate is positive and the y-cooMinate 
negative. 

To represent the point (fS, — 4) in the figure, OL would have 
to be measured along OX of 3 units of length, and OM along 
OF' of 4 units of length ; the parallelogram OLPM would lihen 
have to be completed. The vertex P is the point (3, — 4). 

The student may as an exercise mark on properly ruled 
graph paper the following points, (2, 1), (8, — 3), (- 4, 5), (5, - 1). 
These points, if correctly marked, will be found to lie in ofie 
straight line. 

3. The relativity of coordinates. The student cannot 
too early familiarise himself with the fact that the coordinates 
of a point are purely relative. That is, they depend for their 
sign and magnitude on the axes of coordinates. For different* 
axes the same point will have different coordinatea 

The following is of great importance : 

If (^i> yO ya) be the coordinates of two points Pi and Pg 
relative to axes OX and OF, then the coordinates of P, relative 
to axes through P^ parallel to OX, OY will be (a? 2 ^a?i, ya — yi). 
For if we complete the parallelograms OL^P^M^, OXaPj^Mi, we 
see that the coordinates of Pg relative to the new axes through 
Pi are equal to and MiM^, 

But ^ OXg OL\ ® x^ ”” X\ , 

iflilfg= OJlfg- OJfi= yg - 

This is true in whatever quadrant the points Pi and Pg may 
happen to fall, whether the same or different ones. 

The student may mark the points Pi and Pg whose co- 
ordinates are (— 3, 5), (1, — 7) and satisfy himself that the 
coordinates of P, relative to axes through Pi, parallel to the 

1—2 
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oHginal axes, are 4 { = 1 - (- 3)}, and - 12 {= - 7 - 5}, and that 
the coordinates of relative to axes through parallel to the 
original axes are (—4, 12). 



4. Rectangular and oblique axes, Wlien the axes 
of coordinates are at right angles they arc said to be red- 
angular, otherwise they are called oblique. As the student 
jvill see, rectangular axes are used more commonly than are 
oblique. There are cases, however, where oblique axes are 
useful. The student will find it necessary as he goes along 
to discriminate formulae which are applicable only when the 
axes are rectangular and formulae which bold for oblique axes 
as well. 

6. Polar coordinates. In this system of coordinates 
the position of a point is determined by its distance from a 
fixed point 0, usually called the pole (though it might equally 
well be called the origin), and the angle^which the line joining 
the pole to the point makes with a fixed line through the pole, 
called the initial line. Thus if OA be the initial line, the 
polar coordinates of a point P are OP w^hich is known as the 
radius vector, and the angle AOP which is called the vectorial 
angle. The vectorial angle is measured firom the initial line as 
in Trigonometry ; it is usually considered positive if measured 
round from OA in the opposite direction to that of the rotation 
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of the hands of a watch, and negative in the other directim. 
But it may on occasion be more convenient to take the rotation 
positive in the same direction as that of the hands of a watch. 
To mark a point whose polar coordinates (r, 6) are given, we 
first measure the vectorial angle 6 and then cut off the radius 
vector (= r). The extremity P of this is the point (r, 0), 



6. On the sign of the •radius vector. In polar / k)- 

ordinates we admit negative as well as positive radii vectores, 
a negative radius vector being measured in the opposite 
direction to that of the boundary line of the vectorial angle. 

It will be seen that the point whose polar coordinates are 
(— c, a) is the same as the points (c, tt + a). It may seem 
then to be unnecessary to admit negative radii vectores at alh 
since every point with a negative radius vector could be 
equally well represented by means of a jjositive one by a 
change in the vectorial angle. 

We cannot, however, afford to exclude the negative radius 
vector ; for while points in isolation can be as well expressed 
by means of a positive radius vector as by a negative one, this 
is not the case when we have to do with an assemblage of 
points forming a curve or locus, as it is called. 

We can illustrate this point by a simple example. There 
is a certain assemblage of points forming a curve whose polar 
coordinates satisfy the equation 

- = 1 + 3 cos ft 
r 

2w 

Now it can be seen that for r = -- 2, = — this equation is 

satisfied, and so we say that the curve represented by this 
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e<5[uation passes through the point 2, j . But the co- 
ordinates of this point when it is expressed by means of a 
positive radius vector as ^2, do not satisfy the equation. 

We should then have to exclude this point in the plane as 
not part of the locus if we admitted only positive radii vectores, 
whereas by admitting the negative radius vector the point 
belongs to the locus, as it will be required to do. Why it 
will be so required it is premature to attempt to explain to 
the reader. He will be in a position to understand this for 
himself when he has mastered the polar equation of conics. 

^7. Formulae connecting the pclar and Cartesian 
ccordinates of a point. 

It is to be understood in what follows that the pole and 
the initial line in the polar system arc respectively the origin 
and the axis of x in the Cartesian system, and the positive 
direction of measurement of the vectorial angle is towards the 
axis of y. 

Let (a?, y) be the Cartesian coordinates of a point P, (r, B) 
its polar coordinates. 

First, let the Cartesian axes be rectangular. 


Y 



We have at once from the figure 

x^rcoBff , y ^rsinff, 

and these formulae hold in whichever quadrant P may be. 



^ t 

CARTESIAl^ -AND POLAR COORDINATES 
From the above we have 

tan 0 = - . 

^ a? 

Secondly, let the Cartesian axes be oblique. 



Drawing PL parallel to the axis of y to meet tlfe fl?-axis In 
X, and PM perpendicular to the aj-axis, we have, if cd be the 
angle between the axes, 

^cos^ = Oj!I/= OX + Zil/ = a; + y COSO), 
r sin 0 = MP— y sin o). 

Adding squares we have 

r® = (a? + y cos g))’ 4- y® sin’ w 
= ic’ + 2a7y cos w + y’. ■ 

This is an important formula giving as it does the distance 
of the point (a?, y) from the origin. 

8. Distance between two points whose Cartesian 
coordinates are given, 

Let (a?!, yi), (a^j, y*) be the coordinates of the points Pi and 
Pa respectively. The coordinates of Pa relatively to axes 
through Pi parallel to the original axes are a^-a^, yg-yi- 

Therefore by the last article 
PiPa® = (a;^ -a?i)® + (y, - yj)® + 2 (a;, - a?,) (y* - yO cos 
or, what is the same thing, 

- ya}'±.2.0»i (yi yO cos 0). 

In the case where the axes are rectangular 
Pi-Pf* = ^i)* + (yi “ ya}* 
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* 9. Coordinates of the point dividing in a given 
ratio the line Joining two given points. 

Let (xiy yi) (xg, be the coordinates of the given points Pj 
and Pj. 

Let Q be a point in Pi Pa such that FiQ : Ql\— k : I 
Let (a?, y) be the coordinates of Q. 


Y 



Draw QR and P 2 S parallel to the y>axis to meet the line 
through Pi parallel to the ay-axis in P and S, 

Then k :l^P,Q : QP^^PiR : RS 


Similarly 


a? — ” a?! I X2 X 
k(a!t~x) = l(x-a!i), 
kxt + Ixi 

•* k + l * 

„ kyt + lyi 

y-~wr' 


Cob. If Q be the middle point of PjPa its coordiaatea are 

i(a^+ai), i(y,+y,). 

'-:^It should be noted that if Q does not lie between Pi and P, 
then the ratio £ : 2 is a negative quantity, that is to say one of 
the two, X; or 2, is negative. It does not make any difference to 
which of the two the negative sign be given. 
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Area of a triangle. 

10. To find the area of the triangle formed hy joining the 
origin to two points whose coordinates are (i^i, y^, ya). 

Let (rj, ^i), (ra, ^a) be the polar coordinates of P^ and Pa* 
Let > 01. 

The area of the triangle OPiP^ = J OPi . OP^ sin P^OP^ 

= irirasin(^a-^i), 

or i rira sin {27r - (^a “ ^0} , • • 


according as the origin is to the left or right hand as* we 
pass from Pi to P^. 



P« 


Thus the area of the triangle OPiP, 

= ± i (sin 0% cos 0i — cos 0^ sin 0i) 

= ± i {(iri + yiCOSfl))yasincD — (a?a + y 3 Cosa))yisina)} by § 7 

^±h(poiy2-x^yi)ema). 

If we consider the triangle OPiP, to have a positive area 
when, as we proceed round the triangle from 0 to Pi and then 
to Pa, the triangle is on our left hand, and to have a negative 
area in the opposite case, then 

AOP1P3--AOP.P1, 
and we have A OPiP. — i (^ly. -fl^yO sin 
which when the axes are rectangular — i (iriy,—fl?ayi>* 
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* 11. To find the area of the triangle whose vertices are 

(a?i, yi), (iPa, ya), ys). 

Denoting these points by P,, Pa, Pj respectively, we see 
that the coordinates of Pa relatively to P^ are (a?a — iCi, yi — yi) 
and of Ps relatively to P, — a?!, — yi). 

Therefore by the last article, with the same convention as 
to sign, 

A PxPJPt = sin <t> {(a;, - x^) (y, - yi) - («. - «i) (y* - y.)} 

= i {«! (yj - y.) + ai, (y, - y,) + a;, (y, - y,)} sin oj. 


y 



This is a formula easily remembered. It can be written as 
a determinant thus : 


^sim iCi, 

yi. 

1 

or J sin w 


X2, 

iPs 

X2, 

ys, 

1 


yi. 

ya, 

ys 

iPs, 

ys, 

1 


1 

1 

1 


12. The result of the previous article could also be obtained 
by joining the vertices Pj, Pg, Pg to the origin 0. Then regard 
being had to the signs of the areas 

A PiP.Ps = A OPjPa + A OPaP, + A OP, Pi 

= ^ sin o> {(a^iy, - x^yx) + (a,y, - ^ly.) + (a^yi - y»)}. 

And in this way we can obtain the lurea of a polygon 

PiP»Pf-Pn‘ 
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Fop the polygon 

= A OP,P, + A OPjP, + A OP,P4 + A OP,P. + . . . 

+ A OP„_,P„ + A OP„P, 

= i sin <0 ((a;,y, - a^y,) + (a!,y, - x^y,) -as^yt) , 

+ (fn-iyn- a^ny*-,) + - x,y„)}. 

13. Condition of colllneaiity of three points. The 

points (a.'!, yi), (a:,, y,), (ar„ y,) will clearly liq on one straight 
line if the area of the triangle formed by joining the poijits 
is zero. The condition for this is 


or 


(ya - yi) + an, (y, -yt) + x, (y, - y,) = 0 , 


l a!2, y„ 
^ 8 , y\y 


1 1 = 0 . 


3 

1 


This condition for collinearity of three points holds whether 
the axes be rectangular or oblique. 


EXAMPLES. 

1. Prove that the distance between two points whose polar 
coordinates are ^j), (rj, 0^ is 

- 2^1 ra cos (^1 - 

^ % Write down the coordinates of the middle points of the 
sides of the triangle whose vertices are (fiCj, y^), (ajj, y,), (a^, y,), and 
shew that the area of the triangle formed by joining these is 
on^uarter of that of the original triangle. 

S. Find the distance between the points (2, — 3), (- 5, — 7), 
the axes being inclined at 60*. 

^4. Shew that the points (<», a), (-a, -a), (-a^/3, aj%) are 
the vei*tices of an equilateral triangle, the axes being rectangular. 

Shew that the points (1, -|), (-3, (-4, -J) are 

the vertices of a right-angled triangle, the axes being rectangular. 
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, ^ 6. Shew that the points (2, 3), (G, 9) are in a straight' line 
with the origin. 

Shew that (a, b), (ka, kh) are in a straight line with the origin. 

Prove that th^ three points (1, J), (2, £), (5, -^) are 
collinear. 


N/8. If {x, y) be any point in the straight line which passes 
through (2, 4) and (5, 9), prove that 

5a: - 3y + 2 = 0. 

•[Express the fact that the area of the triangle with the three 
poin^as vertices is zero.] 

\ Prove that the points (a^, (*!. ys). 

are collinear by § 13. 

^ 10. If the point (a:, y) be equidistant from the points (2, — 3) 
and (-5, —7) then 14a: + 8y + 61 = 0, and conversely, the axes of 
coordinates being rectangular. 

Ml. Shew that the middle point of the line joining (5, 1) and 
(3, 7) is also the middle point of the line joining (20, 9) and 
(-12, -1). What geometrical conclusion can be drawn from 
this fact? 

'^12. Find the area of the quadrilateral whose vertices are 
(4, 5), (6, — 2), (3, 8), (5, 1), the axes being inclined at 30“. 

[Care must be taken that the points are taken in the proper 
order so as to get a closed iigure.J 
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LOCI AND THEIR EQUATIONS. 


14. In the preceding chapter we have explained jbhe 
method of representation of isolated points in a plane by 
means of Cartesian and Polar coordinates. We pass now to 
consider the representation of an assemblage of points. We 
cannot represent analytically ab assemblage of points taken 
at random, but when the pointstare situated according to some 
law it may be possible to give a collective representation of 
them. Thus all points which lie on the same straight line can 
be represented by means of an equation. 

For example, if {x, y) be the coordinates of any point on the 
line passing through the points (2, 4) and (3, 5) then the area 
of the triangle formed by these points is zero. We thus have 


2, 4, 

3, 5, 



from which we get .r — y + 2 = 0. 

Now this equ<ation is satisfied by the x and y coordinates of 
every point on the line. It may therefore be said to represent 
the line, and it is called the equation of the line. 


16. Again, we might find an equation satisfied by the 
coordinates of all points which are at a certain given distance 
from a point whose coordinates are given. Thus if (x,y) be 
the coordinates of any point whose distance from the point 
(2, 3) is 5 we have, if the axes be rectangular. 
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rfor the left-hand side of this equation is (§ 8) the square of the 
distance between the points {x^ y) and (2, 3). This equation 
reduces to 

^ — 4aj — 6y = 12. 

This equation then represents a circle whose centre is at 
(2, 3) and whose radius is 5. And we speak of the equation as 
the equation of this circle. 

16. A num.ber of points obeying some law are said to form 
a hcuSy and if it be possible to find an equation satisfied by all 
points which obey that law, but satisfied by no other points, 
that equation is called the equation of that locus. Thus the 
circumference of a circle having its centre at the point (A, k) 
and haviiig its radius equal tb a is the locus of points whose 
distance from (A, k) is a. Its equation is then 

(a?-A)* + (y- A)® = a*, 

for this equation is plainly satisfied by all points whose distance 
from (A, k) is a, and by no other points. 

17. Points which form a locus for which an equation exists 
lie along a line straight or curved. But a locus is not necessarily 
a straight or curved line. For example, all points lying within 
the circumference of some particular circle form a locus, and as 
we shall see in a later chapter, they can be represented col- 
lectively, though not by an equation. Every locus, however, 
which can be represented by an equation may be called a 
curve^ by which is meant the line on which all the points 
which obey the law of the locus lie, and on which lie no points 
which do not belong to the locus. 

18. The relativity of the equations of curves or loci. 

It is clear that the equation of a curve or locus is relative to 
the axes of coordinates, and it will change when the axes of 
coordinates are changed. Thus the equation of a circle whose 
centre is at (A, k) and whose radius is a is, as we have seen, 

+ ( 1 ). 
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But if the axes of coordinates pass through the centre of the. 
circle the equation of this same circle becomes 

3?® + ^® = a* (2). 


The X and y of equation (2) are of course not the same as 
the X and y of equation (1). In (2) they are the coordinates 
of a point P on the circle with reference to the axes through 
its centre, but in (]) they are the coordinates of the same point 
P, but with reference to different axes. 

Thus in the accompanying figure which, it is hoped, is sglf- 
explanatory, the x and y of equation (1) are OM and MP 
respectively; but the x and y of equation (2) are CN and 
NP respectively, Both the equations alike represent the 
geometrical fact that • ^ 



19. If we wish to discover by analytical methods the 
geometrical properties of a curve or locus whose equation can 
be found, we choose our axes of coordinates so as to make 
the equation of the curve as simple as possible. Not that 
the same properties could not be proved otherwise, but the 
working out of the proof would be more complicated. The 
student will learn by experience which axes it will be best 
to take in particular cases. 
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EXAMPLES. 


[The axes of coordinates are to be taken rectangular.^ 

'A. Find the equation of the locus of points which are equi- 
distant from the points (2, 3) and (5, 7). 

V 2. Find the equation of the locus of points whose distance from 
the point (2, ~ 3) is double their distance from (1, 2). 

[Here 

^(x - 2y + (y + 3/ = 2 + 

Square and simplify.] 

Find the equation of the locus of a point whose distance 
from the origin is twice its distance from the axis of x. Y 

Find the equation of the locus of a point whose distance 
from (a, 0) is equal to its distance from the axis of y, 

V 5. Filid the equation of the locus of a point whose distance 
from (a, 0) is m times its distance from (0, a), 

V 8. Find the equation of the locus of points the sum of the 
squares of whose distances from the points (2, 5), (3, - 1) is equal 
to ^ 

Vt. A point moves in its plane so that the sum of its distances 
from the points (c, 0), ( - c, 0) is 2a, Show that the equation of its 

locus is ^+ 1 - 5 = 1 where = XX 

a 6 

8. Express analytically the locus of points whose distances from 
two given points are in a given ratio k. 

[Here the axes of coordinates are at our choice. Let A and B 
be the fixed points. Let AB = 2a. Take 0 the middle point of AB 
for origin, OA and a line perpendicular to it for axes of coordinates. 
The equation of the locus will be found to be 


( 1 - 1^) («“ + 3^) - 2aa; ( 1 + a* ( 1 - A’*) = 0. ] 

^9. Express analytically the locus of a point the sum of the 
squares of whose distances from two given points is constant.^ 
10. The equation of a certain curve is 


as® + y* — 4a5 + 6y = 14. 

What will this become when the origin is transferred to (2, - 3) 
without changing the directions of the axes! 



CHAPTER III 


THE STRAIGHT LINE. 


20. Equation of a line throue^h two given points. 


To find the equation of the line passing through the points 
A and B whose coordinates are ( 4 , 2/1), (a?2» respectwely. 

Let (x, y) be the coordinates*of any point P on the line. 

The coordinates of P relative to axes through A^and para llej 
to the given axes are (£ — y — yO ; t he coord inates of B 
relative to the same axes are {x^ -^ Xi, - yO* 

Thus the area of the triangle PAB is 

sin a {(x - «,) (y* - y,) - (<r, - a^) (y - y,)}, 
where o) is the angle between the axes. 


But this area is zero since P, A and B are collinear. 


Therefore 


y-ih 

X2 “• ya yi 


(A). 


This then is the equation of the line passing through the two 
given points. 

By changing the signs of both denominators we can write 
this also 

^ = (A). 

Xi-Xt yi-y. 

And it can easily be seen that the equation is equivalent to 


k. 


^ y% 


(A), 

2 
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as of course the line through (a?i, and (a?a, is also the line 
through (a?a, aiid (a?i, yi). In other words the equation must 
be unaltered when we interchange Xx and x^, yx and y^, 
simultaneously. ' 

21. laine through the origin. In the special case where 

the point {x^t y^ is the origin we have ya^O and thus 

the equation of the line through the origin and {x^, y^ is 

x^y 

yi* 

which may be written - == - . 

X Xi 

In other words the ratio of the x and y coordinates of any 
point on the line is constant, ac is obvious also from geometrical 
considerations. • 

22. Equation of line whose interoepts on the axes 
are given. 

Let ABP be the line cutting the axes in A and B. Let 
OA =a, OJ8=6 where a and 6 may be one or other or both 
negative. 


Y/ 



Let (x, y) be the coordinates of any point on the line. 
Then the area of the triangle whose vertices are {x, y), (o^ 0), 
(0, h) is zero. 
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Therefore a? (0 — 6) + a (6 — y) + 0 (V — 0>'= Q 
/. bx + ay = ah\ 


-+l=i 

a 0 




This is an important form and one easily remembered. 

The equation (B) could of course be derived from (A) by 
writing yi = 0 ; — y 2 = b; 


x^a 7/— 0 


It should be noticed that both equations (A) anj^ (B) are 
applicable whether the axes be rqptangular or oblique. 

23. General linear equation. 

To prove that the equation Ax -f J5y + C = 0 where A, B, 0 
are constants represents a straight line. 

Let (a?i, yi), (a?a, (a?8, ys) be three points on the locus 

represented by the given equation, thus 

Axi + Byi + ( 7 = 0 , 

Ax2 + Byn + — 0 ^ 

Axg + Bya + ( 7 = 0 . 

Multiply the first equation by (ya — y^), the second by (y, — y,), 
and the third by (yj — y^), then by addition 

i 

-4 [®1 (y, - y,) + (y, - yO + (y, - y,)] = 0 

for the terms in B and (7 vanish identically. 

Therefore if A be not zero 

(y. - y.) + O', (y. - yi) + (yi - y.) - 0 , 

that is, the area of the triangle formed by joining the three 
points is zero; therefore the three points lie on one straight line. 
This being true of a n y^ three points on the locus, the l^us 
itself is a straight line. 


2—2 
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If ^ be zero, the equation reduces ^ By -¥0^0, that is 

O 

y~ B‘ 

Thus the y coordinate of every point on the locus is the 
same. The locus is then a straight line parallel to the axis 
of fl?. 

24. Lines parallel to the axes. It is easily seen from 
what has been 3aid at the conclusion of the last article, that 
th^ equation of a line parallel to the ^-axis is of the form y=^h, 
and of a line parallel to the y-axis x^a. 



These are special cases of the form (B) when one or other 
of the intercepts on the axes becomes infinite. 

Examplea 1. Uso (A) to obtain the equation of the line through 
the points (6, 7), (3, 1) in the form 2a;-yB=6. 

V*!!- Find the equation of the line through (2, 4), ( - 3, 6). 

vd. Write down the equation of the line through (1, 3), (-2, - 6) and 
shew that it passes through the origin. 

Shew that the equation of the line through ^ 0^, (0, o) is 

\/5. Shew that the equation of the line through (p sec oi 0)| (0, p coseo a) 
is j? 0 OBa+yBina»p. 



21 


TEf^ STRAIGHT LINE* 

B. Find the intercepts on the axes made by the line 2a?+5ya>7. 
[Write the equation j = 1. 

S 5 

Compare with (B) and the intercepts are seen to be 
Or in the equation 2a;+5y=s7, put y<=0, 

2 ^= 7 , 

this then is the intercept on the :r-axis. 

Again, put and we get J which is the intercept on the y-axis.] 

. 7. Find the intercepts on the axes made by the line &r-4yc=20%nd 
so draw the line. 


Forms for the equation of a straight line when the 
axes are rectangular. 

25. Thus far we have made no restriction as to the axes of 
coordinates. The formulae (A) and (B) are good for oblique 
axes as for rectangular axes. So also it is true that 

Ax + By+G = 0 

represents a straight line when the axes are oblique as well as 
when they are rectangular. But we are now going to obtain 
special forms of the equation of a straight line when the axes are 
rectangular. These will be of constant use hereafter. 

26. To obtain the equation of a straight lins in terms of the 
perpendicular from the origin upon it, and the angle which this 
pe?pendicular makes with the axis of x, the axes being supposed 
rectangular. 

Let OL the perpendicular from the origin be p and the 
angle XOL be a. 

Then if OA, OB be the intercepts on the axes 
OA =jpseca, 

OB^pcoseoeu 
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Therefore the equation of the line is 
® 4 

pseca ^ cosec a 
that is, ‘s;cosa + ^sina = p 


^ 1 . 


.(C). 



This is a very importaot form for equation of a line, and 
it holds good however the line falls, provided that a is measured 
only from 0 to w in the positive direction, and provided that 
the perpendicular from the origin be accounted positive in the 
first two quadrants and negative in the third and fourth. 

' The student should carefully verify for himself that in each 
of the cases represented in the accompanying figures the 
intercepts on the axes are pseca and p cosec a respectively. 
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The point is that by making our convention in regard to the 
measurement of a and the sign of p, we ensure that the 
intercepts have their right signs. 

• • 

27. The student may satisfy himself that the form * 
a? cos a + y sin a = p 

holds in all cases equally well if a be measured from 0 to 27r 
and p be always accounted positive. 




28. To find the equation of a straight line whose inclination 
to the x-aade is known, as also its intercept h on the y-aais. 

It will be seen from the figures that in each case the inter- 
cepts on the axes are — 6 cot ^ and b respectively. 


1 






o 


X 


o 
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Therefore the equation of the line is 

— b cot h * 
or ■ y = a? tan ^ + 6. 



It is usual to write m for tan /S. That is m stands for the 
tangent of the inclination of the line to the axis of a;. We 
then have the standard form for the equation of a line 

y = mx + 6 (D). 

It will be observed that h has the same meaning as in (B). 
Some writers use c for b in (D). It really does not matter 
what letter is used. The advantage of using the same letter in 
(B) and (D) is that attention is drawn to the fact that the 
same thing is represented each time. 


29. It should be noticed at this point that the equation of 
a line can still be written in the form y = + 6 when the 

axes are oblique, b being the intercept on the y-axis. But m is 
not now the tangent of the angle which the lim makes with the 
axis of Xy but if /3 be the angle the line makes with the axis 
of a, and a> the angle between the axes, then 


m 


sin^g 

sin(Q> — /8)‘ 
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This fo llows at once from the fact that the intercept on the 7 

. . rsm(^ — cd) u X • ,sin(a> — /8) 

d?-axis IS 6 — 5 — - or, what is the same, —6 - \ \ 

smyS siny9 


X 


30. On the constants in the equation of a line. It 

will be observed that when the equation of a line is written in 
the form y = mx + 6, of the two constants m and h which occur, 
m depends on the direction of the line, and h on its position. 
The two lines then whose equations are 
y = mx + 6, 
y = wx + c, 

are obviously parallel. They have the same direction, but a 
different position. 

31. To find the equation of a line passing through A y^ 
and making an angle 0 with the x-axis, the axes of coordinates 
being rectangular. 

Let {x, y) be the coordinates of any point P on the line. 
Let r be the algebraical distance of the point from (xi, y^. 
Let r be considered positive if .A P is in the first or second 
quadrants formed by axes through A parallel to the original 
axes, otherwise let r be negative. 

With this convention as to sign it will be seen that 
a; - 0 ?! = r cos 
y-yi=rsin/8. 
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So that we may express the line by the equations 

cos sin 13 
in which 13 is measured from 0 to tt. 




This is a very useful form and we shall have occasion to 
use it frequently in later chapters. Ifc will be seen that by 
equations (E) the coordinates of any point on the line are at 
once expressed when we know its algebraical distance from the 
given point (a?!, y^) for we have 

a? = a:i + rcos/3, y = yi+rsinl3, 

32. It may be observed that if the axes of coordinates be 
oblique a straight line through {xi, y^) can still be expressed in 
the form 

a:-(Ci_ y-yi 

I " m 
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where I and m, though not now the cosine and sine of the 
angle which the line makes with the a;-axis, are constants 
depending only on the direction of the line. 

For let .B be a point on the line apd let its coordinates be 
(®a> y») and tbe algebraical ratio of d.P : PB be p : g, P'being 
any point on the line. 

Then (a;, y) being the coordinates of P, wo have (§ 9) 


m.+m . 

p+g ' ^ p+g ' 


a; — = 


p(Xi-Xi) 

p + g ’ 


^-^1 = 


p(ya-yi). 

p+g ’ 


. = y-26 ^ ^ -dP 

a;,-a^ yj-y, p + g .4B ‘ * 

This we may write 

x-{L\ y-y, _ 

I ■"'m 


na na 

r ,2 being the algebraical distance of B from -4, as r is of 
P from A, 

It is clear then that I and m depend only on the direction 
of the line and that we have 

+ m* + 2lm cos cw 

_ (^a - a?i)* + CVa - ViY + 2 (a?8 - x^) (y, - y,) cos ® , 

na" 


Use of the form x cos a + y sin a s^. 

33. To Imgth of tlx perpendicular from the origin 

on the line 

Ax + .By + 0 = 0. 


We may wi thout loss of generality take ^ to be positive in 
this equation, for if it were not positive we should have only to 
change the signs all through. 
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r Our equation may be written 

kA .x + kB .y + lcG=0, 
where k is any constant other than zero. 

Choose k so that (kAy + {kBy = 1. 

This is satisfied by k= . , and we will take the 

+ B^ 

positive sign with the radical. 

‘Our equation is now 




G 


= 0 , 


ill which the coefficient of y is still positiva 
Hence our equation is of the form 

a? cos a -h y sin a — p = 0, 


where 


cosa = 


A 




sin a = - 7 =^ 


B 






G 


vA^ + B^ 


Since sin d is positive, a may represent an angle between 
0 and TT. 


Thus we have reduced our equation to the form (C) and our 
convention of § 26 is applicable. 

fj 

Thus perpendicular p = — - ^ 

If p is positive (that is C negative) the perpendicular 
between the origin and the line falls in one of the first two 
quadrants. 

If p is negative (that is G positive) the perpendicular 
between the origin and the line fiills in the third or the fourth 
quadrant 
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Examples. 1. Write the equation - 28=0 in the form 

a? cos a sin a 

and find the perpendicular from the origin upon the line. 

2. Express 4a?-3y=18 in the form a7cosa+^sina~p=0 (a between 
0 and tt) and find the perpendicular from the origin upon it. 

Verify that the sign of your perpendicular is correct by drawing the 
straight line in a figure. 

3. Find the perpendicular from the origin on the lines 

(1) 6j;-f6y=7, 

(2) 6A--7y-8=0, 

and state in which quadrant each falls. 

34. To find the length of the perpendicular from the point 
Vi) on the line 

The method we shall adopt is as follows. We shall transfer 
the origin to the point and obtain the new equation of 

the line. We then use the method of § 33 to find the length 
of the perpendicular from the new origin. We shall as before 
take B to be positive. 

Let {x, y) be the coordinates of any point P on the line 
referred to the original axes^ let {X, Y) be the coordinates of 



the same point P referred to axes through (a?}, parallel to 
the original axes 
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But ila? + B;y + C^ = 0, 

A(X + x,) + B(r+y,) + O^0, 
AX BY-{‘ (^Axi + Byi-{- C) = 0, 

‘ . ^ y \ ^ V \ ^ 


this is the new.equatiou of the line in the form 
Zcosa+ Fsina— p = 0. 

Awj -h Byi + G 

This then is the perpendicular from the point (ir,, yi) oh 
the line 

AtC + By + 0. 


•Hence 


p=-- 


- '35. If - — is positive, that is if + Bvi + C ‘ 

is negative, the perpendicular on the line falls in one of the , 
first two quadrants formed by the new axes through (a?i, y^. | 

If + negative, that is if Ax^ + Byi+ G is 

nA^ + B^ 

positive, the perpendicular on the line falls in the third or 
fourth quadrant formed by the new axes through {xi, yi). 

We thus get the following result : ‘ 

If (®i» yi) be the coordinates of any point in the plane, and 
Ax^By-\-G=0 be the equation of a line {B positive) then 
Axi + Byi + C is positive if the point (xi, yj) be above the line 
(that is if the perpendicular from (xi,j/i) on the line falls in the 
third or fourth quadrant formed by the axes through (xi, y^) 
parallel to the original axes), negative if (a?i, yi) be below the 
line and zero if (x^, y^) be on the line. 

Thus we see that any straight line Ax + By + C = 0 divides 
the plane into two parts, such that the coordinates of all points 
on one side of the line substituted for x and y in Ax + By + 
make this expression positive, the coordinates of all points on 
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the other side of the line make the expression negative,. 
Points on the line itself make the expression zero. 

The relation Ax + By + 0 > 0 

would be satisfied by all points above the line Aq: + Sy + C = 0, 
always supposing B is positive. We might then speak of this 
side of the line as the positive side of the line. The other side 
we can call the negative side of the line. Points on the 
negative side make Ax + By -f G negative, that is satisfy 
Ax + By + C < 0, 

We see then that we can express analytically all points on 
one side of the line Ax + By 4- 0 = 0 by the inequality 
Ax + + (? > 0 

and all points on the other side of the line by the inequality 

Ax + By 4-C'<0. 

We have only shewn that those inequalities hold when the 
axes are rectangular but it will be seen later that they are 
applicable for oblique axes also. 

Examples, l. Shew that the perpendicular from (2, 3) on the line 

4a?+7y - 18=0 is of length and that the point is above the line. 
v65 

2. Find the perpendicular from (1, -3) on the same line and shew 
that the point is below the line. 

3. Find the perpendiculars from (4,3) and ( — 2, —1} on the line 
6a?+3y+8=0. Determine on which side of the lino each point lies, 
and verify by means of a figure. 

4. Shew that the point (5, 6) is above the line 2jr— 4y+7=>0 and 
determine its perpendicular distance from the line. 

5. Show that the points (2, 3} and (1, 2) are on opposite sides of the 
line 6a?+7y-20=0. 

Use of the form y = mx 4- b, 

36. It has now been seen how the form 
a? cos a + y sin a — ^ « 0 

for the equation of a line enables us to obtain the perpendicular 
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.distance of any point (xi, from any line ila? + + C = 0, and 

to determine on which side of the line the point lies. We go 
on now- 4 ;o shew the use of the form y = mx + 6. 

condition that the lines y = mx-\^b, y = m'a?4-6' should 
be parallel is m= wi', whether the axes be rectangular or oblique. 

For if P be the inclination of the lines to the axis of x 
m = tan ^ = m' if the axes be rectangular (§ 28 ) ; and 

sin/8 

m = -r—. — ^ = m 

sin (o) — p) 

if the axes be inclined at angle © (§ 29 ). 

It is clear then that the condition that the lines 


should be parallel is 


Ax + By-{‘G= 0, 
A'x^B'y + C' = 0, 

A__A' 
“"if" B'* 


AC, .A 

for the first line is y = d 'm* is —-*3 and the 

IS IS IS 

A' C* A' 

second line is y = — ^ a? — and its ‘ m ' is — . 


Thus if the two lines are parallel 

^=^ = 4 - (say). 

A' = M, F = kB. 

Thus the line A'x + I¥y + C' = 0, j^arallel to Ax + J 5 y 4* C= 0, 
can have its equation written 

k{Ax + By) + C' ^ 0 , 

or dividing out by k 

4 « + jBy + D*0. 

This then is the general form of lines parallel to 

Ax^By^G^Q. 
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Bzamples. [The axes are not necessarily rectangular here.] 

1. Find the equation of the line through (2, 3) and parallel to the 
line 5j7 + 8y=9. 

[The equation of the line required is of the form 

in which k must be so determined that the line passes through (2, 3). 

The condition for this is 

10+24=>l*, 

A=34. 

Therefore the line required is 6a?+8y = 34.] 

V 

' 2. Find the equation of the line through (1, 3) parallel to 3 j 7 - 4y*8. 

3. Find the equation of a line parallel to 2a? +14^=7 and making an 
intercept of 3 on the axis of y. 

4. Find the equation of a line parallel to 3 j;~ 8y=s21 anc^ making an 
intercept of — 7 on the xr-axis. 

37. The condition that the lines y = mx + 6, y == should 

he perpendicidar is mm +1 = 0, the axes being rectangular. 

For if /8, /8' be the inclinations of the lines to the axis of x 

;S'=;a+|, or ^ = )8'+|. 

In either case tan ^ = — cot 

tan /S tan yS' = — 1, 

— 1. 

This is a very important result. 

It follows that the condition that the lines 
Ax + By + C7 = 0, 
il'a? + jB'y+O' = 0 
should be perpendicular is 



/. AA' + BW^O. 


A. 


s 
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38. It follows from the last article that the general form 
for the equation of lines perpendicular to -4a? + jKy -f 0 = 0 is 
(when the axes are rectangular) either 

Bx — Ay = kf 


The h or I must be determined by some other datum re- 
specting the line, as, for example, that it is to go through a 
given point. ^ 

Examples. 1. Shew that the lines 5:17+6^=18, 18.r-l5y=31 are 
perpendicular. 

"•^ 2. Find the equation of the lino through (2, 5) perpendicular to the 
line 2x+ 6^+31 =0. 

[The equation of a perpendicular lino is 
507-^2^=^. 

Choose h so that (2, 5) lies on this lino, 

I0-10=X', 

^’=0. 

Thus the equation required is 507—27=0,] 

. . 3. Find the equation of the line through (4, 5) perpendicular to the 
line a7-15y = 20. 

39. General equation of lines through a given point. 

The equation of all lines through the point {xi, are 
included in 

Ax + = Axi + By^, 

For the general equation of a line is 

-4a?+ By^O. 

If this passes through (a?i, y^ 

Axi + Byj = C. 

This gives C in terms of A and B and the coordinates of the 
given point. 

Hence the general equation of all lines through yi) is 
Ax + By = Axi + Byu 

or A{x- xj) + U (y - yO = 0. 
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40. From the preceding article we see that the equation, 
of the line through (a?i, yO parallel to Ax + + 0= 0 is 

Ax + By = Ax^ + Byi , 

and the equation of the line through (a;^, y^) pprpendicular to 
the above is 

Bx — Ay = Bxi — Ayi, 


or 


A B'^A B 


It is thus easy to write down quickly the eqliation of a line 
through a given point parallel to or perpendicular to a given 
line. For the terms in x and y are easily expressed in each 
case ; these form the left side of the equation and the right- 
hand side is obtained by substituting the special coordinates 
(^ii yO for lihe general ones on the left. 

Thus thf equation of a line through (3, 7) parallel to 
2x-\~ by = 9 is 

2x + by = 2 X 3 + 5 X 7, 
that is 2x + by « 41 . 

And the equation of the line through (3,7) perpendicular to 
2x by = d is 

bx- ty^b X 3-2 X 7, 
that is bx — 2y= 1. 


Examples.^ 1. Write down the equation of the lines through (2, - 3) 
respectively parallel and i)erpendicular to 40? -- 7y= 1. 

2. Write down the equation of a line through (4,-1) perpendicular 
to 2y - 3:1? = 7. 

41. ZnterBection of two Unes. If we wish to find the 
point of intersection of two lines whose equations are 
Ax+By-\- (7=0, 

A'x 4* B*y -f- (7^ = 0, 

we have only to solve these equations as simultaneous. For the 
point where they intersect must be such that its coordinates 
satisfy hath equations, and the coordinates of no other point will 
satis:^ them both simultaneously. 


3—2 
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42. Lines through the point of intersection of given 


lines. 

If + (1), 

and Mx + jB'y + 0' = 0 (2), 

be the equations of two lines, then, whatever constant k be, the 
equation 

Ax + T^y C 1c (A'x + B*y + C*) = 0 (8), 


will represent a straight line, and for different values of k we 
shall get different straight lines. 

Further the straight lines included in (3) all pass through the 

point of intersection of (1) and (2) for the values of x and y 

which satisfy (1) and (2) simi^ltaneously satisfy (3) also. 

1 

Hence the equations of lines through the point of intersec- 
tion of (1) and (2) can be got from the form (3). 

Examples. 1. Find the point of intersection of the lines 2a?+7y=25 
and 74?-2y-8. 

vS. Find the equation of the line through the point (3, 4) and the 
point of intersection of the lines ^+6^=8. 

[First method. 

Find the point of intersection of 

5a7-^=9, 

Jr+6y=8. 

We find 47=2, y=l. 

The equation of the line joining this point (2, 1) to (3, 4) is 
47—2 y~ 1 

2^“i-4* 

that is 347-y=5. 

Second method. 

The general equation of lines through the point of intersection of the 
given lines is 

64? - y - 9 + (4? + 6y - 8) =* 0. 

Choose k so that this passes through (3, 4), 

•% 16-4-9+i&(3H-24-8)-0, 

A- 
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The equation of the required line is therefore 
5^ - - 9 - (a- + 6y - 8 ) = 0, 

which reduces to 93a? - Sly = 166, 

that is 3j?-y=5.] 

3. Find the equation of the straight line through the origizf and 
the intersection of the lines 6a?+6y=*23, 3a7-4y-h9=0. 

Find the equation' of the line through (2, 6) and the point of inter- 
section of th>^ lines 6a7 + 6y=20, 4r+9=17y. 


43^ Condition for concurrence of three lines. The 

conHition that the three lines 


^ia?4-i?iy+Ci = 0 (1), 

+ + = 0 (2), 

A-^x + li^y = 0 .(8), , 


should be concurrent or meet ii\ a point is that the values of 
X and y which satisfy (1) and (2) simultaneously shguld satisfy 
also (3). The condition that the three equations should all be 
satisfied by the same values of x and y can be expressed at once 
in the form of a detenninant : 


which is the same as 


■d.2> -^2> 

-ds, i^g, (7$ 


-0, 


A, {B,G, - B,G,) + A, (B,G, -B,G,) + A, (B,G, - 5,(70 = 0. 


44. Test for concurrence in special cases. If three 
straight lines have their equations as in § 43, and if three con- 
stants k, I, m can be found so that 

k (^AiX -f- Biy -h (7i) + 1 {A^x -h 5,y + (7,) 

4-m(al,a? + 58y + (7g) = 0 (4), 

identically for all values of x and y, then the three lines are 
concurrent. 

For let {xi, yO ^ point of intersection of (1) and (2), 

AiXi + Biy^ + Ci==0, 

' A^Xi 4" 5,^1 + C, “ 
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Hence as (4) holds for all values of x and y it holds for 
x^xu y = yu 

r. A3Xi + Bsyi + Cjf = 0, 

Thus (iCi, yj) lies also on (3). 

Examples, Find for vjha.t value of a the three lines 
3^+y+2=0, 

24r-y+3=0, 

^+ay-3=0, 

will meet in a point. 

V Pi. Prove that the lines 4^? + 7^ - 9 = 0, 5.r - 8y + 1 5 = 0, 9.r - y + 6 - 0 
are concurrent. 

[Use § 44.] 

The condition that the lines ai^r+ft^y+l^O, a 2 ^'+b 2 y+l= 0 , 
£t 3 iF+ 6 ay+,'* =0 should be concurrent is that the points (a,, 6 j) (ag, ^ 2 ) 
(as, bs) should be collinear. ^ 

45. Polar equation of a straight line. From the equation 
a?cosa4-ysina=|) 



we can, by writing a? = r cos y = r biH 0, where r and 0 are the 
polar coordinates of any point on the line, obtain 

rcos(^ — a) = p (F), 

which is the standard form of the polar equation of a line. 

The same equation can be obtained from the accompanying 
figure in which OL being the perpendicular on the line and P 
any point on the line 

0L = OP cos LOP. 
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46. The general equation of a straight line is 
Ax + By -h (7 = 0. 

Taking the axes as rectangular and writing xssrcosff, 
y^r sin 6 we obtain the general polar equation ’of a line ip the 
form 

G 

A cos 6 B sin 0 . 

r 

If then C he not zero, that is if the line does not pass through 

Ic * 

the origin, we may multiply by — ^ and get the equation* in 
the form 

k kA ^ kB . ^ 

- = — .V cos ^ — - 7 =- sin 0 
r u C 

= A' cos 6 + 5' sin 6, 

Thus the general polar equation of a line is of the form 

k 


A cos 6 B Bin 6 — - 


(G). 


where k is any constant we are pleased to take, except in the 
case where the line goes through the origin. The equation of 
a line through the origin is 

0 = constantL 


47. Parallel lines. It is clear that the lines 
jO - r cos (^ — a), 
p' — r cos {0 — a) 

are parallel. 

k 

As also are - = A cos 0 + jB sin 0, 

r ' 

kf 

- = A cos ^ + J5 sin 0, 

T 

That IS to say the general equation of lines parallel to 

- = A cos ^ + -B sin 0^ 
r 

is' obtained by changing the constant k. 
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48. Perpendionlar lines. The lines 
p = r cos {d — a), 
p =r cos (0 — a') 

will be perpendicular if a' -- a = ^ • 

Further the lines 

- = A cos ^ + J5 sin 9, 
r 

- = jB cos 5 — -d sin ^ 

T 

are perpendicular (§ 38). 

Thus the general equation of lines peipendicular to 

h ^ 

- = -4 cos 0 + jB sin 0 

T 

can be obtained by writing ^+9 (or 0 and changing the con- 
stant k. 

Therefore of course the general equation of lines perpen- 
dicular to 

p = rcos(0— a) 

can be obtqil^’by writing 9 + ^ for 9 and changing the 

Jd 

constant p. 

^ Area of triangle formed by three given lines. 

To find tha area of the triangle^ the equations of whose 


sides are 

aiX + hiy + Cl = 0^ (1), 

asa; + 6ay + C2 = 0 (2), 

03^*7 + 63^ + 08 = 0 ( 3 ). 


We might find the area required by obtaining the co- 
ordinates of the three vertices, which we should get by solving 
these equations in pairs. The following method is however 
better, as by it we obtain an easily remembered formula. Let 
(®i> yO («ai ya) (®f» yt) be the coordinates of the vertices, 
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being the intersection of (2) and (3), (iCa, y^) of (3) and (1;, and 
(^j, ys) of (1) and (2). 

Then the area of the triangle is 


and this 


= J sin 6) 


^sino) 1 


yi 


1 





Xi, 

2^1 


1 




■ 1 

Xi, 


1 



Xi, 

J/i. 

1 


^1, 

J., 

Cl 

0*2, 

y.. 

1 


Oa, 

hi. 

C2 



1 


C^' 3 » 

bs. 

C3 


Oi, 

61, Cl 





^ 3 ) 

6?, 


^2 






Vi, 

c 






~ J sin ft) 


diXi + hiyi + Cl, 

ctiX^ + biy2 + Cl, 

diX^ 4 ~ 61^3 4 “ Cl, 


a^Xi + h^Vi + Ca, CfaiT, + Sgy, + Ca 

OaiPa + 6.2^2 + Cj, aa^Pj + ftay., + Cs j 

ffoa?a -f h^yz + C2> Qta^a + b^y^ 4- Ca 


where A stands for the determinant 

Cfl, 61, Cl 

a.2, Co 

^Sf Ca 

Thus, as all the constituents of the determinant in the 
numerator are zero except the three diagonal ones read down- 
wards from left to right, we see that the area is 

i sin ft) (aiXi + hyi + c,) (a^x^ + b^y^ + c^) {a^x, + 63?/, + C3) 

■ A 


Now let 
We thus have 


iXi + 6iyi + Cl = ki. 


4. 


OaOJi + b^yi + C* = 0. 



42 


THE STRAIGHT DfNE 


Hence 


Tliat is 


Cj — i?i = 0. 
ttg, Ca 

®3> ^3* Cs I 


Cll, 


Cl 



-k 

(la, 

tj. 

Ca 

da. 

62, 

0 

ttg, 

h$, 

C3 

fls, 


0 


That IS 


^ •” Atj ctj, 62 ““ 


where Ci is the minor of Ci in A. 

In the same way if we write 

asOJa 4- hjyj + Ca = hp 
and a^iVs + + Cg = i*, 

J. ^ 


we shall get 


/co — “ ■ 


and ^8 “• ^ f 

Os 

where Ca and O', are the actual minors of Ca and Cg in A, 

xt. i sin o) A* / 

Thus the area is — ^~rr/rrr~ • v 

OjOg t/g 

If (7i', Oj', (/,' be the prepared minors of Ci, c,, c,, that is the 
actual minors taken with their proper signs, then 
C,’ = C^. C,' — C,. C^^C,. 

Therefore the area is • 

Oi Og Og 


Therefore the area is 


Examples. 1. Find the area of the triangle formed by the lines 
2.r+y-3=0, 

3a?+2y — 1=0, 

2a7+3y+4— 0, 


the axe(^ being rectangular. 
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[The numerical value of the area is 


i 

2, 1, -3 

2 


3, 2, -1 



2, 3, 4 


3, 2 

2, 1 

2, -1 

2, 3 

2, 3 

3, 2 


*(16-2-27 + 12+6-12)2_ix49_49 “| 

6x4x1 20 40 J 

2. Find the area of the triangle the equations of whose sides are 

^+2^+2=0, 

2.r-y-3=0, 

3:F+2y-5 = 0. 


EXAMPLES. 

'' 1. The condition that the lines y=wia5 + ft, y = m'aj + 6' should 

be .at right angles, when the axes are inclined at an angle q> is 
mm! + (wi + m') cos co + 1 = 0. 

[Let Pj P be the inclinations of the lines to the axis of x, 


But 

V2. 


w= - 


/, tan P t,an = 0. 
and m'= 


sin (la—P') 






sin (ci)-)8) 

The condition that the lines 

Aaj+5y+(7 = 0, A'aj + -5'y + (7' = 0 
should be at right angles is 

AA^ + BB* - {AB' + A^B) cos « = 0. 

Y Shew that the line joining the points (ej, and (o^, is 
cut by the line Ax + By + C7 = 0 in the ratio 

Aqui + j9yj + G 


^6 


^ 4. Obtain the polar equation of the line passing through the 
points whose polar coordinates are (»-i, ^i). (»•« 6^ in the form 
Bin(gi-^g) Bin(^-tf,) Bin(g — tfi) j-/ 
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v' 5. The diagonals of the parallelogram formed by the lines 
005 + 6y + c = 0, a'a + 6 y + c = 0, 
cKc+6y + c' = 0, a'x + b'y + c' = 0t jy 

will be at right angles if a^ + b^ = + 6'®, the axes being rectangular. 


^6. The Cartesian equations of the sides jBC, CA^ of a 
triangle are 

I4i= aiic + ftiy + Ci = (), w, = aaflJ + fiay + Ca = 0, Wg = = 0, 


and a line is drawn through A parallel to BC, prove that its 
equation is 

. *^^3 ^ ^2 

Ofj^bi flij ig Ch^b^ 


Shew also that the equation of the line through ^ bisecting 
the side BC is 

^ ^ 


Find the coordinates of the centre of the circle inscribed in 
the triangle the equations of whose sides referred to rectangular 
axes are 

a; — y+l = 0, x + ^ — 7 = 0, a;-3y + 5 = 0. 

Find also the three ecentres and discriminate between them. 


y 8. Given that the origin lies at the escribed centre opposite 
+ Cg = 0 of the triangle formed by this line and the lines 
OiX + biy + Ci = 0, OjO: + + Cg = 0, shew that the centres of the 

circles touching the sides of the triangle are given by 

Ojas + biy + __ ag^ + ^2 !/ + ^2 _ ^ ggd? + biy + 

^ ^ 03 * 

and distinguish the cases. 


CHAPTER IV. 

PAIRS OF STRAIGHT LINES. 

50. Angle between two lines. 

To find the angle between the iines 
y = mx + h 
y = m'x + V 

the axes being rectangular* 

The angle between these lines is the same as the angle 


between the lines 

y^mx ( 1 ), 

y = m'x ^2), 


these being through the origin parallel to the above. 
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, Let B and be the angles which the lines make with the 
X axis so that 

tan y9 = m, tan = m\ 

Let B > B\ 8.nd ^ the angle between the lines as shewn in 
the figure ; 


__ tan B — tan B' _ — 


0 = tan”^ 


m — m' 

] + mmf ' 


This is the angle between the linos measured positively from 
y = mx to y = mx. 

Thereibre tan~^ ^ — — is the angle between them measured 
1 + mm • ° 

from y = mx to y == m'x. 

Thus in the figure 

AM » 

Z BOA or EOA^ (= <^) is given by tan == * 


^AOBot A'OB (= <^') is given by tan ^ 


IT 


\^OR. If the lines be parallel m' = w for 0 = 0. 

If the lines be perpendicular mm' + 1 = 0 for ^ 

/. tan ^ = 00 , 

These results we have already obtained independently in 
the previous chapter. 


61. The angle between the lines 

Ax^By + 0^0, 

A'x + Ey + C' ^0, 

A A* 

is at once obtained by writing — -^in the 

formula of the last article which the student will find easy to 
remember. 
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equation of a pair of lines. 

62. The equation 

(Aos + By + C) {A'x -h B'y + C") = 0 (1), 


can only be satisfied by points whose coordinates satisfy , 
either ila; + jBy + (7 = 0, 

or A*x+Bfy+C’^0.\ 

Thus all points which satisfy (1) lie on one or other of two 
fixed lines. The equation (1) therefore represents a •pair ^of 
straight lines. 

If we were to multiply the two factors together we should 
get an equation of the form 

ax^ + 2hxy + by" + igx + %fy + c == 0 (2) 

in which • 

a^AA' 2f^BG' + RC 

b^BR 2g^CA'~hC'A 

c = CO' 2h^AR^A'B, 

An equation of the form (2) then will always represent two 
straight lines if it be the product of two 'linear* factors of the form 

Ax -f By + (7, A'x + Ry + G\ 

There must be a relation between the coefficients a, 5, c,/, 
g, h if this is to be the case. Without such^. relation the 
equation (2) will not represent a pair of lines. 

We may here remark that equation (2) is known as the 
general equation of the second degree. It contains all possible 
terms of the second, first, and no degree in x and y. 

63. We can sometimes tell at sight when an equation of 
the second degree represents a pair of lines. For example 
consider the equation 

— Sir — 4y + 12 = 0. 

This is obviously 

(«?-4)(y-3)=.0. 
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Thus the equation represents the two lines 

= 4, 

which are parallel to .the x and y axes respectively. 

• 

Equation of pair of lines through the origin. 

We are going on in the next article to obtain the condition 
that the general equation of the second degree should represent 
two straight lines. But let it be noticed first that an equation 
of the form 

ax^ + 2hxy + Jy® = 0 

always represents a pair of straight lines both passing through 
the origin. 

For * ax^ + 2hxy + = a (^ — ay) (x — /3y\ ^ 

where a and 0 are t he roots of the equa tion 

a£jh 2hz -I- > 

Hence the equation 

ax^+ 2hxy + 6y“= 0 
represents the lines w = ay 

which pass through the origin. 

^ Condition that the general equation of the 
second degree should represent two straight lines. 

Suppose that 

cux^ + 2,hxy + 6y® + 2gx + 2/y + c = 0 (1) 

represents two straight lines. 

Let (flJi, yi) be the point of intersection of the lines. 

Transfer the origin to (xi, y^) keeping the direction of the 
axes unchanged. 

Let (Z, Y) be the coordinates of any point on the locus (1) 
referred to the new axes, («, y) of the same point referred to 
the original axes, 

XBsX + Xif y*F + yi. • 
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But x, y satisfy (1), 

a (JT + + 2A (X + x^ yC) + h (Y + y,)* 

+ 2y (Z + »,) + 2/(F + yi) + c= 0. 
But both of the lines now pass through the* origin ; there- 
fore the terms of first order in X, Y and the constant term must 


disappear and leave only 

aX* + 2hXY+bY^ = 0. 

That is, we have 

•^aa!i-f-Ayi + y = 0 (2),* 

lixi + 6yi +/"= 0 (3), 

^ fiuci® + 2Aa;iy, + 6yi* -|- 2yir, -|- 2/y, + c = 0 (4)i 

These are equivalent- to (2) ^nd (3) and another ^equation 

formed from , 

(4)-(2) xa^-(8) xy„ 

that is gxi +‘fyi + c = 0 (5). 


Eliminate <b, and y, from (2), (3) and (5) and thus get 
ofcc + 2/gh — q/"’ — by* — cA’ = 0, 
or, in determinant form, 

a. A, g ( = 0. 

A. b. / 
g, f. e 


Cob. We see from the above that if the general equation 
of the second degree represents two straight lines, the point 
where they intersect is given by 


a»i + Ayi+y=01 
A®i + 6y,+/=o| 


i.e. 


_ hf-bg 




^ gh-af 

ab-h*' 


From which we see that if the general equation of the second 
degree represents a'pair of lines, the lines will be parallel if 

Itl 

for then their point of intersection is at infinity. 

A. 4 
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56. We see that the necessary condition that the general 
equation of the second degree should represent two lines is 

a. K if i = 0. 

h, h. / 

Sf. /> c 

We can see further that this condition is sufficient. For- if 
it hold, it will be possible to find and y, to satisfy 


a®, + /tyi + y = 0 (1), 

/«!, + +/= 0 (2), 

gs!i+/yi + o = 0 (3), 


since the values of a^, yi given by the first two equations 
satisfy the third. 

(l)xa!, + (2)xyj + (3) 

givM^ o®i® + + hy^ + igxx + 2/yi + c =» 0; 

v/Now transfer the origin to (<r„ yi) as given by (1) and (^) 
and the equation is seen to reduce to 

oZ* + 2/tJ:F+6F»=0 

which is a pair of lines. 

67. The condition that 

a«* + 2Aa^-f Jy* + 2y«?-f 2/y + o=0 (1), 

should be a pair of lines can also be obtained as follows. 

Treat the equation as a quadratic in x and we have 
00 !* + 2® (Ay + y) + (6y* + 2/y + c) •• 0, 



a 


Hence the left-hand side of (1) cannpt be the product of 
two linear factors unless 

(hy +gy- a (Jfffi + 2/y -I- c) 
be a perfect square. 

But this *s(h* — o6)'y* + 2y(yA — q^)+y*— Oft 
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If this be a perfect square, 

(gh - afy =• (A* - ab) (g* - ac), 
o’/* + gr’Ai* — 2qfgh — abg* — ach* + o’io, 
dbc + 2fgh — af* — bg* — oA’ = 0.* ■ 

Examples. 1. Shew that the following equations represent each a 
pair of straight lines and draw the lines in a figure : 

(i) xg^O, - 6^+6y - 30»0, 

(ii) a’*-4y®=0, (iv) a;*+2a^-a?-4y-2-30. 

SL Find for what value of o the equation ' > 

represents two straight lines. 

8. For what value of a will the equation 

<M;®-3:i^ + 2y2--4ar+y-4=0, « 

represent two straight lines ? « 

68 . If the general equation 


aa!^ + 2 h^ + hf’\‘ 25^3? + 2/y + c == 0 (1), 

represents a pair of straight lines, then the equation 

aa;® + 2/wcy +6y» = 0 (2), 


represents a pair of straight lines parallel to them through the 
origin. 

For if (1) be 

^A.ic + J5y + 0) (A'x + B^y + (7 ) = 0, 

(2) must be {Ax + By) {A'x + B'y) = 0. 

And the lines 

Ax + J?y = 0, A'x + B'y = 0, 
are lines through the origin respectively parallel to 
Ax + By+'C^O and A'® + 5'y + C7' = 0. 

69. Perpendicularity of two lines. To find the condi- 
tion that the lines 

• 2Aajy + 6y* = 0, 

I should be perpendicular, the axes being rectangular. 

Let oo^ 4- 2/«cy + 6y* s {Ax + By) {A'm + B*y). 


4—2 
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The pair of lines will be perpendicular if 
AA' + BB'^O. 

But a=^AA' and h = BB% 

the conditioli for perpendicularity is 

-f- 6 = 0. 

This condition is easily seen to be sufficient as well as 
necessary. 

It follows that if the general equation of the second degree 
represents two straight lines, these will be at right angles if 

a + 6 = 0. 

The student will observe that this is only true if the axes be 
at right angles. The condition when the axes are oblique is 
deferred*for the present. 

Blaectora of the angles between two lines. 

60. To find the equation of the bisectors of the angles bettveen 
the lines 

Aw + By + (7=0, A'w + B'y + (7^ = 0, 
the axes being recta/ngular. 

The bisectors are the locus of points such that the magnitude 
^of the perpendiculars from them on the two lines are equal. 
Hence if {x, y) be any point on one of the bisectors 
i la? + ^y+(7 , A'x’^- B'y C 

' Tbe two bisectors can then be expressed in one equation 
thus: 

TA x-^By+G ■d'g+.B'y+On f Ax>^ By+0 A'm + B'y + CH 

L VZMTff ^/A'* + B'* J L + J 

- 0 , 

that is 

{Ax +By-\-Cf {A'x+B'y + O'f „ 

A* + » ^'* + 5'* 

The student will see that these bisectors are at right angles 
by applying the test of § 69. 
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61. To obtain the equation of the straight lines bisecting the * 
angles between the lines 

aa^ + 2haiy + hjf = 0 , 

the axes being rectangular. 



The equation of the bisectors is, as in § 60^ . 

l + a» l + /3» 

That is 

(1 + /9’) (a? — 2axy + ay) — (1 + a*) (»* - 2^xy + /Sy) = 0, 
that is ' * , 

a^{^-a')+2xy{fi- a) (1— afi) - (^8* - a«) = 0, 

that is a? + 2 ay — y* = 0, 

1-- 

thatis a?-\r2—^xy-f = 0, 

a 


that is 


— xy 

a — b^h\ 


62. To find the angle between the pair of lines - 

ax^ + 2hxy + by^ = 0, 

the axes being rectangular. 

Let a®* + 2Aay + 6y*=6(y- wwc) {y-inx\ 

f 2^ f a 
m + m— — -y, mwi 

Let <l> be the angle between the lines, 

. X ox 

_ (ffi + my— 4flt4n' 


(§50) 
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4A* 4o 

b* b _ 4 (A* — ab) 


tan ^ = ± 


2^/h^ —ah 
(a + b) 


the + or — sign being taken according as ^ is the acute or 
obtuse angle between the lines. 

Implied in the formula for tan <f> is the condition for perpen- 
dicularity. viz. 

a + & = 0. ‘ 

- ^ . V - . S.. 

63. ^We will conclude tliis chapter with an important pro- 
position which will be useful m subsequent chapters. 

We have already said that the general equation of the 
second degree 

aa^ -h ^lixy + htf + tgx + + c = 0 (1), 

only represents a pair of straight lines in special cases. 

Generally it represents a curve, viz. a circle or other conic 
section as we shall prove later on. 

Now suppose we have the equation of a line 

ir + my = 1 (2). 

.^o^ an equation by making (1) homogeneous of the 
second order in x and y by means of (2) : viz. the equation 

+ 2Aa^ + + 2 (^a: -|-/y ) (fcc + my) + c (fo + my)® =s 0. . . (3). 

This we know represents a pair of straight lines through 
the.dri^. Moreover (8) is satisfied by points which satisfy 
(1) and (2) simultaneously. 

Hence (3) represents a pair of straight lines through the 
origin and the points of intersection of the line (2) with the 
curve (1). 
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If the line were given as 

lx + my = w, 

instead of in the form (2), the equation of the pair of lines 
would be 

(cm;* + iJixy + hif) ?i® + 2 {gx +fy) (lx + my) w + c (ia; + myj* = 0. 


EXAMPLES. 


ofeoordinatet are to be taken rectangular unleu otherwise stated.) 

Prove that the angle between the lines 
y =s mx + 6, y = m!x + V 
when the axes are inclined at an angle co is , 

. im - rh') sin to 

rnQ * ^ ' — 

1 + (wi + cos o) + mm* * 

[If /3 be the angle which the first line makes with the x axis 




sin , .a w Bin 0) 

^ whence tan p = = . 

- 1 -f m cos a» ' 


"sin(«— )8) 

Use method of § 50.] 

Shew that the angle between the linos 
aa;*+ 2Ai^ + 5y* = 0 
, , 2<\/A*-a6 sinco 

tan”^ — ST If 

a - 2A cos (i> + 6 

where a> is the angle between the axes. 

[Use the method of § 62.] 

3. The equation of the line through the origin making an 
angle ^ with the line y=^mx^h is 


_ m + tan Kf> 

^ ” 1 - m tan 0 * ’ 


t 


4. Prove that the product of the perpendiculars from on 

Jbhe lines given by 

oac? + 2hxy 6y* = 0 
2hxjyj + Oy^* 

“ 0'(a-6)» + 4A* 
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. 5. The equation of the pair of lines through the origin perpen- 
dicular to the pair whose equation is 125* 

+ 2 Ary + = 0, 

is . 6^ — 2Ary + ay^ = 0. 

6. The condition that the pair of lines v 

ofiB? + 2Aay + 6y*= 0 and + 2Kxy + S'y* = 0 
should have one line in common is 

^ 4 (oA' - a'A) {W - hfh) = {ah* - a'b)\ 

7. If + 2hxy + by^ + 2gx + 2/y + c = 0 

/ 

represent a pair of lines intersecting in (xi, then the equauon 
of the lines bisecting the angles between them will be 

(» - *,)> - (y - y,5* _ (« - »i) (y - yi) 

^ “ A 


wie 


aa? + 2kocy + by^ + 2gx + 2fy -*-0 = 0 


represent a pair of lines, the area of the triangle formed by their 
bisectors and the axis of x is 

24 

.9. Shew that the line Ax + By + C=0, and the two lines 
represented by 

(Ax + Byy-^ 3 (Ay - Bx^^O 
form the sides of an equilateral triangle. 

^ 10. Shew that all the pairs of lines 

SKT^-f- 24ay + 6y*=s A(aj* + $/^ 
for different values of X have the same bisectors. 

• ^'Shew that the four lines given by the equations 

(y -«Mc)*= c* (1 + !»•) 

(y-«»)*«c*(l +#t*) eft 


form a rhombua 
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^2. The vertices of a triacgle lie on the lines 

y = a:tan^i, y = flctan^„ y.=:a?tand„ 

the circumcentrc being at the origin ; prove that the locus of the 
orthocentre is the line 

X (sin + ain 0 , + sin 0 ,) - ^ (cos 0i + cos + cos ^ 3 ) s 0 . 

The distance from the origin to the orthocentre of the 
X 2 / 

triangle formed by the lines - + % = 1 

a p 

and aoi? + 2hicy + = 0 

(« + 6)aj8(a« + |8» )* 

14. Prove that the equation 

(a + 2A + 6) a* - 2 (a - 6) aiy + (a - 2/fc + 6) y* =a 0 

denotes a pair of straight lines each inclined at an angle of 45* to 
one or other of the lines given by 

oa® + 2kxy + 6y" = 0. 

^15. Shew that the centroids of the triangles of which the three 
perpendiculars lie along the lines 

y-w»aa = 0 , y^m^ = 0 

|ie on y (3 + + m^mi + = x (mi + wi* + m, + Sniim^mg). 

The base of a triangle passes through a fixed point (/, 
and its sides are respectively bisected at right angles by the lines 

aa^ + 2kxy + 6y* = 0, 

Prove that the'locus of its vertex is 

(a + 6 )(a!* + y*) + 2 A(^ + 5 ra) + (a-6)(ya5-yy) = 0 . " 


17 . Two equilateral triangles ABO, PQR have the same centre, 
the order of the letters for each triangle corresponding to circuits 
in the opposite sense. Prove that AP, BQ, OR are concurrent 
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/1 8. Shew that the equation 

+ ^hxy + = {(a + 6) sin* ^ - a6)* sin 26} (x* + y*) 

represents two straight lines having the same bisectors as 
005 ® + 2}ixy + = 0 , 

and making equal angles 6 with them respectively. 

'/l9. Shew that the equation 

(a6 — h^) (ox* + 2Axy + + 2gx + %fy) + q/** + fty*— 2fgh = 0 

represents a pair of straight lines; and that these straight lines 
|||pm a rhombus with the lines 

o£c® + 2hijcy + = 0 

provided that 

{a-b)fg^h(/^-^ = 0. 

20. On the sides of a triangle as diagonals, parallelograms are 
described having their sides parallel to two given straight lines; 
prove that the other diagonals of these parallelograms are con- 
current. 



CHAPTER V. 


THE CIRCLE. 

^ 64 Equation of a circle. The equation of a circle 

whose centre is at (h, k) and whose radius is a is clearly 

+ = ( 1 ) 

if the axes are rectangular ; and 

(x — hy + (y — ky + 2 (a? — h) {y — k) cos o) = . . .(2 ) 

• * 

if the axes are inclined at an angle o). 

This is so because by these equations is expressed the fact 
that the square of the distance of the point (a?, y) from (A, k) 
is a\ 

^ 65. The equation 

+ y* + + 2/y + c = 0 

will represent a circle if the axes are rectangular. 

For this is equivalent to ^ 

(x + gy + (y +/)* = +/* - c 

which expresses the fact that the square of the distance of the 
point (a?, y) from (— — /) is constant and equal to +./* — c* 

The above then is a circle having its centre at (— 
and its radius equal to v/ 

We see then that the conditions that the general equation 
of the second degree, viz. 

cwc* + 2hxy + 6y*+ 2gx + 2fy + o = 0 
should represent a circle when the axes are recta/ngular are: 
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These however are not the conditions that the general 
equation should represent a circle when the axes are oblique. 
For the general equation of a circle when the axes are inclined 
at any angle a> is, as we see from (2) of § 64, of the form 
«»+ 2a!y cos ® + + 2 / 72 ? + 2/y + c = 0. 

The conditions then for a circle would be 

a = 6 

and h=a cos 

, It is but rarely that we use oblique axes when we have to 
do with circles that we shall not trouble the student more with 
them in this chapter and shall confine ourselves throughout 
the chapter to the case of rectangular axes. 

66. Vo find the equation o^ the circle described on the line 
joining two given points A (xu yC) and B ( 2 ?,, y^ as diameter. 

The circle required is the locus of points P such that APB 
is a right angle. 

Let ( 2 ?, y) be the coordinates of a point P on the locus. 

The of the line AP is — — . 

2 ? — 2?i 

The ‘m* of the line BP is ^ 

2 ? — 2?2 

as AP and BP are at right angles 

y-Vi y-v% ^ 

2? — 2?i * 27 — 2!^ 

That is 

(® - ®i) (® - «») + (y - yi) (y - y*) = 0- 

This then is the required equation. 

Examples, l. Find the centre and radius of each of the circles 

(i) 427-6^-1-3=0, 

(ii) 2;*-Hy*+32?+5y+l=0, 

(iii) 2(27»-hy2) -h627- 7y =0. 

8. Find the equation of the circle passing through the origin P and 
cutting the axes of 27 and y at distances a,and b from the origin. 
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3. Shew that the locus of a point such that the sum of the squares o£ 
its distances from two fixed points is constant is a circle. 

4. Shew that the locus of a point such that the ratio of its distances 
from two given points is constant is a circle. 

67. On the constants in the equation of a circle. 

We have seen that — jr, and — / are the x and y coordinates of 
the centre of the circle whose equation is 

55® + + 2gx + 2fy + c = 0. 

We enquire naturally what is the geometrical meaning of 
the remaining constant c. An answer to this enquiry will be 
supplied when we have proved the proposition which is given 
in the next article. 

68. Prop. If from any point P yi) in the pUme of the 

circle 

+ y- +2gx-\‘2fy + c = 0 

a line PQR he drawn to cut the circle in Q and R the product 
of the algeh)raical distances PQ and PR is independent of the 
direction of the line and equal to 

<xii^ryi^ + 2gxi + 2/yi + c. 

For let the line maka an . angle /Lffiith^bg. a?-axis. then the 
line can be analytically expressed (§ 31) by the equations 

cos 6 sin ^ ' 

where r is the algebraical distance of the point {x, y) on the 
line from {xx, yi). 

We want now to find the distances from P of the points 
Q and R where the line cuts the circle. 

So then write a? = +r cos 
y*yi+rsin^, 

and substitute into the equation of the circle. 

We have 

{xi + r cos Of + (yi + r sin 0y + 2g + r cos 0) 

+ 2/(yi + r sin e) + c = 0. 
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This is a quadratic equation in r, the roots of which are the 
algebraical values of PQ and PR, 

This equation when simplified becomes 
r® (cos® d +' sin* d)+ 2r {(a?i + g) cos ^ + (yi +/) sin 

+ ^i* + yi* + + 2/yi + c = 0. 

Thus as cos* 6 + sin* 0=1, the product of the roots is^ 

+ yi* + + 2/yi + c. 

Hence we see that the product of the algebraical distances 
PQ and PR is independent of the direction of the line PQR. 

69. We have thus proved analytically what the student 
will have recognised to be the^ well-known geometrical property 
of the circle, that the rectangjle of the segments of all c^rds 
drawn through a definite point are equal. 

Now in the particular case where P is at the origin Xi = 0, 
yi = 0 and the expression 

+ yi + ^gsoi + 2/yi + 0 

reduces to c. Thus cjs the constant rectangle of the segments 
of chords through the origfin. 

70. We see that if the point P be outside the circle PQ 
and PR will have the same sign, that is 

ai* + Vi + 2y iPi + 2/yi -h o 

will be positive; whereas if P be inside the circle PQ and 
PR will have opposite signs, and so 

+ yi + + 2/yi -f c 

will be negative. 

Thus the circumference of the circle divides the plane into 
two regions. The coordinates of points outside the circle make 
+ y* + 2ya? + 2/y + c positive, the coordinates of points inside 
the circle make this expression negative, while those of points 
on the circumference make the expression zero. 
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Thus /B« + y* + 25 ra?+ 2 /y + c=0 

represents the circumference of the circle, 

a* + y* + 2 (/a? + 2/y + c > 0 

is the analytical representation of all points outside the circle, 
and a;* + y*+2flra? + 2/y + c<0 

is the representation of all points inside the circle. 

The constant c will be positive if the origin' be outside the 
:;ircle, negative if it be inside the circle, zero if it be on t&e 
circumference. 

71. We see from § 68 that every line through (oji, yj) will 
meet the circle in two points, sinfee whatever be the vAlue of ff 
we have a quadratic equation ih r to dfjtermine the points 
common to the line and the circle. 

The roots of this equation will not always be real, and 
in this case we say that the line meets the circle in two 
imaginary points. 

If the roots of the quadratic in r be equal to one another we 
say that the line meets the circle in two coincident points and . 
we call the line a tangent to the circle. 

By a tangent to the circle then we shall understand a line in 
its plane which meets it in two coincident points* 

On Imaginary points. 

72. The existence of imaginary points in Analytical 
Gfeometiy is a matter of not a little importance. In elemen- 
bary Pure Geometry we are accustomed to say that a line in 
bhe plane of a circle either meets the circle or it dd^ not. 
[n Analytical Geometry our principles compel us to say that 
wery line in the plane of a circle meets the circle. There 
is no real contradiction between the two. For in Analytical 
Gieometiy we have the possibility of imaginaiy points, that 
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« is to say, points whose coordinates are of the form (a + - 1, 

7 + SV — 1), where a, )9, 7, S are real. These points have alge- 
braical significance, but we cannot strictly represent them in 
a figure, and so they. are non-existent in Pure Geometry until 
this takes up the ideas of Analytical Geometry, which indeed it 
has done to its great advantage. 

73. In elementary Pure Geometry we say that two tan- 
gents can be drawn to a circle from a point outside it, one 
from a point on its circumference, and none from a point 
inside it. But in Analytical Geometry we must not make any 
such statement. We must, in accordance with our principles, 
say that from any point in the plane of a circle two tangents 
can be drawn to it ; these tangents will be real if the point be 
outside the circle, they will be coincident if the point be on the 
circle, and they will be imaginary if the point be within the 
circle. Let us examine more closely why our principles require 
this of us. 

We have seen in § 68 that the points in which a line 
through a given point (a?i, y^) meets the circle are determined 
by the solution of a quadratic equation in r, viz.: 

r® + 2r +g) cos d + (yi+/) sin 0} 

+ + yi^ + 2gxi + 2fyi + c = 0 (1). 

Now if the line we have drawn be a tangent to the circle, 
this equation must have equal roots, for a tangent meets the 
circle in two coincident points, that is, we must have 

[(^1 + cos ^ + (yj +/) sin 0f = yi* + + 2/yi + c, 

from which we get 

(«1 + S>)' ^ + (yi +/) sin ^ - ± + y** + 2gx^ + 2/y^ + 0 . . .(2). 

By means of this and 

cos® 0 + sin® 0^1 
cos 0 and sin 0 can be found. 
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Now if we take the positive sign with the radical^ clearly * 
we shall get two solutions, say 

cos 0 = 4, cos 0 = C, 

sin 0 = 5, sin 0=5, 

and if we take the negative sign we shall have 

cos 0 = — 4, COB 0 = — C7, 

8in0 = — 5, sin0 = — 5. 


We get then two lines through which are tangenfs, 

viz. 


and 


4 B • 

x-x^_y-y^ 

!& • 


These lines are obviously imaginary if {x^, y^ be within the 
circle, for then the expression under the radical in equation (2) 
is negative. The lines are coincident if be on the 

circumference of the circle, for then the expression under the 
radical vanishes, so that C = — 4 and 5 = — 5. 

If then we define a tangent to a circle as a line meeting the 
circle in two coincident points and allow the algebra free play, 
we must admit that there are two tangents from every point in 
the plane of the circle which become coincident when the point 
lies on the circumference of the circle. 

Further, it is clear that the lengths of the two tangents 
from any point are equal. For the length of a tangent from 
yd value of r furnished by (1) when it has equal roots. 

As the product of the roots is 

+ Vi + ^9^1 + VVi + c, 

we see that if t be the length of this tangent from {xi, yd 

-h 2gx^ + 2fyy^ + c, 

which is independent of 0. 


0 
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Thus the square of each tangent from a point (a?i, yi) to the 
circle is 

+ yi* + + 2/yi + c, 

whether (a?,, y{) be without or within the circle. 

We have made a somewhat long digression on imaginary 
points and lines because we think it important for the student 
to have clear ideas about them at this stage of the subject. 
Imaginary points and lines differ from real points and lines in 
tbat they have only algebraical significance, whereas real points 
and lines have geometrical significance too. Imaginary points 
and lines cannot be located in a figure as real ones can. 

Examples. 1. The locus of ^ points the tangents from which to two 
given circles bear to one another a' constant ratio is a circle. 

2. Find the length of the tangent from (2, 3) to the circle 
+ 2^2 — 3 -f- 4y = 0. 

[The equation must first be divided by 2 to make the coefficients of 
audy* unity.] 


74. Equation of the tangent at a point. 

find the equation of the tangent to the circle 
+ 2gx + 2/y + c — 0 

at the point (x^, y^ on its circumference. 

The equations of a line through yO making an angle 0 
with the d;-axis are 


cos 6 sin 0 




So that a point situated on the line and distant r from 
(a?i, yi) is given by 

«==«, + r cosd, 


y = yi + rsin^. 

If this point he on the circle we must have 
+ r cos 0)* + (yi + r sin ^)» + 2^? (»i + r cos y) 

+ ^ (yi + *’ 1 0 " 0 
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which is a quadratic in r, viz. : i 

r* + 2r {(xi +g) cos 0 + (yi +/) sin 0] 

+ ^1* + yi* + 2gxi + 2/yi + ^ * 0. 

Now if the line (1) be a tangent, both the values .of r 
furnished by this equation must be zero, for the line is to meet 
the circle at two coincident points, viz. (xi, y^) itself. 

We must therefore have 

+ yi* -h + 2/yi + c = 0 

which is satisfied, since (xi, yi) is by hypothesis on the circum- 
ference of the circle, and also 

(^1 + g) cos + (3^1 +/) sin ^ = 0. 

This gives us the direction., of the line that it may be a tangent. 

To get the actual equation of Jihe tangent we must eliminate 
0 between this relation and equation (1). 

The equation of the tangent is then 

X + ^) cos 0 = X (y, +/)8in 6 

that is (x - Xi) (xi -h y) + (y - yO (yi -f /) = 0. 

By making use of the fact that (xi, y^) is on the circle we 
can reduce this down to a form which it is not difficult to 
remember. 

The equation is 

cox^ + yyi + y ^ + /y = + yi + gxi +/yi 

*v =-ya?i-/yi-c; 
a?a?i+yyi + y(a? + a?i)+/(y + yz) + c = 0. 

This is the standard form of the equation of the tangent. 

Circle referred to its centre. 

75. In the special case where the origin is at the centre of 
the circle the equation of the circle assumes the simple form 

aP + y^rsz a\ 

'where a is the radius of the circle. If we wish to obtain the 

5—2 
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r geometrical properties of the circle by analytical methods we 
naturally take the equation of the circle in this simplest form. 
But we have sometimes to find properties of a circle in 
combination with other figures and then we may find it 
necessary to take the origin elscAvlicre than at the centre of the 
circle. The student then should accustom himself to the 
general form of the equation of the circle as we have up to this 
point been presenting it. 

If facility can be obtained in the analytical methods as 
aj^plied to the circle, it will be found that all the latter part of 
our subject becomes easy. The student is recommended then 
to dwell on this part of the subject and to master it thoroughly 
before passing on to the more general conic sections. 

» f 

76. The equation of the ' tangent to the circle a;® + ^2 — ^2 
at the point (xi, can be found by exactly the same method 
as that which we have employed in § 74 and the student is 
advised to go through the work step by step for himself and to 
obtain the equation of the tangent at yi) in the standard 
form 

xx^A-yy^^a\ 

This could of course be got from the more general form we 
had before by writing g = 0,/* =* 0 and c = — a®, 

77^ Condition for tangency. 

^0 find the condition that the line y = mx + c should he a 
tangent to the circle + = 

We treat the two equations as sifpultaneous so as to find 
the points common to the line and the circle. On eliminating y 
we get 

that is a?®(l+m®) + 2mca? + c® — a® = 0. 

Now if the line be a tangent to the circle, the two values 
of X furnished by this equation must be equal, otherwise the 
line would meet the circle in two points not coincident. 
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The condition then for tangency is 

= (c= — a“) (1 + wi») 
which reduces to c* = a* (1 + m*). \/ 

Thus we see that the two lines 


y—mx ± aVl + m* 
are both tangents to the circle, v/ 


78. It follows from the preceding article that the lines 
y — A; = 77i (a? — A) + a Vl + 

are both of them tangents to the circle whose equation is 

(x — hy + (y -I ky = a\ 

For if we eliminate y — A between the equations 


y — A = — Vl (1) 

and (a? — A)® 4- (y — A)* == a* (2) 


so as to find where the line meets the circle we shall obtain 
exactly the same quadratic equation in a? — A as we should 
have had in x if we had eliminated y between 

y = mx + a Vl + rn^ 
and a^ + y^ = a\ 

but this resulting quadratic equation in x we know to have 
equal roots by the last article. 

Therefore the quadratic equation in a?— A got by eliminating 
y — A between (1) and (2) has equal roots. That is we get only 
one value of a; — A and therefore one value of x, and then y 
is determined uniquely from (1). Thus the line (1) meets .the 
circle (2) in two coincident points. That is to say it is a 
tangent. Similarly also 

y ~ A = m(« — A) - a Vl + m* 


is a tangent. 
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Examples. 1. Prove analytically that the tangent to a circle at any 
point of it is perpendicular to the radiuf^ to that point. 

2. Find the equations of the two tangents to the circle 
which make an angle of 60'* with the ^-axis. 

3. Shew that the tangent to the circle at the 

origin is gx-^fy=0, 

4. Shew that the line x+y=^ touches the circles and 

!-y*+3a;+3y-8=0 at the same point. 

6. If Ax^By+ C— 0 be a tangent to the circle x^-\-y^+ 2gx +2fy+c=0j 
it will also be a tangent to the circle 

x^+y^ + 2gx+2fy+c+K(Ax+By+C)^0. ’ ’ 

79. Chord of contact. 

To find the equation of the chord of contact of tangents f rom 

y\) to tfie circle + = ai 

When we speak of the ' chord of contact * of tangents from 
(^it Vi) we mean the line through the points of contact of the 
tangents from (a?i, to the circle. 

Let (a?2, y^, y^) be the points of contact of the tangents 

from (iCj, yi) to the circle. 



.Now the equation of the tangent at is as we have seen 

xx^ + yy^^a^- 

Therefore, as this passes through {xi, y^ we have 
«i«h + yiy9 = a*- 
Similarly «i®i + yiyi-a*. 
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Therefore (a?a, and (re,, y») both satisfy the equation 
which represents a line. 

Therefore this is the equation of the chord o{ contact. 

Cor. We see from the equation that the chord of contact 
is perpendicular to the line joining the centre to the point 
(^i> yi) for the equation of this joining line Is 

yi 

80. Pole and Polar. 

Def. The polar of a point with respect to a circle (or conic) 
is the locus of the points of intersection of tangents drawn ai the 
extremities of chords through that^point * 

To find the equation of the polar of the point {xi, with 
respect to the circle + ^ = 

Let any chord be drawn through (a?!, yi) and let the tan- 
gents at its extremities meet in (a?,, y^). 



The equation of the chord of contact of tangen^iB from 

(«i, y*) is by § ^9 

«««+yy*=o*. 

But this goes through jfi), 

«ia^+yiyi=o*. 
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Therefore the locus of is 

We thus see that the polar of (a?i, y,) as defined above is a 
line, and it is. perpendicular to the line joining the centre to 
the point (a?!, y^. 

The point (aji, y^ is called the pole with respect to the 
line + = ^ 

The terms ‘ pole ’ and ' polar ’ are thus correlative. 

The term 'pole * as used in this connection has nothing to 
do with the same term as used in polar coordinates. 

t 

81. If we wish to find the pole of a line whose equation is 

Ax + By + (7^0, 

we suppose (a?, , yO to be the pole. 

Therefore the given line is identical with 

Thus Xi and y, are found, 

82. On the definition of Polan. We see from §§ 79, 80 
that the polar of a point P with respect to a circle coincides 
with the chord of contact of tangents from that point, if P be 
outside the circle. The same is of course true if the point P 
be inside the circle. For we have then two imaginary tangents 
from P which will have imaginary points of contact with the 
circle. These imaginary points of contact lie on the real line 
xxi + y yi = a®, as is obvious from th/ fact that the algebra of 
§79 takes no account of whether the points of contact y^ 

the tangents are real or imaginary. 

We see then that the chord of contact of tangents from a 
point and the polar of a point are the same line. 

Some writers indeed define the polar of a point as the 
chord of contact of tangents real or imaginary from that 
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point. This is perfectly legitimate. But we prefer the^ 
definition we have given in § 80, as then the polar is defined 
by means of a geometrical property without any reference 
to imaginary points. 

Suppose the polar of a point is defined as the choM of 
contact, then it is still necessary to shew that as a result of 
this definition the polar of the point is the locus of the points 
of intersection of tangents drawn at the extremities of chords 
through the point. 


Examples. 1. Shew exactly as in § 79 that the choid of contact of 
tangents from to the circle 

X- + y * 4- -.-7^ 4 2/y 4 c « 0 
is xxi 4yyi +g\x+xj) 4/(y 4yi) 4 c =0 - 

2. Shew that the polar (as defmecf in § 80) of the point yi) with 
respect to the circle 

^ 4 2 (7^ 4 2^ 4 = 0 
is xxi 4yy] 4^ (a^+Xj) 4/(y 4yi) 4 c^O. 


3. Prove that the points of contact of the tangents from (j7i, yi) to the 
circle x^-\-y^=d^ are 

( a^Xi 4gyi \/ gi*4yi^ - a^yi - aXj^Xi^+yi^ - a ^\ 


and 


/ a^x^ - x{^ 4yi^ - 0 ^ 1 4aa?i\/V4yr - a^ \ 


Write down the equation of the line through these points and shew 
that it reduces to xxi^yyi^a\ 


4. Prove the following geometrical construction for the polar of a 
point P with respect to a circle whose centre is C : Join CP and take Q 
on CP such that CQ . square of radius, then the line through Q 
perpendicular to CP is the polar. 


83. The student will have noticed that the form of the 
equation of the tangent to a circle at (a?i, yi), when {ad^, yi) 
is on the circle, is exactly the same as that of the chord of 
contact of tangents from (a?i, yi) and of the polar of (a?i, yi) 
when the point is not on the circumference of the circle. This 
makes these equations easy to remember, for we have only one 
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form to remember for all three. As will be seen later exactly 
the same property holds for the conic sections in general. 

84. Conjugate points. 

Prop. If the polar of a point A goes through B, then the 
polar of B goes through A. 

Take the origin at the centre of the circle so that the 
equation is 

aj* + y® = a\ 

' Let (a?,, 2/1) be the coordinates of A, and (aja, y^) of B. The 
polar of A is then 

+ y .Vi = 

If this passes through jVa) we have 
which is -the condition also that (a?i, y^) should lie on the line 

But this is the polar of (aja, y2)» 

Thus the proposition is proved. 

Two points such that each lies on the polar of the other are 
' called conjugate points. 

Thus the condition that (a 7 i,yi) and (a^a, ^2) should be 
conjugate points for the circle x^ + y^^a^ is + yi^a = 

It is quite easy to prove that the condition that {x^ y^ and 
(^s ys) should be conjugate points for the circle 

as* + y* + 2yaj + 2/y + c = 0 

is ^ia ?2 + yiya+y(a?i+fl^)+/(yi + ya) + c = 0. ^ 

Coi^ugate lines. To find the condition that the pole of 
the line 

lx + my + n = 0 ( 1 ) 

with respect to the circle a^ + y* » a* should lie on the line 

ya? + myH-»'«0 (2). 
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Let (tBi, yi) be the pole of (1), 

«®i + yy, = a* 

is identical with (1) ; 

. ^ - a* 

• • j — - • 

L m n 

If then (a?!, yi) lies on (2) 

IVa} mm'a? , ^ 

^ 4 - = 0 , 

n n 

/. M -l-wim — ir=0. 

a® 

It follows from the symmetrical nature of this relation 
which is unaltered by the interchange of I, m, n with Z', m', n' 
respectively that if the pole of (1) lies on (2) then the pole 
of (2) will lie on (1). ^ 

Two lines such that each corUains the pole of the other are 
called conjugate lines. 

The student need not trouble to remember this condition 
for conjugate lines as it is much easier to commit to memory 
the formula in the general case which will be considered in a 
subsequent chapter. 

Equation of chord in terms of its middle point. 

86. If yi) he the middle point of a chord of the circle 
a? + a*, the equation of that chord is 

^i4-yyi = a?i® + yi*. 

Let the equation of the chord be 

cos 6 sin ^ ' 

0 being its inclination to the axis and r the algebraical distance 
of («, y) from («„ y,). 

Substitute 

a? = «i + r 0080, y = y, + rsin^ 

into the equation of the circle. 

(fl^+roos^)* + (yi + rBin^)’ = o* 
r* + 2 r(«iC 0 s^ +yi8in0) + ai* + y,*-a* = O. 
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Now since (oi, j/j) is the middle point of the chord the 
values of r furnished by this equation must be equal in 
magnitude and opposite in sign. 

cos0 + yisin5 = 0, 

or fl?! cos ^ sin 0. 

Therefore the equation of the chord is 

” — cos 0) = I* (- yi sin 0), 

that is + yy, = /Ti® + y^. 


86. To find tke middle •point of the chord of the circle the 

equation of the line of the chord being x cos a+y sin a—p=0. 

Let (iFi, yi) bo the middle point of the chord, 

. *. the equation of t^o line of the chord is 

^-a?i4-yyv=^i^+yi*^. 


This then must be identical with 

a? cos a ^y sin a— p, 
__ yi 

cos a sin a p 


(say) 


.*. a7i=Xcosa, yi=Xsina, 


^i(££££±fi2L»)=x, ... x=p. 

P 

Thus the middle point of the chord is (p cos a, p sin a). 

Similarly the middle point of the chord lying along the line 
Ax+Byt=C is given by 


£i_yi 
A ”5 


c 


X 


(say) 


and 


J7i=XJ, yis®XH 


•*. the middle point of the chord is 


AC BC \ 

A^+B^J' 


87.. Geometrical properties. 

(i) The line joining the middle point of a chord of a circle to the centre 
of the circle ie perpendicular to the chord. 

For if (^i,yi) be the middle point of a chord of the circle 4:*+y*«a* 
the equation of the chord is 
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Bat this line is clearly at right angles to 

£- 1=0 

Vi 

which is the line through the origin, that is the centre of the circle, and 
the middle point of the chord. 

(ii) The locus of the middle •points of a series of parallel chords is a 
line through the centre of the circle. 

For if (a?!, yi) be the middle point of one of two series of chords, the 
equation of that particular chord is 

<^1 +^^1 +^ 1 * 

£ut the chords being all parallel, have the same ‘ m,’ 

. % - £ a constant 

y\ 

That is the locus of yi) 'is aaa constant, which is a line through 
the centre. 

88. The student should for practice prove by the method 
of § 85 that the equation of the chord of the circle 

0^ -V 'if -V 2gx + 2fy + c = 0 

is + yyi + gx ^fy = + y^^ +gxi +/yu 

if (xif be the middle point of the chord. 

It should be observed that if T = 0 be the equation of the 
tangent at (a?!, yi) where 

r = + yy, + y (a? + ) +/(y + y , ) + 0 , 

then T = Ti is the form of the equation of the chord whose 
middle point is {x^ yO, being what T becomes when y^ 
are written for x and y. It will be found later that this is a 
property applicable to conic sections in general. 

89. Trigonometrical notation. If 0 be the angle 
which the radius to a point P on a circle (radius a) makes with 
the axis of x^ the centre being the origin, the coordinates of P 
are given by 

x^aoosO^ yaasind 
in whatever quadrant P liea 
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It is sometimes convenient to represent points on the circle 
a;* + ys = a® in this way instead of by (xi, etc. 

The equation of the chord joining the two points 
(a cos 6y a sin 6), {a cos a sin <^) 
a; - a cos 0 y — a sin ^ 

- s= — 

tt (cos 6 — cos <f>) a(8in 6 —sin <f>) ’ 


that is (a? — a cos 0) 2 sin 


. ^ + 


=— (y - a sin 0)2sm — ^ sin , 


that is, on dividing by sin 


. 0-6 

1 r\ L 


0-\~<f) ,’9-^6 0 — 6 

a? cos +y sin'-— ^=a cos — 2 ~* 


The equation of the tangent at (a cos 0, a sin 0) is got at 
once by making the point (0) move up to and coincide with {0). 
We thus get as equation of tangent at {0) 

X cos 0 + y sin 0 = a. 

This could of course be got immediately &om the tangent 
at (« 1 . yi), viz. 

by writing ar, = o cos 6, yi = o sin 0. 


90. We could by analysis prove all the geometrical properties of a 
circle. It must not^ however, be supposed that these properties are in all 
cases more easily proved by analysis ^an by pure geometry. Sometimes 
the methods of analysis are short and simple ; but there are cases where 
they are complicated and inferior to the methods of pure geometry. 

Suppose we were required to prove by analysis that angles in the same 
segmenb'bf a circle are equal. We could proceed as follows. 

Let AB be a chord of the circle radius a. 

Take the origin 0 at the centre of the circle, and the line perpendicular 
to AB as the axis of x. 

Let P be a point on the arc of the larger segment out off by AB^ Q a 
point on the arc of the smaller segment 
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Let the points P and Q be expressed (a cos a sin B), (a cos 0, a sin 
respectivelj. 



Lot the point A be (a cos <i, a sin a) so that B is {a cos ( - a), a sin ( - o)}. 

Therefore the equation of A P joining (B) and (a) is 

d + a B-j-a B ^ CL 

X cos -\ry Sin =a cos 

And the equation of BP joining (^) and ( — a) is 

B-a , . d — a d + a 

X cos +y Bin -g- cos — g--. 

The ‘w’ of the line AP is therefore —cot 

and the * w * of the line BP is - cot ; 


.\\JdsiBPA^ 


. d+a , . d — a . /d + a B—c^ 

,cot — +cot sin(^-^ 


d-fo B — a\ COS 


» tana, 


- cot - -- cos ( ^ 


l^BPA^IlBOA. 


Similarly the * w ’ of QA is - cot — ^ 


and the 


of QB is -cot 


* . 0 — a 

— cot ^ • 


-cot ^ --” + cot^^ 

•. tsinAQB- A Jl T tk — ~ — ^”-“=-tana. 

l+cot^oot?^ 


We have thus proved that the angle BPA^^lBOA wherever Pis on 
the arc of the larger segment, and the angles AQB, BP A are supplementaiy 
independently of the position of ^ on the arc of the smaller segment. 

All that we have proved could have been proved more easily or quite as 
easily by pure geometxy. 
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91. Polar equation of circle. It is easily seen that 
the polar equation of a circle whose radius is a and the polar 
coordinates of whose centre are (c, a) has for its equation 
r® 2rc cos — a) + = a* 

for the left-hand side is the square of the distance of the point 
(r, 0) from the point (c, a). 

When the pole is on the circumference of the circle c = a 
and the polar equation becomes 
^ r = 2a cos (0 — a) 

which when the initial line is a diameter assumes the simpler 
form 

r = 2a cos 0, J 



These last equations can be got quite easily from figures for 
if OA be the diameter through the pole 0, and P any point on 
the circle 

OP = OA cos A OP. 

Systems of Circles. 

92. Orthogonal circles. 

The necessary and sufficient condition that the circles 
a* + 2/* + 2gx + 2/y + c = 0, 

/t* + y® + 25 r'a? + 2/y + c' = 0, 
should cut orthogonally is 

[Def. Two circles are said to cut orthogonally when the 
tangents at their points of intersection are at right^angles.] 
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Let A and B be the centres of the two circles, P a point of • 
intersection. 

Then if the tangents at P to the two circles ar^ at right 
angles, these tangents being at right angles to the radii, APB 
must be a right angle, 

Now the coordinates of A are (— ^, — /) and AP* — //• — c. 

And the coordinates of B are (—g', — /') and — 

2gg' + 2ff = c + o'. 

This condition then is necessary, and it can be seen to be 
suflBcient by working the algebra backwards. 

Y 93. Radical axis. 

The locus of points from which tangents to two given circles 
are equal is a straight line perpendicular to the line joining their 
centres and passing through the points of interseoHen of the 
circles. 

Let the two circles have for their equations 


ic® + y*+ 25 ric + 2/y + c = 0 (1), 

a? + y» + 2gf'a? + 2/y + c' = 0 (2). 


Let P (a?, y) be a point from which the tangents to (1) and 
(2) are equal. 

Now square of tangent from P to (1) is a?* + y* + 2gx + 2fy+ c. 
And square of tangent from P to (2) is a;* + y* + 2g'x + 2f'y + c\ 
/. a!* + y*+2yaj + 2/y + c = ®* + y» + 2y'a? + 2/'y + c', 

2(y-sr')a? + 2(/-/)y + c-c' = 0 (3) 

Therefore the locus of (x, y) is a straight line ; and .points 
which satisfy (1) and (2) simultaneously also satisfy (3); 
therefore (3) goes through the points of intersection of (1) 
and (2). 

Moreover the coordinates of the centres of (1) and (2) are 
i-9> -A -/) respectively. 

A. « 
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Therefore the ‘m’ of the line joining the centres is 

, 9-9 

But the ‘m’ of (3) is the product of these is - 1. 


Therefore (3) is perpendicular to the line joining the centres 
the circles. 

The line (3) is called the radical aads of the two circles (1) 
and (2). 


Cor. 1. The three radical axes of three circles taken in 
pairs meet in a point (called the radical centre of the three 


circles). 

For if a3* + y*+2/7a? + 2/^ + c = 0 (1), 

^ fl;* + 2/’-l-2/^+2/'y+c' = 0 (2), 

a» + y + 2/VH-2/"y + c" = 0 (3), 

be the equations of the circles. 

The radical axis of (2) and (3) is 


2 (flf' - f) ® + 2 (/' -/') y + c' - c" = 0 (4). 


The radical axis of (3) and (1) is 

2 (fl^" -flf) a; + 2 (/" -/) y + c" - c = 0 (5), 

and of (1) and (2) is 

2 (sr -Sr') a? + 2 (/-/') y + c - c' = 0 (6). 

Now (4) + (6) + (C) is an identity. 


Therefore the three equations (4), (5) and (6) hold simul- 
taneously, that is, the radical axes meet in a point. 

Cor. 2. If two circles touch one another their radical ems 
is their common tangent at the point if contact. 


94. Equation of two oirclea. 

By choosing cbs the axis of a the line joining the centres of 
two circles, axd as the axis of y their radical axis, the equations 
of the circles are of the simple form 

aj* + y* + 2y^ + c s= 0, 

+ y* + 2y'a; + c = 0. 
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For since the y coordinate of each centre is zero the circles • 
have their equations of the form 

a® + 3/®+2^a?4-c = 0, 
a;® + + 2^'iB + c' = 0, . 

The radical axis of these is 

But the radical axis is a? = 0. 

c' = a 

Thus the proposition is proved. 

96. * Prop. The difference of the square of the tangents to 
two circles from any point in their plane varies as the distance 
of the point from their radical axis, 

(Let be any point in th/^ plane of the two circles 

a?* + y’ + 2^a? + c = 0, 

+ ^* + "^9*30 + c = 0. 

The difference of the squares of the tangents to these from 
(a?!, yj) is 

+ yi* + 2gx^ + c) - + y;^ + c) 

= 2ai(^-/), 

which varies as which is the distance of the point from the 
axis of y, that is the radical axis. 

V' 96. Coaxial circles. A system of circles such that the 
radical axis for any pair of them is the same is called a coaxial 
system. 

Clearly such circles will all have their centies along the 
same line. Taking this line of centres as the axis of x and the 
common radical axis for the axis of y the equations of the 
circles will be of the form 

a?* + y* + 2ya?+c = 0, 
xc* + y* + 'ifx + c = 0, 
y* + 2y"a; + c = 0. 
etc. etc. 



6-2 
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Belonging to this system will be the two circles 


a® + 2/^ 4 2v^caJ 4-0 = 0 (1) 

and fl?®4-y® — 2 Vc^’4-c=^ 0 (2), 

that' is {x 4- Vo)® 4- y® = 0 

and (a;— Vc)®4-y® = 0, 


that is two circles of zero radius with their centres at 
(- Vo, 0) (4- Vc,0). 

c The centres of these two circles of zero radius, point circles 
as they are sometimes called, are known as the limiting points 
of the system of coaxial circles. 

The limiting points, lying on the line of centres, are real if 
0 be positive, otherwise they ^re imaginary. 

^ 97. Limiting points. 

Prop. If L and L' he the limiting points of a system of 
coacdal circles the polar of either of these pomts with respect to 
any circle of the system passes through the other. 

For taking the line of centres as axis of a?, and the radical 
axis as that of y, the equation of any circle of the system is of 
the form 

a;®4-y®4-2//a;4-c = 0. 

The coordinates of L are (Vc, 0) and of U (— Vc, 0). 96) 

The polar of L (Vc, 0) with respect to the circle is 
« Vc 4- y (0) 4-5^ (a? 4- Vc) 4- c = 0, 
that is (Vc 4- sf) (a? 4- Vc^=a 0. 

But — 

/. a5 4-Vc = 0, 

which is a line through L' parallel to the radical axis. 

98. Prop. All the circles of a coamal system are cub 
orthogonally hy every circle passing through the limiting points. 

Take the axes as before. ^ ‘ ^ i ^ f 
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The equation of a circle of the system is of the form 

a?«+2/*+2t/a; + c = 0 (1) 

and the equation of a circle passing through (Vc, 0), (- Vc, 0) 
is of the form 

- if+y . t -r/y r = Q- (2) 

since the x coordinate of its centre is zero and when 

Vc. 

The condition that (1) and (2) shouI3 cut orthogonally is 
2flr(0)-f2(0)/=c-c (§92) 

which is satisfied. 

99. The general equation of circles coaxial with two given 
circles 

S = a;® + ‘if -I- ^gxA- 2fy -H c = 0, 
ii' T 2 x^ -h y® 4- 2g'J+ 2/'y + c' = 0 
is S+kS' = 0, where k is any constanU 

For clearly S + kS' = 0 for any constant value of /j is a circle, 
since the coefficient of a;* = coefficient of y®, and the coefficient 
of xy is zero. 

Moreover the locus S + kS' = 0 passes through the points 
common to the two given circles. 

Thus for different values of k it represents circles coaxial 


with the given circles. 

100. If iS=a:!® + y* + 2flra?+2/y + c = 0 (1) 

be a circle and L = Ax + -By + (7 = 0 (2) 

a line, the equation 


S-kL^O 

for jjMy , constant value of k will be a circle cutting the given 
dreftfni the poiyits where it is cut by the line, > 

For it is clear that 

B = 0^ + y“ + 2ya? + 2fy + c — A?(ila7 + jBy + (7)a=0 
represents a circle and it is satisfied by points which satisfy 
(1) and (2) simultaneously. 
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Cor. ""If S = ic® + y* + 2gx + 2/y + c = 0 
be some circle, then the equation of any other circle can be 
expressed in the form 

S -f {lx + my + n) = 0. 


EXAMPLES. 

r 

, 1, The condition that the circles 

ip® + y® + 2gx + %fy + c = 0 
a? + y‘ + %<j'x + %f'y + c'= 0 

should touch is 

- (^Igg + 2#' - c - cj = 4 {g' +/* - c) +/'* - «')■ 

The locus of points, the tangents from which to two given 
circles are in a given ratio is a circle coaxial with the given circles. 
94.] 

o. The locus of points such that the difference of the squares of 
the tangents from them to two driven circles is constant is a line 
parallel^o their radical axis. 

4. The equation of tho circle orthogonal to the three circles ^ 
a® + y® + 2dia3 + 2siy +yi = 0 
a? + y® + 2d2cc + 2c2y +/ 2 -O 
rc® + y® + 2c^® + 2e8y +/»= 0 

is I aj“ + .V®. sr, ?/. 1 1 = 0. 


** + 3^. 

a?, 


1 


diy 


-1 

”^23 


Sg, 

-1 


dg, 

Sgj 

-1 


The equation of the circle circumscribing the triangle formed y 
by the lines 

ilaj + -5y + (7 = 0, A'a; + JS'y + C' = 0, B''y + 


is 

il® + .5® 

Ax + By + 0 * 

A, 

B 

= 


A'^ + B'^ 

A', 

D/ 



A'x + £'y + C” 

Jo 



A’'* + B"* 

A " 

sr 



A"at+B'y+C" ' 

A^ 1 
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[Clearly 

•¥v(Ax + By + C)(A'x + Ii'y + C') = 0, 

will pass through the vertices of the triangle .formed by the given 
lines, for this equation is satisfied by any two of the given equations 
taken simultaneously. Choose A, fi, v so that this is a circle.] 

6. The condition that the circle circumscribing the triangle 
formed by the three lines 

a^x + + c, = 0 

Oa-'K + + Cg = 0 

aaa: + 6sy + C8 = 0 

should have its centre on tho'i-axis is ^ i; 

a^Oi-babj, | = 0 . 

^ 7. The straight line x cos a + ^ sin o = ;> being denoted by (ap), 
find the equation of the circle circumscribing the triangle formed by 
the lines (ap), (fiq), (yr) and shew that if it passes through the origin/^ 

qr sin {P-y) -^rp sin (y — a) + pq sin (a - j8) = 0. 


8. Shew that the circle on the chord x cos a + y sin a — p = 0 of 
the circle = 0 as diameter is 

a:® + y* ~ a* - 2y (as cos a + y sin o — y) = 0. ’ . " ' 

TOioJ 100.] 

^ 9. If two circles cut a third circle orthogonally, the radical axis 
of the two circles passes through the centre of the third circle. 

Shew that if iS^i = 0, ^2 = 0, 5^ = 0 be the equations of %ree 
circles of which each two cut orthogonally, the equation 


represents a real circle except in certain cases where it represents a 
straight line.' * 
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^^11. Shew that the condition that the two circles 
a (aj* +y ) + gx -^fy + c = 0 
and a' + y^) + g'x +/ y + c' = 0 

may touch each other is 

(c/' - c-f) + (V - a’g) {eg- - c'g) + («c' - «'c)»= | (// -fg)\ 

^2. Shew that if two points are conjugate with respect to a 
circle the square of t)ie distance between them is equal to the sum 
of th^quares of the tangents from them to the circle. 

If two points Pand ©are conjugate with respect to a circle 
S tho^rcle on PQ as diameter cuts S at right angles. 


; tho^rcli 
fill 


^14. Shew that the general equation of all circles cutting at 
right angles the circles represented by 

a? + - 20105- 26iy + Cj = 0, oc* + j/® - 20305 — 2^2^ + c^ = 0 

+ X, y [ \ X, y/, 11 = 0. 


as’+y* 


y 

' X, 

y> 



6, 


61. 

Co, 

«*» 

6, 

1 CTj, 



10 . Find the equation of the circle whose diameter is the / 
common chord of the circles 

/V + ^+25c + 3y+l =0 and fl5* + y* + 4a; + 3y + 2 = 0. 

xY.. Find the coordinates of the limiting points qf the circles 
a® + y* + 2 o 5 + 4y + 7 = 0, 05* +?/* + 4a? + 2y + 5 = 0. 

17. Find the equation of the circle to which the triangle whose 
vertices are (Xi, yi), (x^, yj), (x^, y^ is self-conjugate. 

[A triangle is self-conjugate for a circle when each pair of its 
vertic^are conjugate points.] 

Prove that the circumcircle of the triangle formed by the 

lines 

0 ? cos a + y sin a as a sec a + ( sin a, 

X cos jS + ^ sin = a sec )3 + 6 sin 
X cos y -f ^ sin y = a sec y + 6 sin y, 
pa^eif through the points (0, 6). 

19. The polars of a point P with respect to two given circles 
meet in Q ; shew that the radical axis of the circles bisects PQ. 

[Use §94.] 
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''^0. Circles are drawn through the point (c, 0) touching the 
circle = a*. Shew that the locus of the pole of the axis of ** 

with respect to these circles is the curve 


vX 


4a* (05 - c)* = (a® - c®) {a® - (c — 2 jc)®} y®. 


21. The straight line & + wiy — 1 = 0 meets the lines 


aa^ + 2/ixy + 5y® = 0 

in the points P and Q ; shew that the equation of the circle described ^ 
on P(? as diameter is 


(as® + y®) (am® — 2 /ilm + 5Z®) - 2 a 5 ( 6 ? — — 2 y (am — 7//) a + 6 = 0 . 


22. Prove that if = 0, iS', = 0, = 0, >^4 = 0 be four circles of 

which each pair is orthogonal, their equations being in the form 
in which S denotes the square of the tangent from any point, then the 
condition that 

XSi + /iSq + pSs + PS 4 = 0 and| + /i'Sq + + p'S4 =s 0 

should be orthogonal is 

XAVi® + /Lt/air,® + ri/Vj® + ppr^^ = 0 

where r^, r^, r^, are the radii of the circles. 

^3. The length of the common chord of the two circles 

a:? + y® + 2X® 4 - c = 0, ^ ^ 

a:® + y® + 2 /Liy — c = 0 

LS _ 2 V(A® - c) (^» + c)/(xn^p^. 

. Mi. If the origin be at one of the limiting points of a system of 
Doaxial circles of which 

03® + y® + 2ya; + ^ + c = 0 

Is a member, the equation of the system of circles cutting them all 
orthogonally is 

+ S'*) (^' + rt/*) + « (» + W) = 0 . 

25. Two circles of radii Pi, jRg with their centres at a distance 
£>(^1 + ^ 2 ) oi&y, by properly choosing the axes of coordinates in 
>ne of two different ways, be represented by the equations 

a® + y®- 2 «ifl 5 + o* = 0 , »® + y® — 26y + c®= 0 , 


vhere 

md 
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^26. From a fixed point (f, rf) perpendiculars are drawn to the 
straight lines 

005* + 2A.ry + + 2gx + 2/y + c = 0. 

Shew that the equation of the circle circumscribing the quadri- 
lateral so formed is 

(ab - A*) {* (x - i) + y (y - .j) } - (A/- bg) (x-^-(gh- a/) (y - 1/) = 0. 

27. Circles are drawn with tlieir centres on the axis of x and 
touching the straight line y = xta.ncL Shew that the points of 
contact of tangents from a fixed point (h, k) will lie on the curve 
given by 

(x — hy (y* — a? sin* a) — 2xy (x — h) (y — k) sin* o + y* cos* a (y - A)* = 0. 

28. If four points P, Q, E, S be taken, and the square of the 
tangent from P to the circle on QE as diameter be denoted by 
(P, QE), then 

(P, E^) - (P, QS) - [Q, ES) + (<?, PP) = 0. 

29. Show thot with respect to the triangle formed by the lines 
oo* + 2hxy + 6y* =0, y=k, the equation of the pedal line of the 
point (other than the origin) where the circumcircle cuts the axis 
of a; is 

a (a - 5) oj + 2ahy = 2bhk, 

30. The centres Cj, Cg, of four circles form a parallelo- 

gram, Cl and C\ being opposite vertices. Prove that the locus of a 
point such that the lengths ti, of the tangents drawn from 

it to these four circles obey tlie relation tit^ = V 4 is a curve of the 
second degree. 

81. Shew that the general equation of a circle which touches 
the two circles 

+ ^ + c* + 2cix = 0, a;V y“ + o^ + 2hx = 0, 
may be wiitten in the form 

{(c*+fi*)(c*+a6)}^(a5*-l-y*+c*+ 2Xa;) +c(a6~X*)^(®^ + =0, 

where /x has any value, and X is either root of the quadratic 
equation 

(a-|.6)(c*+X*) = 2A(c* + a6> 
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CHANGE OF AXES. 

^ 101. Before we pass on to the analytical investigation of 
the conic sections we shall obtain, for future use, the formulae 
necessary to express the coordifcates of a point in a plane 
referred to two axes in terms of the coordinates of the same 
point referred to two other axes. 

We have already made use of the fact that if (x, y) be the 
coordinates of a point P, referred to two axes, (a?„ y,) the 
coordinates of a point A referred to the same axes, then the 
coordinates of P referred to axes through A parallel to the 
original axes are (ic — y — yi). Denoting these by (X, Y) 
we have 

+ y=7+yx. 

We see then how to obtain the equation of a curve referred 
to two new axes when its equation is already known referred to 
two axes to which they are respectively parallel. We have 
only to write X-¥Xi, F+yi for x and y in the given equation, 
and the new equation in Z, Y will be obtained. 

This is changing the origin without changing the directions 
of the axes. 

We now pass to the consideration of the problem of a 
change in the directions of the axes without a change of 
the origin. 
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"^102. Transition fV*oni one set of rectangular axes 
to another with the same origin. 

Let (a?, y) be the coordinates of a point P referred to rect- 
angular axes PX, OF. Let {x\ y') be the coordinates of the 
same point P referred to rectangular axes 0X\ OF' with 
the same origin. 



Let Z XOX* measured in the usual positive direction = 6. 

Draw PLy PU perpendicular to OX and OX' respectively. 
Draw L'K perpendicular to OX and L'N perpendicular to PL, 

Then x^OL^OK^NL 

= i^os0 — y'sin0 (1), 

y^LP^KU + NP 

sm y* (2). 

From these, or independently, we get 
x'^x cos 6 -{-y sin 
= — a? sin^ + y cos A 

These latter are not wanted so frequently as the former. 
They can be always obtained from (1) and (2) by interchanging 
X and x\ y and y' and writing — 6 for A 
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103. Transition from oblique axes to rectangular 
axes with the same axis of x. 

Let (x, y) be the coordinates of P referred to oblique axes 
OX, OY containing an angle (x, y') th^ coordinates of the 
same point referred to rectangular axes OX, 0Y\ 



Draw PL, PL' parallel to OY, OY' to meet the o^-axis in 
L and L\ 

Then x = OL = OL' — LL' = a?' — y' cot a> | 
y = iP = y' cosec oi j 

and x' = OL' = OZ + LL' = a? + y cos a> 1 

y' = i'P = y sino) j* 

10^. Transition from one set of oblique axes to 
another with the same origin. 

Let {x, y) be the coordinates of a point P referred to axes 
OX, OY containing an angle (a?', y') the coordinates of the 
same point referred to axes OX', 07' containing an angle o)'. 
Let a and be the angles which OX' and OY' respectively 
make with OX, 

Draw PL parallel to OF to meet OX in L, so that 
OL^x, LP = y. 

Draw PL' parallel to OY' to meet OX' in L', so that 
L'P^f/'. 
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Now draw PN perpendicular to OX; L'B and L'K per- 
pendicular to OX and PN respectively. 



Then y sin at = NP = RL" -l- KP = a' sin a + y' sin R. 

Similarly, since OX' and OV make angles ® — a and a> — /9 
with OF, 

tB sin <o’=x' sin (® — a) -H y' sin — 


Thus 


,sin(«a-a) . _.,sin(a>-^) 

; + y : - 

Bin (o ^ sin (o 


, sin a , sin B 

y^x — hy 1 

^ sin 01 sin® 


where iS — a = 


105. The formulae obtained in the last article are not 
easily remembered, nor will there be much need to remember 
them. . But it is important to observe that 

x = kx' + ly\ 

where jfe, I, k\ V are constants depending on the angles ®, 
and a. 
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The actual formulae of §§ 102, 103 will be wanted from time* 
to time. But they are very easily obtained at any time directly 
from a figure, so that they need be no burden on the memory. 


m 

Vj/Prop. 


Invariants. 

//* (a, y) be the coordinates of a point referred to axes 


OX, OY containing an angle et>, and (x\ f) be the coordinates of 
the same point referred to axes OX\ 0 Y' containing an angle to. 


and if ax^ + 2hxy -{-by^ in which a, b, h are independent of 
X and y become a'x'^ + 2Iixy' + b'y'\ then 


a' + 6' — 2}i cos (o' a + b-‘2h cos co 


ein^cD' 


siii'^ a> 


and 

We have 
and 


a'b'--h '^^ ab-~h^ 
sin- ft)' ,|Sin*ft) * 

ax^ + 2hxy + = aV^ + 2/t Vy' + b'f* 

a? + 2ayy cos ft) y® = a?'* + 2xf cos &>' + y'\ 




since each of^ these is the square of the distance of the san^e 
point from the ongin. 


Therefore 


aa? + 2hxy + &y* + \ (a?® + 2xy cos o) + y®) 

= aV® + 2h!x'f + 6'y® + X (a/* + 2xf cos (o* + y'*). . .(1), 
for all values of X. 


Now if X be so chosen that the left-hand side is a perfect 
square in x and y, viz. {px + qyY, then since 

x^kx' + If, 

y = *'a?' + iy (§105), 

(p^ + gy)* = {p(*i»' + iyO + 2(*V + zy)l* 

«(pV + g'y')*, (say). 

Thus whatever value of X makes the left-hand side of (1) a 
perfect square in x and y makes the right-hand side a perfect 
square in of and 
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The left-hand side will be a perfect square if 
(a + X) (6 -h X) = (h -f X cos ft))®, 

that is if 

X® sin* ay (a + b — 2h cos ft)) -f a6 — 7/® = 0. 

Similarly the right-hand side will be a perfect square if 
X* sin® ft)' + X (a' + i' — 2A' cos o)') -I- a'V — X'® = 0. 

These two quadratic equations in X must have exactly the 
same roots, 

a 4- — 2h cos ft) _ cos 

sin® ft) sin® ft)' 


and 


a&~7t® ^ a'y-7// ® 

sin® ft) sin® cd' 


On account of this property 
are called invariants. 


a — cos q> 
sin® ft) 


and 


ah — X® 
sin® ft) 


In the special case where we transform from one set of 
rectangular axes to another, 

a + 7 j = a' -h 6', 

aJ-A® = tt'6'-A'® 

These invariants are of importance in the development of 
the theory of the general equation of the second degree and the 
student is recommended to master the proof given of them. It 
would be well for him to work out the special case of rect- 
angular axes by the same method we have employed in the 
general case when the axes may be obliqua 


107. Removal of the ary term. 

Prop. 7/ {x, y) be the coordinates of a point referred to 
rectangxdar axes, it is always possible to transform to rectangular 
axes with the same origin so that aa^ + 2hxy-^ hy'^ becomes 
a! of* + in which the term in x'f is wanting, («', y') being ihe 
same pmnt referred to the new axes. 
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For if the axes be turned through an angle 0 we have ‘ 
by § 102 

X = X* cos 6 sin 
y = a?' sin d + y' cos 0, • 

. aa? + 2hxy + = a {x' cos 6 sin 6)^ 

+ 2A (jx* cos ^ — 2/' 8^^ cos 6) ’\‘h {x^ sin 6 + y' cos 0y 

= (a cos® 5 + 2A sin 6 cos 6 + h sin® 6) a;'® 

— 2 {(a — b) sin 0 cos 0 — h (cos® 0 — sin* 0)} xy* 

+ (a sin® 0^2h sin ^ cos ^ + 6 cos® 6) y\ 

The term in x'lf will disappear if 

i (tt — 6) sip 20 — /i cos 20 = 0; 

that is if tan 20 = -^7 , 

a*— 0 

i 

and this equation can always be satisfied by a real value of 0, 


We have 20 = iiir + tan”^ r , 

a — b 

2h 

. . 0= (1), 

or ^ = l + (2). 

2h 

or 0 = TT + i tun-> ^ (3), 

O' ^ = 


These all really give the same new axes of coordinates, what 
is the positive direction of the a;-axis in one case being the 
positive or negative direction of the x^ or y>axis in another. 

Special case where a& — /e^ = 0. In the specia^l case 
where the removal of the xy term in 

oa;® + 2hxy + by^ 

by turning the axes through an angle 0 given by tanj^tf = "—/b 
will make either a' » 0 or 6^ «= 0. 

A. 


r 
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For aa^ + 2hxy + 6jy® becomes a'a;'* + l>y\ 

Now a6 = /i* is the condition that the pair of lines through 
the origin 

ax^ + 2hxy + = 0 

should be coincident. 

Therefore a V* -f Vy^ = 0 

represents a pair of coincident straight lines, which is impossible 
unless a' = 0 or V = 0. 

The same can also be seen by means of the invariants. For 
aV A® = 0, 
a' = 0 or b' = 0. 

Oblique axes. 

108 . To find the condition^ that the tiuo lines whose equations 
are 

Ax + By + = 0 

and + + 

should be at right angles^ the axes being inclined at an angle to. 

Transform to rectangular axes keeping the origin and the 
axis of X unchanged. 

As in § 103, we have 

= a?' — y' cot o), y = y' cosec ©. 

Thus the equations of the two lines referred to the new 
rectangular axes are 

A{x' — cot ai) + By cosec © + (7 = 0 
and A* {xf — y cot ©) -f B'y* cesec lo + G' — 0, 

that is A sin « . a;' + — -d cos w) y' + G' sin o) = 0 

and .4' sin ft) . a?' + (jB' — A' cos ft)) y' + G' sin «> = 0. 

The condition that these should be perpendicular is 
A A* sin® ft) + (S — 4 cos o>) (B' — A* cos (o) = 0 
that is 44' + 2 ?jB' - (45' + 4 '5) cos ft) = 0. 

This condition the student has probably already obtained 
for himself in another way. (bee Ex. 2 of Chapter III, p. 43.) 



CHANGE OF AXES 


99 


109. To find the length of the 'perpendicular from the 
point P {xi, mi the line whose equation is 

Ax + By + (7 = 0 
when the axes are inclined at an angle &>. 

Transform to rectangular axes with the same origin and 
the same axis of a? as before. 


Use dashed letters for the new coordinates so that 

X = X — y <io\i (o\ = .r/ — cot cd] 

y = y' coscc J ’ — cosec w j ' 

The equation of the line thus becomes 

A (x' — y cot cd) + By' cosec g> + (7 = 0. 
The perpendicular from (a?!, yOjon this is (§ 34) 

A (a\ — y^ cot + By^' coscc cm + (7 
A'^^{B cosec ft) — cot cd)-* ^ 


and this 


(Ax^ + By I + ( ?) sin oi 
*JA “ sill- o) + (£ — -4 cos wy 


(A a;, + i ?yi+C )sin ^ 
— 2AB cos o) + B^ 


110. To find the angle between the pair of lines 
ax^ + 2hxy + = 0, 

the axes being inclined at an angle o). 

We will here make use of invariants. 

Transform to new and rectangular axes with the same 
' origin and let the equation of the lines become 

aV* + 2/i'a;y + 6y> = 0. 

Now if be the angle between the lines we know from §62 


that 


tan^ = 


a+ 6' 


7—2 
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But by § 106 


A*— ab 
sin^o) 


sin>2 


= A'»-a'6', 


and 


g + 6 — 2A cos ft) 
sin* ft) 


a'+6'-2A'co8j 


Sin® o 


= a' + 6', 


•*. tan <f) = 


2 sin ft) \/A® — a6 
a + 6 — 2A cos a ) ' 


And the lines will be at right angles if 
, a + 6 — 2A cos o) = 0, 


EXAMPLES. 

1. If (aj, y) and (x\ y') be the coordinates of the same point 
referred to two sets of rectangular axes with the same origin and if 
ux-^-vy where u and v are independent of x and y becomes wV + v'y\ 
then 

te* + v* = u'^ 4- v\ 

2. If {x, y) and (x\ y) be the coordinates of the same point 
referred to two sets of axes with the same origin and ua; + ^ be 
transformed to gV + v'y\ then 

V? — 2uv cos o) + 17® _ w'® - 2 m V cos cd' + 1 ?'® 
sin® 0 ) ”” sin® w' * 

where cd and J are the angles between the axes in the two axes. 

3. If {x, y) and (x\ y) have the same meaning as in £x. 2 
and if 

x^hoi ly\ 

y = AV + V, 

then {Id* -Jdl) %\iL co^^sin 

* 4. Shew that the equation a; cos a + y sin a = p, when the axes 
are turned through an angle Oi becomes x-f. Interpret this fact. 
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6. The equation of the bisectors of the angles between the lines 
005 * + ^hxy + 6 ?/* = 0 


is ax hx-t by 

X-\-y cos (D, ^4-05 cos (i> 

the axes being inclined at an angle co. 


= 0 , 


6. OAB is a fbced triangle having AOB a right angle, OA, OB 
along the axes of coordinates, AB=4c and 0AB = a. A circle is 
drawn circumscribing the triangle, and from any point on this circle 
perpendiculars are drawn on the sides ; shew that the feet of these 
perpendiculars lie on the line • 

X cos y sin ^ = 4c sin <t> cos (f> sin (a + <jk). 

Transfer the origin of coordinates to the point o cosa, rr sin a; 
turn th^i/bs of coordinates through an angle ^ ^ and shew that 

tlie equation of the line is now 

X cos j/' 4- y sin ^ = c sin 3i/r. 


’ 7. Prove that the transformation of rectangular axes which 

A"* 7* . . A* r* 

converts — 4- — into cmc* 4- 2hxy 4* will convert ^ 4- — r into 


005* 4- 2hxy 4- \ (ah — A*) (as* 4* y*) 

1- (o 4- 6) A 4- (ab - A*) A* 


Ji^Z 



CHAPTER VII. 

THE CONIC SECTIONS— GENERAL AND STANDARD 
EQUATIONS. 

11,T. The conic sections are the curves of projeul’on of a 
circle by means of a vertex V, not in the plane of the circle, on 
to another plane. In other words they are the sections of a 
cone having a circular base. It is not necessary that the cone 
should be a right circular one, that is that the line joining the 
vertex to the centre of the circular base should be perpen- 
dicular to the base. 

The sections of any cone having a circular base by planes 
parallel to the base will be themselves also circles, and the 
section of the cone by a plane passing through the vertex will 
be two straight lines. 

If the cone be cut by a plane not through the vertex and 
not parallel to the base the curve of section will be an ellipse, 
parabola or hyperbola according to the position of the cutting 
plane. All these curves alike share what it is convenient to 
call ' the focus and directrix property/ That is, each of these 
plane curves is the locus of a point such that its distance from 
a fixed point (the focus) in the plane is e times its distance 
from a fixed straight line called the directrix, e being a con- 
stant known as the eccentricity. For a parabola c = 1, for an 
ellipse e < 1, and for a hyperbola a > 1. {Course of Pure 
Oeometry, Chap. IX.) 
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112. Proposition. Every plane section of a cone having 
a circular hose when referred to Cartesian axes of coordinates" 
in the plane is represented hy an equation of the second degree. 

We have already seen that this is so if the section be two 
straight lines or a circle, for both these al*e represented by an 
equation of the form 

aoi^ 4- ^Ihxy + + ^gx + 2/y + c = 0. 

If now the section be an ellipse, or parabola, or hyi)crbola, 
let e be the eccentricity, (x^y y^ the coordinates of the focus 
referred to some rectangular axes in the plane, and 

4 " Ey 4 " = 0 

the equa^on of the directrix referred to these same axes. 

Tlien if (x, y) be any point on the particular curvb under 
consideration we have 


{x - xf^ 4- (y - y,Y = e® 


{Ax 4- By + Cy 
4- 


for the left-hand side of this equation is the square of the 
distance of {x, y) from the focus (a?i, yO, and the right-hand 
side is ^ times the square of the distance from the directrix. 

It is clear that the above equation is of the second degree, 
being of the form 

ax^ 4* ^hxy + 4- 2gx -f 2/y 4- c = 0. 

The form would be exactly the same if the Cartesian axes 
were inclined at an angle to other than a right angle, for then 
we should have (§ 101 


w X AAx+By-rGyBiv?to 


113. We now see thatj^ every conic section is represented 
by an equation of the second degree. That this must be so is 
also clear from the fact that the conic sections being pro- 
jections of a circle, which is such that every straight line in its 
plane meets it in two points (^which may be imaginary or 



104 


THE CONIC SECTIONS— 


coincident), must themselves have the same property, since the 
projection of a straight line is another straight line. Thus 
when we eliminate x between Ax -\~By = G (the equation of a 
line) and the equation of a conic section, we must obtain a 
quadratic equation in y. This can only be the case if the 
equation of the conic section be of the second degree in x 
and y. 

We shall presently go on to shew that an equation of the 
second degree always represents a conic section, that is to say 
it will represent two straight lines, or a circle, or, failing these, 
an ellipse or a parabola or a hyperbola. Before proving this, 
we shall obtain the equations of the parabola, ellipse and 
hyperbola in their simplest standard forms. 

114. Tangent to a conic. Since a conic section, or 
‘conic* as we shall call it, is a curve of the second degree, 
every straight line in its plane will meet it in two points, 
real or imaginary (compare § 71). In special cases the two 
points in which a line meets a conic will be coincident, and 
then we call the line a tangent to the conic. 

A tangent to a conic then is a line which meets it in two 
coincident points. 

115. Standard form of the equation of the parabola. 

Let S be the focus, DX the directrix. 

Draw SX perpendicular to the directrix and take first of 
all XS and XB for axes of coordinates. Let XS = c, so that 
the coordinates of 8 are (c, 0). 

Let P be any point on the parabola, {x, y) its coordinates. 

Draw PM perpendicular to the directrix. 

Then SP^PM, 

SP^^PM\ 

\ (a?-c)*+y* = a?* 
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for the left side is the square of the distance of {x, y) ftom (c, 0), 
y* = 2ca! — c* 



Put y = 0 in this to find the point A where the curve cuts 
the ac-axis. We have 



If we now transfer the origin to -4 0^ leaving the axes 

unchanged in direction, our equation becomes 


y* = 2cx, 

It is usual to write a for XA or AS, so that c = 2a. The 
equation is then 

y* = 4aa?. 

This is the standard equation of the parabola. 

4 r: 

116. Some properties of the curve. The point A is 
called the vertex. The line AS produced indefinitely is called 
the axis. 
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We see that the parabola is symmetrical with regard to its 
* axis. For to every point {x, y) on the curve there corresponds 
a point (x, — y). 

If PJV be^ drawn perpendicular to the axis and produced 
to meet the curve in P\ PN is often called the ordinate of 
the point P, and PNP* the double ordinate of P, while AN 
is called the abscissa of P, it being the portion of the caxis 
cut off, as it were, by the ordinate. 

• The double ordinate LSL' which passes through the focus is 
called the lafus rectum of the parabola. 

Let SL = L 

Therefore the coordinates of L are (a, 1), 

But L is on the curve y® 

b = 4€l* 

Thus we see that SL = 2a, that is the latiis rectum is of 
length 4a. 

We now observe that the axis of y is a tangent to the 
parabola y® = A^ax, 

For putting a? = 0 in this equation we get y® = 0, that is 

y = 0 bis. 

Thus the line x=K) meets the curve in the two points 
(0, 0), (0, 0), that is to say, in two coincident points. 
Therefore it is a tangent to the parabola. 

We see that negative values of x^ would give imaginary 
values of y, thus the curve lies wholly in the positive direction 
of the ic-axis. lloreover as x can have any positive value, 
however great, we see that the curve extends to infinity. 

117. We can now see that a curve whose equation referred 
to two rectangular axes is 

y® = 4aa? 
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is a parabola, for on working the algebra of § 116 backwards we 
can prove that this curve is the locus of points whose distanced 
from (a, 0) is equal to their distance from the line a? = — a. 

Also we can see that the curve whose equation is 

= — 4aa; 

is a parabola, for, if we write a?' = — a?, the equation becomes 

= 4aa?'. 



That is to say, = — Asox is a parabola whose axis runs in the 
negative direction of the a;-axis as in the figure. 

Thus a curve which is the locus of points the square of 
whose distance from one line (Z) varies as their distance firom 
another line {V) perpendicular to the first is a parabola, having 
I for its axis and V for the tangent at the vertex. And the 
constant of variation is the length of the latus rectum of the 
parabola. 

Thus the equation 

{Ax + jBy + (7)* = A {Bx — Ay + O') 
represents a parabola, whose axis has for equation 
Ax + + C7 = 0, 

and the tangent at the vertex is the perpendicular line 
Bx- Ay O' 0, 
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The above equation can be written 

/ Aos + By + Cy k Bx — Ay + 0 

so that the length of the latus rectum is the numerical value of 

k 

Examples. 1. Find the focus and directrix of the parabola 
{x - hy + 4a (y - /•) = 0. 

[ft* we transfer tho origin to (A, k) the equation becomes 

.T2=:-4aI', 

which is a parabola of latus rectum 4a with its vertex at the new origin 
and with its axis running in the negative direction of the F-axi^^ , 



Hence the vertex of the parabola referred ts the original axes is (A, k). 
The ^-coordinate of the focus is h. 

The ^-coordinate of the focus is A — a. 

The directrix is y=A4- a.] 

S. Find the vertex, focus and directrix of the parabola 
y*4-4a7-h2y-8— 0 
and represent the same in a figure. 
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[We write this equation 

(^2+%+l) + 4^-9=*0, 

that is ^ 

The vertex is (J, - 1), the focus (f, - 1), and the directrix has fqr its 
equation 4a:- 13=0.] 

3. Find the equation of the parabola whose focus is the point (f , - 1) 
and whose directrix is the line 4a;- 13=0. 

4. Find the length of the latus rectum and the position of the vertex, 
focus, and directrix of the following parabolas: 

(i) (y -3)2+2 (^-2)=a 

(ii) (a:-2)2=5(y + l). 

(iii) y2^2a?--4y + 3=0, 

(iv) + 

(v) 

6. Find the equations of the two* parabolas whose latus rectum is 6 
and the axis and tangent at the vertex are the lines whoso equations are 
3a:+4y + l=0, 4j?-3^=0. 

118. Standard form of the equation of the ellipse. 

Let S be the focus, DX the directrix, e the eccentricity, which 
is necessarily less than unity. 

Draw SX perpendicular to the directrix and as before take 
first XS and XD for axes of coordinates. Let X8 = c. 
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Let P be any point on the ellipse, (®, y) its coordinates. 
Draw PM perpendicular to the directrix. 

SP = e.PM, 

8P' = ^.PM\ 


.'. (® — c)* + y* = e’.®’, 
a;’(l — e*) — 2c®+y“ + c* = 0, 


.-. a?- 


2 c , y _ c 


are 


Now transfer the origin to the point (7 whose coordinates 


and write 


6C 

1 -^ 


= a. 


The equation becomes 


^ .j — y s- 


that is 




= 1 , 


where 6*= a*(l — e^), a quantity necessarily positive since 0 < 1. 
This is the equation of the ellipse in its standard form. 

'5^ V 

' 119. Some properties of the curve. The curve is 

symmetrical with regard to both the fl?-axis and the y-axis. 
For if (a?, y) be a point on the curve, so also are (— a, y), (a;, - y) 
and (- a, - y). Every line through C will thus meet the curve 
in two points equidistant from (7. That is, every chord passing 
through C is bisected at (7. The point 0 is therefore called the 
ceritre. 


Putting y = 0 in the equation of the curve we find a? = ± a. 
Thus the two points A and A' in which the curve cuts the 
a?-axis are distant a from the centre. 


Putting it? == 0 we get y = ± 6. Thus the points B and B* in 
which the curve cuts the y-axis are distant b from the centre. 
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If a? > a, y is imaginary, and if y > &, a; is imaginary. Thus ‘ 
the curve is limited and closed. 

The two lines A A' and BB^ with respect to*" which, the 
curve is, as we have said, symmetrical are called the oives of 
the ellipse. As AA'>BB' (for 6®=a*(l— e*) so that b<a) 
AA' ia called the major axis, and BB' the minor axis. 

We shall now prove that CS = e, CA and GA = e . CX. 

Since A and A' are points on the curve, 

AS-=--e,XA, 

SA'=^e,XA\ 

Adding, we have 

AA'^e(XA +zIl') = 2e.Za, 

CA=^e.GX. 

Subtracting, we get 

SA'-AS^e.AA\ 

/. SG-\'CA'^{AG^SG)^e,AA\ 

CS = e,CA. 


The symmetry of the curve exhibited by its equation shews 
that there must be a second focus S' situated on the major axis 
at the same distance from (7 as and a second directrix 
corresponding with S^ and parallel to the original directrix and 
cutting the major axis produced in X' where GX'=^XC, 

If from a point P on the curve PN be drawn perpendicular 
to the major axis, and produced to meet the curve again in P\ 
PN ia called the ordinate and PNP' the double ordinate of the 
point P. A double ordinate through a focus is called a latus 
rectum. 


26 * 

The length of either latus rectum is — . 
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For let RS'R' be the latua rectum through S' and let • 
= Z; then the coordinates of R are (ae, Z). But R is on the 


curve, 


■ ■ o* ’ 


■ ' ® •' o’ ’ 


^ "o’- 


. 6 * 


the length of the semi-latus rectum is — . 


120. Oeometiioal property ezpreued by the^ standard 
equation of the ellipse. 

If FN" be the ordinate ^of the point P, then from the 
equation of the ellipse we have 

CiV’ . FN» . 
o’ 6’ 

PJVr*^ CN» ^ CA* - CN* _ AN, NA' 

6* o’ o’ o’ 

PiV> _ 6 *_ BC' 

AN. NA'~a?~ AC»’ 


This is a geometrical property of the ellipse probably already 
familiar to the student. 


In the same way, if PK be drawn perpendicular to the 
minor axis, 

P7f« _AC* 


for we have 


PK* CK* 
o’ 6* 


121. The circle as a limiting case of the ellipse. 

We see that if e becomes smaller while o remains constant 
OS becomes smaller and the foci approach the centre ; also b’ 
which a o’ (1 — s’) approximates to o’. Thus as the fqoi approach 
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the centre, the ellipse tends to become more circular in ap- 
pearance, and when e becomes very small and nearly equal to 
zero the ellipse becomes almost a circle ; so we say that a circle 
of radius a is the limiting case of an ellipse whose major axis is 
2a and whose eccentricity tends to zero. 

122. The parabola as a limiting case of the ellipse. 

If we take the equation of the ellipse 

and transfer the origin to the vertex A whose coordinates are . 
(— a, 0) the equation becomes 



1 

+ 

11 

that is 

x^' 2x y- ,, 

that is 

--2x+ f =0. 

a a (1 - e^) 


Now = a (1 — e) ; denote this by of, 

d 


Thus the equation is 
d 


d (1 + c) 


= 0. 


Now let us suppose that d remains finite while 1 ~ e becomes 
very small, then a becomes very large and the equation of the 
curve approximates to y* = Mx, which is a parabola. Thus a 
parabola may be regarded as the limiting case of an ellipse 
when the centre moves off to a great distance, the vertex A and 
the focus S remaining unchanged. 


123. We see from the equation of the ellipse that if we 
have two intersecting perpendicular lines I and V and a point F 
moves in their plane so that 



= 1 , 


A. 


8 
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where pi and pv are the lengths of the perpendiculars 
fwm P on Z and V respectively and a and b are real quantities, 
so that a* and 6’ are positive, then the point P will describe an 
ellipse hpving its centre at the intersection of the two lines, 
and, if a be > 6, having its major axis, of length 2a, lying along 
the line V and its minor axis, of length 26, lying along the 
line Z. 


Examples. 1. Find tho lengths of the axes and of the latera recta 
of the ellipse = 


[We write this 


6^8 


Thus in this case the axis of x lies along the minor axis ami that of y along 
tho major axis. We have a* =8, 6^=0, therefore the lengths of the axes 
are 2>,/8 (=4v/2) and and the latera recta arc of length** 


•I 


_ 2 X 6 

CL 2^2 


=3v/2.] 


2. Find the centre and eccentricity of the ellipse 
-I- — 4i? 4- hy -f- 4 = 0. 

[We write this equation 

2 (072-207 4‘l) + 3(y2-|- §3^ = 4=^5, 


(ful)’ . (y+i)“_i 
A sV ~ 


that is 

r F® 

If we transfer the origin to (1, the equation becomes = 

54 30 

Thus the equation represents an ellipse whose centre is at (1, - ^), and if 
a and b be tho semi-major and minor axes a2 = ^^, b^=^^. 

‘-'•-S' -7r] 


3. Find the coordinates of the foci of the ellipse of Ex. 2. 

4. Find the equation of an ellipse wh&o axes are of lengths 6 and 8 
and their equations 3o7 — 4y+l*«0, 4o7+3y-2=0 respectively. 


124. Standard form of the equation of the hyperbola. 

The work for obtaining the equation of the hyperbola in its 
standard form is very similar to that already done for the 
ellipse. There are some important points of difference however. 
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Let S be the focus, DX the directrix, and e the eccentricity, 
which is > 1. 



Draw SX perpendicular to the directrix and first take X8 
and A' D for axes of coordinates. Let XS = c. 


Let (os, y) be the coordinates of any point P on the curve 
Draw FM perpendicular to the directrix, 

(cr - c)® + y" = 


/. l) + 2ca7 — y* = c®, 


« 2c y- 


e«-l 


e«-l 



c Y 2/^ __ <5* c* c*c* 

- 1 -- ( e» - 1 )a + e« _ 1 - ( ea - 1 )* • 


are 


Now transfer the origin to the point C whose coordinates 



8—2 
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The equation is now 



tha)) is 




where 6® = a® (e® — 1), a quantity necessarily positive since a > 1. 
This is the standard form of the equation of the hyperbola. 


125. Some properties of the curve. If (x, y) be any 

point on the curve, then (—a?, y\ (x, — y), ( —a?, — y) also lie on 
the curve, which is therefore sj^mmetrical about both axes. 
Lines through G will meet the curve in two points equidistant 
from G, That is chords of the curve which pass tiirouffh C 
will be' bisected at G. This point then is called the centre. 


Putting y == 0 in the equation of the curve we find .r = + a. 
Thus the two points A and A' in which the curve cuts the 
a?-axis are distant a from the centre. 


Putting a? = 0 we get y® = — 6® ; thus the curve does not meet 
the y-axis in any real point, but in two imaginary points 
distant ftV— 1 from G, 

Any value of x lying between — a and + a would make 
y® negative so that no part of the curve lies between A and A', 
m can however have any positive or negative value numerically 
greater than a. The curve then extends to infinity in both 
directions, and consists of two branches. 

The line AA' is called the transverse axis. If on the y-axis 
we take two points B and B' each distant h fi’om (7, then BB' 
is called the conjugate axis. But it must be carefully observed 
that B and B* are not points on the curve. 

It is easy to prove that CS^e.OA and GA^e.GX as 
in § 119. 
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For AS:=e,XA, 

A'Sr=.e.A'X, 

adding we get 2GS = 2e . OA, that is OS = e . CA, 

Subtracting we get A' A = e (A'C + OX) - e (CA - fJX), 
that is GA = e . CX, 

As in the case of the ellipse, there must be a second focus 
S\ situated on the transverse axis at the same distance from 
the centre as 8, and a directrix to correspond with 8\ • 


PN drawn perpendicular to the transverse axis is called the 
ordinate of the point P, and if PN be produced to meet the 
curve again in P', PNP' is called a double ordinate. A double 
ordinate through a focus is calle(f a latus rectum. It is easy to 

26 * 

prove, as in § 119, that each latus rectum is of length — . 

It can be shewn further, as in § 120, that the Geometrical 
property of the hyperbola expressed by the equation 


a* 


is that which is usually written 


PN^ pa* 
AN.A'N AG^' 


We can see too (compare § 123) that if we have two •inter- 
secting lines I and l\ and a point P moves in their plane so that 

a* 6* " * 

where pi and pi> are the peqjendiculars from P on f and l\ and 
a and b are real quantities so that a* and 6* are both positive, 
then the locus of P is a hyperbola, the length of whose 
transverse axis, lying along l\ is 2a, and the length of its 
conjugate axis, lying along I, is 2&. 
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126. Two straight lines as the limiting case of a 
hyperbola. 

The equation of a hyperbola referred to its axes being 

^ 

o* a? if - 1) ’ 

V* 

which we can wnte == a®, 

— 1 

we see that if e be kept constant while a is made gradually 
smaller and smaller until it becomes very small indeed the 
hyperbola will approximate to the two straight lines 



the axts of coordinates being the bisectors of the angles 
between them. 

Thus we may regard a pair of straight lines as the limiting 
case of a h 3 rperbola whose axes are infinitely small, while their 
ratio is finite. 


127. Rectangular hyperbola. In the special case in 
which 6 = a the hyperbola is called rectangular. This name 
is explained by the fact that when 6 = a the ‘ asymptotes/ of 
which we shall speak in a later chapter, are at right angles. The 
name ‘equilateral’ has also been applied to such hyperbolas. 

Exi^ples. 1. Find the centre and the length of the transverse axis 
of the hyperbola 

- 2y2 _ 2a7+8y - 1 =0. 

[We write this 

a;®- 2a? - 2 (y®- 4y) = 1, 

i.a (ar-l)2-2(y-2)2=l + l-8=-^ 


i.e. 


(y-2)* (0?-!)® . 

3*6“ 


Thus the centre is at (1, 2), and the transverse axis which is parallel 
to the y-axis is of length 2^/3.] 


2, Find the lengths of the axes, and the eccentricity of the hyperbola 
«»-3y®-2a?^a 



GENERAL AND STANDARD EQUATIONS 


119 


3^. the equation of the hyperbola the lengths of whose transverse 

and conjugate axes are Tespectively 4 and 6, the equations of these axes 
being rebt)octively 3a? + 4y — 1 = 0 and 4a7 — 3y + 2 = 0. 


\ 'The General equation of the.^econd degrqe. 

' Prop. Every Cartesian equation of the second, degree repre- 
sents a conic. 

For consider lihe general equation 

aa? + 2hxy -f hif 4- + 2fy + c = 0 (1). 

First suppose the axes 51* coordinates are rectangular. 

Turn the axes through an angle 0 and choose 6 so that 
the xy term of the new equation vanishes (§ 107). 

Oar new equation will he (say) 

aV^ + Vy[^ + •W2,fy 4-c = 0 (2), 

so that ax^ + 2hxy + hy^ == a'x^ 4- 

From the theory of invariants (§ 106) we have 
Cl + 6 = G 4" h\ 

— a'b\ 


(1) If ab = h* either a' or b' is zero. Suppose a' is zero, 
the equation is then 

fey'* 4- 2g'x + 2fy 4- c = 0, 

which is a parabola having its axis parallel to the ay-a^s. 

(2) If afe + fe*, then neither a' nor fe' can be zero and* our 
equation can be written 

o' + ^ *') + 6' ^ y') + c = 0. 

Complete the squares of the terms in of and y' and this 
becomes 

“'(*'+ ?)' + +^)’ - a‘ 

which represents (i) an ellipse with its centre at ““y) 

if a and V have the same sign, (ii) a hyperbola with its centre 
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at "“j/) if different signs, and if in 

particular a' + 6' = 0 the hyperbola will be a rectangular one 
(§ 127V 

Now a and 6' will have the same or opposite signs according 
as a'b is positive or negative, that is, according as ab — h^ is 
positive or negative. 

Thus if ab — h^ is positive (1) will represent an ellipse, 
but if ab — A* is negative (1) will represent a hyperbola, and 
if a +b' — 0, and therefore also a + = 0, the hyperbola will 
be a rectangular one. 

Next let the .axes of coordinates be inclined at an angle w. 
Transform to rectangular axes with the same origin that 
equation (1) will transform to (say) 

aV* + 2kWy' + + 2g'x + 2/'y + c = 0. 

This will represent 

(i) a parabola if a'6' — A'® = 0, 

(ii) an ellipse if a'b' — h'^ > 0, 

(iii) a hyperbola if a'b' — A'* < 0, 

(iv) a rectangular hyperbola if a' + 6' = 0. 

But by invariants we h.ave (§ 106) 


. a' + 6'-2A'cos^' 

< a -f 0 — 2A cos Q> 2 , ,, 

iTiJi -¥ “ + 

sm'j 




.in.? 


(i) ifa6 — A* = 0 is a parabola, 

(ii) if ab — h^> 0 (1) is an ellipse, 

(iii) if oft — A* < 0 (1) is a hyperbola, 

(iv) if a + 6 — 2A cos 6) = 0 (1) is a rectangular hyperbola. 
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It will be observed that the condition that the equation (1) 
should represent a parabola is that the terms of the highest 
degree, viz. cux^ + 2hxy + by^ should form a perfect square. 

129. Summary. The results to be remembered theb are 
that the general equation 

ax^ + 2hxy + by^ + 2gx + 2fy + c = 0 
will be (i) two straight lines if (§ 55) 

a, K g = 0, 

K 6 , / 

S'. /. c 

(ii) a circle if a = 6, and A = 0, the axes being rectangular ; 

or Jf a : 6 : A =5 1 : 1 : cos co) the axes being oblique, 

(iii) an ellipse if a6 — A*> O.and the conditions for a circle 
be not satisfied, 

(iv) a hyperbola if ab ~ A’* < 0, and the condition for two 
straight lines be not satisfied, 

(v) a rectangular hyperbola if a + 6 — 2A cos w = 0, and the 
condition for two straight lines be not satisfied. 

If both the condition for two straight lines and the relation 
a + 6 — 2Acoso) = 0 be satisfied, the equation represents two 
straight lines at right angles (§ 110). 

130. We shall go on in the following chapters evolve 
the properties of the various conics by considering them to 
be expressed in their standard forms. It will greatly simplify 
our work if before passing on to this we obtain certain 
equations which are applicable to all the conics alike, and 
which are really as easy in the general case as they are in 
the particular ones. The student is recommended to make 
the contents of the present chapter his own before passing 
on. The rest of the subject will be found to be thus greatly 
simplified. 

All the results that we shall obtain in the rest of this 
chapter hold for oblique, quite as well as for rectangular axes. 
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"^131. The Tangent. 

To find the equation of the tangent to the conic 

cwc® + 2 hxy + hif + 2 gx + 2/3/ + c = 0 (1) 

at the point y,). 

The equation of a line through {xu yi) is as we have seen 
(§ 32 ) 

^ = = r (2). 

I m 

where I and m are construits depending only on the direction of 
the line and r is the algebraical distance of (x^, y^) from (x, y). 
To find where (2) meets the conic substitute 
a; = + ir, y = yi + mr 

into the equation of the conic ; we thus get 

a (a?, + Irf + 2A {xy + Ir) (y^ + mr) + 6 (yj + mif 

4- 2y {xy + Ir) + 2/(yi + mr) + c = 0, 

which gives 
(a/* + 2 hlm -f hm^) 

+ 2r [{axy + hyi + y) i + {hxy + hy^ +/) m] 

+ axy^ + 2Afl;,yi + hy^ + 2 gxy + 2/yi + c = 0 . . .( 3 ). 

Now if (2) be a tangent to the conic at (a?i, yi), both of the 
roots of this quadratic equation in r must be zero, otherwise 
the line (2) will meet the conic in another point other than 

We thus have the conditions 

(i) axi* + 2/ja;,yi + f 2/yi + c = 0, 

which is satisfied since (xy, y^) lies on the conic, 

(ii) (axyJt-hyy + g)l + {hxy^byi+f)m = 0 , 
this gives the ratio of Z : m. 

If now we eliminate this ratio I : m from this relation and ( 2 ) 
we shall have the equation of the tangent, viz. : 

X {aa\ + li.yi + g)l = -^ ^(hxx + byi+f)m = 0, 
h m 
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that is 

(a?- a;,) (oa?, + Ay, + y) + (y - y,) (Aa?, + fey, +/) = 0. 

This is the equation of the tangent at (a?,, y,), but this is 
not the standard form. 

We can reduce as follows: 


axx^ + A (iry, + x^y) + feyy, + gx +fy 

= ax^^ + 2 A^,y, + fey,» + gx^ +/y, 

that is 

axxy + A (a?y, + a7,y) 4- feyy, + y (a? + ar,) + / (y 4- y,) + c = 0, 
which is the standard form of the equation of the tangent. 

It is cqjivenient to write T for the expression on the left side. 

i32. On the form of the equation of the tahgent. 

It is very important that the stu'cient should be able to write 
down with facility the equation of the tangent to any curve of 
the second degree as it arises. It is quite easy to do this if 
the following rules be remembered : 

(1) In the terms in and y* in the equation of the conic 
write xxi and yy, respectively for x^ and y*. 

(2) In the terra in xy write a;y, 4- .T,y for 2a?y. 

(3) In the terras in x and y write a? + fl?, and y 4- y, for 
2a? and 2y respectively. 

(4) Retain the constant term. 


Observing these rules it will be seen that the tangent at 
Vi) to 

(i) y^^4tax is yy, = 2a (a? 4- a?i), 

^ ^ o> ^ ^ ® a» ^ 6’ 


(iii) xy^l^ i (asy, + a!,y) == fc’. 


133. The condition, that the line 

lx 4- wy 4- n = 0 

should be a tangent to the conic 

oa?*4-2Aa!y+ fcy*4-2yaj4-2/y4-c = 0 
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is 


a, 

h, 

1. 


h. g. I ! = 0. 
h, f, m 
f, c, n 
m, n, 0 


For suppose the line touches the conic at (a?i, y,), then it 
must bo identical with 

+ h {xyi + ociij) + iyy, +y (a? + ■\‘f{y 4- yO + c = 0, 

that is with 

(aa?! + %, + y) a? + Qix^ + hy^ +/) y + (y-n +/yi + c) = 0, 

oJCi + hy, +g ^ hx, 4- by, H-/ ^ gx, 4-/yi + c ^ ^ . 

' * I m n \ j h ^ 


a.7;i4-/?yi4"y — = 

hxi 4* hyi 4-/~ m\ = 0, 

9 ^ 1 4-/yi + c — w\ = 0. 

Also since (a?!, y^) is on the line 

Ixi 4“ myi 4- n = 0. 

Eliminating a?i, y^ and \ wc get 

a, A, y, Z 1=0. 

//, 6, /, wi 
y, /» C, n 
m, n, 0 

/ 

This multiplied out becomes 

4- 5m* 4- C/t* 4-2 ^Vww 4- 2(r?iZ 4- = 0, 

where A, 5, (7 etc. are the ‘ prepared minors/ that is the 
minors taken with their proper sign of a, 6, c, etc. in the 
determinant 

a, A, y 
h, f 
9> f> 0 

Thus A=bc-f\ B=ca—g\ C^^ah—h*, 

F=gh-a/, Ct = h/—hg, H^fg-ch. 
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134. We can see that a pair of tangents can be drawn 
from a point not on a conic to the conic. 

Let the conic be 

ax^ + + hy^ + 2gx + %fy + c = 0. 

Let {xi, yi) be a point not on the conic, suppose a mie 
drawn through this point to touch the conic, and let be 

the point of contact. 

The equation of the tangent at (a? 2 , y>^ is 

cuacj + h{xyi + x-^y) + hyy^+gix + a:.) +f{y + yj + c = 0, 

As (pCi, j/i) lies on this we have 

aa?ia?a+ h {xiy^+ + ^^ 1 ^ 2 + 9 (^1 + +/(yi + yB) + c = 0 . . . (1). 

And a&*(^’a, y^) is on the conic we have 

acc^ + 2A^aya + ^y^ + 2yi5C2 + 2/y, + c ^ 0 ... .! .(2). 

These two equations (1) and (2) determine and yj. 

As (1) is a simple equation in and ya, by substituting the 
value of in terms of yo into (2) we shall get a quadratic 
equation in ya which will in general have two roots. Thus 
there will be two possible points of contact of tangents from 
{xi, yi), but they will not be real in all cases. 

135. If a pair of tangents be drawn from (a?,, yj to the 
conic 

ax^ -f 2hxy + by^ + 2gx + 2/y + c = 0, 
the equation of the ‘ chord of contact ' (that is of the line through 
the points of contact) is 

axx^ + h (xy, +xry) + 6yyi + y (a? + ar,) +/(y + yO + c = 0. 

For let (x 2 , ya) and (a?,, y^) be the two points of contact of 
the tangents. 

The equation of the tangent at (a?a, ya) is 

aa?a?a + h (xy^ + a^y) + byy^ +g{x+ x^) +/(y + ya) + 0 « 0. 

But (a?i, y,) lies on this, 

ax^x^ + h (a?iya + x^^) + ftyiy, + y (a?i + a?,) +/(yi + ya) c = 0. 
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Similarly as lies on the tangent at (a?,, y,) 

ax^x^ -h h (ajjy, + x^y^) + hyy^ + y (®i + oc^) +/(yi + y*) + c = 0. 
These two relations shew that (a?a, y,^ and (a?8, y,) lie on 
ax^x 4- h 4. fcy^) + hyy +g(x^ + x) +/(yi + y) + c = 0, 
which represents a line as it is of the first order in x and y. 

It is therefore the equation of the chord of contact required. 
Hence the equation of the chord of contact of tangents from 
(•^i> yO ^hen (a?i, yi) is not on the curve is exactly the same form 
as that of the equation of the tangent at (a?i, yf) when (a?i, yj) is on 
the curve- 

136. Poles and Polara. ^ 

We shall define the polar of a point with respect to a conic 
to be the locus of the points of intersection of tangents at the 
extremities of chords through that point, and the point itself is 
called the pole of its polar. 

We can now prove that the polar of (a?i, yi) with respect to 
the conic 

a«* 4- 2hxy 4- 6y® 4* 2gx 4- %fy 4- c = 0 
is axxi 4- h (xy^ 4- xy) 4- byyi +g(x + Xi) +f(y 4- yi) 4- c = 0. 

For let any chord be drawn through (xi, yf) and let the 
tangents at its extremities meet in (x^, ya), which is therefore 
a point Kjii the polar of (x^, yf), 

Tfne chord of contact of tangents from (a?2, ya) is (§ 135) 
axXi-\-h{xy.2 4- xy) 4- iyya 4- y (a? + a?a) +/(y +3^2) + c = 0. 

But (a*!, yi) lies on this, 

axix^ 4- h (a;,ya 4- xyf) 4- byy^ 4-y (a?i 4- +fiyi + ^2) + c = 0. 

This relation shews that the locus of (a?a, ya) is the line 
ax^x 4- h {xy 4- a?yi) 4- byy 4- y (iri 4- x) 4-/ (yi + y) + c = 0. 
This is the required equation, and we see from this that the 
polar of a point with respect to a conic coincides with the chord 
of contact of tangents real or imaginary from thed point to the 
oonia 
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Thus if P be a point from which tangents PT and PT are 
drawn to a conic, and PQR be any chord through P, the* 
tangents at Q and R meet on the line 


P 



137. Conjugate points and lines. 

Tf the polar of P passes through Q then the polar of Q %vill 
pass through P. 

For if (a’l, y^) be the point P and the point Q, and 

the conic be 

ax^ -f 2haiy + hif + ’Igx -f 2/^ H- c = 0, 
the polar of P is 

axx^ + h {x^y + xy^) + hyy^ + +/(y 4- yO + c = 0. 

As (ajj, lies on this 

aa?aa7i + h {x^y^ + oc^i) + hy^^ + y (a;* 4- a?,) 4-/(y2 + yO 4-T^' = 0, 
which is easily seen to be the condition that the polar of {x^yy^ 
should pass through (a?,, yi). 

Two points such that each lies on the polar of the other are 
called ‘ conjugate points! 

The condition that (.^i, y,) and (ara, y^ should be conjugate 
points is then 

ax^x^ 4- h (a?,ya 4- x^i) 4- hyiy^. 4- y (a;, 4- 4-/(y, 4- ya) 4- c = 0. 

Again we can prove that if the pole of a line I lies on 
another line then the pole of V lies on L 
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For let the pole of the line I be (j?i, y^) and the pole of V be 
*(^ 2 > y^y therefore the equation of the line I is 

axxy + h (xyi + x^y) + byyi + g{x + a-,) +f{y + + c = 0. . .(1), 

and the equation of /' is 

^ ^ 41 ^ , 

axos^ + h (xy^ + x^) + hyy^+g{x + x^) +/(y -f + c = 0. . .(2). 

Now by hypothesis {x^, yO lies on (2) 

/• axyx^ + h (x^y^ + x^^) + + g (x^ + x.^) +/(yi + y^) + c = 0, 

therefore (x^, y^ lies on (1). 

Thus the proposition is proved. 

Two such lines are called conjugate lines. 

When three points A, B,C are such that every two of them 
are conjugate points, then the triangle ABC is said to be a ''‘5elf- 
conjugate (or self-polar) triangle.' Since the polar of A passes 
through both B and C, BO is the polar of A. So that each 
side of the triangle is the polar of the opposite vertex. And 
any two sides of the triangle are seen to be conjugate lines. 


138 . The condition that the lines 

Zia7-fmiy + 7Zi = 0 (1), 

tc + may+n, = 0 (2), 

should be conjugate lines for the conic 


y> ' ■ flw;® + 2Aa;y + 6y2-|-2ya? + 2/y + c = 0 
is ^ \ (J'y K g, li\=0. 

K b, f wii 

y, /, c, nj 

ky Wj, 0 

For let (xi, y^ be the pole of (1), therefore (1) is identical 
with 

axa\ + h {xyi + x^y) + byy^ 4 y (a? + a?,) + / (y + yO + c = 0, 
that is with 

{axi + Ayi 4 y ) a? -f ( Aa?i 4 6yi +/ ) y 4 (ya?! 4 /"y 1 4 c) = 0, 
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. axi + hy^ + g ^ ha!i-\-hyx+ f gok+fyx + e 
" k Ml 


= \ (say), 


4" "^yx 4“ ^ \x^ 0, 

Aa;, + iy, +/— = 0, • 

ya’i+yyi+c-niX = o, 
and since (a^, yj) by hypothesis lies on (2) 
is®! + m*y, + n, = 0. 

Eliminating ®| , y, and X from these equations we get 

a, K g, lx 1 = 0. 

K b, f, rox 

g, f, 0 , nx 

h, mj, fit, 0 


139. The Centre. 

If (®i , yi) he llie centre of the conic 

aa? + Ihxy + 6y* + 2y® + 2/y + c = 0 
then. Xx and yx a/re given by the eolations 
axx + hyx + y = 0. 

^i + Jyi+/=0. 

For a line through (®„ yx) can be written 


x-Xx_y-yx_^ 

Z — — — — T* 

m 

Where this meets the conic (§ 131) 

(aZ* + 2AZm + bm^) r* + 2r {(cw?i + + flr) Z + Qix^ 4- by^ -f f) m] 

+ (ix^-\r2h(Cjy^+hy^ + 2ga:^ 4. 2/yi + c * 0. 
Now if (a?i, yi) be the centre, every line through (a^, y^ 
meets the curve in two points equidistant from (a?i, yi), that is 
the roots of this quadratic equation r are equal in magnitude 
but opposite in sign for all values of Z and m. Thus the 
coefficient of r must vanish for all values of Z and m, that is 
a^i+Ayi+y = 0, 
hxi + 6yi +/= 0. 


A. 


9 
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The student will remember that these were the equations 
giving the point of intersection of the lines represented by the 
general equation in the case where it represents two straight 
lines. 

i 

140. The result of the previous article could also be 
obtained in the following way : 

If we transfer the origin to {xi, y^) by writing 

ai = X + iCi, y = Y + yi, 
the equation of the conic becomes 

aX^ + 2hX V + b F® + 2 (o®, +hy, + g)X + 2 {JiXi + Sy, +/) F 

+ + 2Air,y, + + 2gfa?i + "t c = 0. 

But, the origin being pow at the centre, the terms in 
X and Y of the first order must disappear, 

hx^ + hji +/= 0 . 

Fit)m these we find 

hf^hq 

that is, using the notation of § 133, 

G F 

G’ 

141. Equation of a chord in terms of Its middle 
point. 

jTi) he the middle point of a chord of the conic 
S = am? + 2/wcy + + 2/y + c = 0, 

the equation of the line of the chord is 

wh^re 

T=axak + h{xyi + x,y) + hyy^+g(x + x,) +/(y + y,) + e, 
and Siis what 8 becomes when and jti ore written for x and y. 
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Let, (1) 

I m ^ ' 

be the equation of the line of the chord. 

Aa before we write + Ir, + mr for x an^ y 'n .^he equation 

of the conic and get 

(aZ* + 2/<Zm + hm^) r® + 2r {{ax^ + + g)l-\- (hxi + by^ 4- /) m] 

+ (axi^ 4- 2/iXiyi + byi^ 4- 2gxi 4- 2fy^ + c) = 0. 

But as (a?, , yi) is the middle point of the chord the values 
of r furnished by this equation must be equal in magnitude* 
and opposite in sign, 

(a^iH-%i4-^)Z4-(A.^i4-6.yi4-^)m = 0. 
Eliminating the ratio of Z : m between this and (1) ^^e get 
(x - Xi) {axi 4- %1 4- g) 4- (y *- yi) (hxi + by^ +f) = 0 
as the equation of the chord. 

This can be written 
axxi 4* h ixy^ 4- x^y) + byyi +gx-{-fy 

= ax^^ 4- 2hxyi 4- ftyr 4- gx^ 4-/yi. 
Adding*^^;, 4- fyi 4- c to both sides we get 

T^S,. 

Cor. The locus of the middle points of a series of parallel 
chords is a line through the centre. 

For if the chords be parallel to the line Ax + By^^ we 
have, if (Xi, y^) be the middle point of one of the chords 

(ixi 4- hyi + g __ hxi 4- 6yi 4-/ 

A ~B • 

Thus the locus of (a?,, y,) is the line 

ax + hy +g _hx'^by-\-f 
' A " B ’ 
which is satisfied by aa? 4- Ay 4- = 0) 

/w?4-6y4-/=0j 

that is by the centra 

9—2 
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M2. Equation of pair of tangents from a point. 

The equation of the pair of tangents to the conic 
8 = aai^ + 2ha:y + bf + 2gx + 2fy + c = 0 
from the point is SSi — T\ 

For the equation of a line through {xi, y^) is 


^ y-Vi ^ ^ 
I m 


.( 1 ). 


To find where this meets the conic we have the quadratic 
in r 

(aZ* + 2hlm + hm?) r^ + 2r {(o^Ci + hy^ 4- gr) Z + (hx^ + by^ + /) m] 

+ iS\ = 0. 

Now if (1) be a tangent the roots of this equation in r must 
be equal, that is 

Si (aZ* + 2hlm + bm^) = [{axi + hyi -I- g) 1 4* {]iXi + hy^ 4- /) 7n}*. 

Thus eliminating the ratio of Z : m between this and (1) we 
see that any point on a tangent from {xi, yi) to the conic must 
satisfy the equation 

(S, {a (® -«!,)’■+ 2A(«-a!,)fy-y,) + &(y-yi)’} , 

= {(oar, + + S') (a? - <r,) + (A®, + hyi +/) (y - yj)}*. 

It will be found that this can be written 

Si[S + 8i-^2T\^{T--Si)\ 

whicf' gives S8i = T\ 

This then being satisfied by all points on either tangent 
from yi) must be the equation of the pair of tangents. 


Another method of getting this same result will be given 
in a later chapter. 

143. Retrospect. On looking back over this chapter the 
student will see how extremely easy the results that we have 
obtained are to remember. It will be necessary to remember 
the standard forms of the equations of the parabola, ellipse and 
hyperbola, and to know the meaning of the constants involved 
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in them. The discrimination of the various cases of the general 
equation must be remembered too, as also the form of the 
equation of the tangent, chord of contact and polar, viz. T == 0. 
The equation of a chord in terms of its middle yjoint viz. T^Si 
is not difficult, nor again the equation of the pair of tangents 
from (a?i, yi) in the form SSi = 2\ 

Besides these equations we have the condition given in 
§ 133 that a line should be a tangent, and the condition that 
two lines should be conjugate lines (§ 138). 

If the student has mastered these various points he has got# 
over the hardest part of the work, and the investigation of the 
properties of particular conics to be entered upon in the 
following Chapters will be quite easy. 

EXAMPLES. 

1. The locus of a point such that the square of its distance from 
a line I varies as its distance from a line V is a parabola, at whatever 
angle I and V be inclined. 

[Take the lines I and V for axes of coordinates.] 

2. If d and d! be the perpendicular distances of a point P from 
two linos I and V not necessarily at right angles, and if 

<P ^ 

where a? and ^ are positive, the locus of P is an ell^e Vith its 
centre at the intersection of I and l\ 

3. If d and cP be the perpendicular distances of a point P from 
two lines I and V not necessarily at right angles, and if 

whore a* and are positive, the locus of P is a hyperbola with its 
centre at the intersection of I and U. 

4. Prove that the line joining two points in the plane of a conic 
is the polar of the point of intersection of their polars with respect 
to the conic. 

[Use § 137.] 
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5. Prove that if the axes of coordinates be rectangular the 
locus of points from which the tangents to the conic represented by 
the general equation of the second degree are at right angles is 
the circle 

(afr- A*) (as® + y*) - 2 {hf ~-bg)x-2 {yh - a/) y + c (a + &) = 0, 

concentric with the conic. 

[Take the pair of tangents from (a?i, as given in § 142 and 
express the condition that these should be at right angles, viz. : 
Coefficient of as® + Coefficient of y® = 0.] 

6. Chords of a parabola pass through a fixed point ; prove that 

the locus of their middle points is a parabola having its axis parallel 
to that of the given parabola. ^ 

[Take as the equation of the parabola = 4aa;, and let (4, tc) be 
the fixed point. 

Let (iCi, be the coordinates of the middle point of one of the 
chords, then the equation of that chord is 

yy^ - 2ax = y^ - 2aa^. 

But this passes through (4, 4), 

kyi — 2ah = y^ — 


Thus the locus of y^) is 


which we can write 


that is 


— 2clx — ky-- 2ah, 

(^”t) - J = 


which is a parabola with its vertex at 






and its axis parallel to the rc-axis, the latus rectum being 2a,'\ 


7. Chords of an ellipse pass through a fixed point ; prove that 
the locus of their middle points is an ellipse with its axes parallel to 
those of the original ellipse. Find the position of its centre. 
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8. The locus of a point the sum of whose distances from two 
fixed points is constant is an ellipse having the two points for its 
foci. 

9. The locus of a point the difference of whose distances from 
two fixed points is constant is a hyperbola having the two points *for 
its foci. 

10. When the origin is changed but the directions of the axes 
of coordinates remain unchanged shew that the coefficients of the 
terms of the highest order in the general equation of the second 
degree remain the same in the transformed equation. 



CHAPTER VIIL 

THE PAEABOLA. 

144. We have seen in the last chapter that the equation 
of a parabola of latus rectum 4a when the axes of coordii:-ates 
are the axis of the parabola and the tangent at its vertex is 

= 4aiC. 

By the methods used for the general equation in the 
preceding chapter, or by regarding this as a particular case of 
the general equation we have the following results : 

The tangent at {cci^ y^) on the parabola is 
yyi = 2a(a? + a?,). 

The chord of contact of tangents from (a?i, yi) not on the 
parabola, or the polar of (ajj, is 

yy^ = 2a (/r + co^). 

The equation of the chord whose middle point is (a?i, yO is 
yyi - 2cw? = - 2ax^. 

The equation of the pair of tangents from yi) is 
- ^ax) (yi» - 4aa7i) « {yyi - 2a (a? + Xi)}\ J 

146. The directrix is the polar of the focus. 

For the focus is (a, 0) and the polar of this point is 
y X 0 = 2a (a? + a), 
that is a; = — a, 

which is the equation of the directrix. 



THE PARABOLA 


187 


It follows (from our definition of the polar) that the tangents 
'at the extremities of all focal chords of a parabola intersect on 
the directrix. 

146. Tangents at right angles intersect on the directrix. • 

For the pair of tangents from {xi, has for equation 

(y* - 4aa;) - ^ax^) - [yyi - 2a (a? + Xj)]^ = 0 

and those will be at right angles if (§ 59) 

CoeflScient of a;® + Coefficient of y® = 0, 
that is, if (yi® — 4^^/?l) — yi® — 4a® = 0, 

that is, if a?! + a = 0, 

that is, if the point (a?i, yi) lies anywhere on the directrix. 

147. Tangent in the forn| y = mx + ^ > 

If we seek for the condition that the line y = mx 4- c should 
touch the parabola y* = 4aar, we get on eliminating y 
(rnx + c)® = 4aa?, 

that is 4- 2x (me - 2a) 4- c® = 0. 

The condition for tangency is then 
{me — 2a)® = c-m\ 

which gives 

Hence the line .V = ww7 4-~ touches the parabola, and the 
a?-coordinate of the point of contact is given by 
m®a;® — 2aa? 4- = 0 


that is 

/ ay 

Imx = 

= 0 , 

\ m/ 


which gives 

1! 


and then 

. a 2a 
V — ma?4- — = — 
^ mm 
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Thus the line y = mx + ™ touches the parabola y* = 4aa? at 

the point which we shall write 2a/A), fu being 

written for — . 

m 


We see that the coordinates of a point on the parabola can 
be expressed in terms of a single ‘ parameter/ as it is called, 
viz. /A, which is the cotangent of the angle which the tangent at 
.the point makes with the ic-axis. 

This representation of a point by means of a single parameter 
is of great importance. 


148. The Normal. We define the Normal at a point of a 
conic as the straight line drawn through the point perpendicular 
to the tangent at that point. In particular all the normals to a 
circle pass through its centre. 

To fiiid the equation of the normal to the parabola y® = 4cw; 
at the point (a/a®, 2a/x). 

The equation of a line perpendicular to the tangent 
y — wa; = ^ and passing through the point (a/a®, 2a/a) is 
y + fix == 2a/a + /a (a/a®), 
that ie y + /aa; = 2a/a + a/a®.^ 

149. Subnormal constant. Let PN be the ordinate at 
P (a/a®, 2a/a) and PO the normal meeting the axis in 0, then 
NO is called the * subnormal ' of the point P, 

The equation of the normal being 

y + /aa? == 2a/i, + a/a® 

we get, on putting y = 0, a? = 2a + a/a®, 

iV^6r = .4G^ — Ji\r=2a + a/a® — a/a® = 2a. 

Thus the subnormal of a parabola is constant. 
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160. We observe also that if the tangent at P meet the 
axis in T, TA = AJN", for if we put 1 / = 0 in the equation of the 
tangent 

y = mx + — , 
m 

we get = = 

that is AT — — AN, 

therefore T and N are equidistant from A. 

This is a well known geometrical property of the parabola. 



161. Three normals from a point. 

If {xi, yi) be any point in the plane of the parabola y- = 
three noi'mals to the parabola will pass through (a?i, yj). 

For if the normal at (a/a*, 2aya) pass through (a?,, y^ we 
must have 

yi + = ^afjL + ap*. 

This is a cubic. equation to find p, and it will have three 
roots of which either one or all three are real. 

Thus the normals to the parabola at three points (of which 
two may be imaginary) will pass through (a?i, y^. 
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162. Parallel chords. 

The locus of the middle points of a system of parallel chords 
of a parabola is a line parallel to the aads. 

Let (a?i, yi) be the middle point of one of the chords 
parallel to the line y = inx\ the equation of this chord is 

yy^-2ax = y^^-2ax^, 

.2a . 2a 

— = m, that IS Vi = — • 

Vi ^ m 

Thus the locus of the middle points of the chords parallel 
2a 

to y = mx is the line y= — which is parallel to the ^r-axis, that 
is, to the axis of the paraoola. 

A line parallel to the axis of a parabola is called a diameter. 
As we have seen (§122) the parabola may be regarded as the 
limiting case of an ellipse with its centre at infinity. Now a 
diameter of an ellipse is a chord of the ellipse through its 
centre. But a line drawn through a point P on a parabola 
parallel to the axis is the limiting case of a line joining P to 
a point on the axis at a very great distance, so that lines 
parallel to the axis of the parabola may be regarded as lines 
through its 'centre at infinity. There is then a close connection 
between a diameter of a parabola and a diameter of an ellipse, 
though at first sight they appear quite different. 


The locus of the middle points of a system of chords parallel 

to y = wwc is, as we have seen above, the diameter y= This 

• . m 

t 2 

diameter will meet the parabola in the point (^~ , and the 

tangent at this point is y = + which is parallel to the 

system of chords. 
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163. ESquatlon of parabola referred to diameter and 
tangent at any point. 

Let 2a/it) be the coordinates of a point P on the 
parabola y^=^4aaoo. 

Transfer the origin to P keeping the direction of the axes 
fixed. The equation of the parabola is now 

(F + 2a/A)® = 4a {X + a/A*). 

Now transform to new axes, the axis of oo remaining as 
before and the y-axis becoming the tangent at P. Let {a/, y') * 
be the new coordinates, 

/. X = ic' + y'cosa), 

Y = y' sin®. 
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Hence the new equation is 

{y* sin Q) -f 2a/i)‘^ = 4a (x' + y cos <» H- a/A*), 
that is y'* sin* w + 4ay' (/i sin g) — cos <») = ^ax, 

,But tr.'ici) = the ‘m* of the tangent at P referred to the 

original axes ~ 


Hence the equation becomes 


y'> = 


sm* ft) ’ 


‘ which may be written without the dashes (if we remember what 
the axes are) 

y^ = 4ibx where b = 

^ sm* ft) 

We thus see that the equation of the parabola y® = ^ax is 
only a particular case of the equation of the parabola referred to 
the diameter and tangent at any point 


From the equation y* = 46a; we see that for every point 
(fl?, y) on the curve there is a corresponding point (x, — y) 
also on the curve. 

Thus we have a confirmation of the fact that all the chords 
of the parabola parallel to the tangent at P are bisected by the 
diameter through P. 

MgL'eoWjr, the tangent at (a?!, y,) to y® = 46a? is 
yyi = 26(a? + a?i). 

Putting y = 0 in this we get a? = — a?i. 

Hence if the tangent at Q meet the diameter through P in 
Ji, and QF be the ordinate to the (fiameter FV, that is, be 
parallel to the tangent at P, then 

RP^PV. 

Further, the tangent at (a?i, — yO will meet PFin the same 
point R given by aj = — a?,. Therefore the tangents at the 
extremity of any chord meet on the diameter bisecting that 
chord. 
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164. Geometrical interpretation of The 

equation y'^ = ^hx of the parabola is the same as the relation of 
pure geometry with which the student is already familiar, viz. 
(2F“ = 45P.PF. 

To prove this we have only to prove that h 

Now SP- = {xp - xsf + {yp - ysY 

= {ay? - ay + {±ayy 

/. SP = a (/a* 4- 1) = a (cot® a> + 1) = . 

siii^ a> 


^Paratiola represented by the general equation. 

165. To find the axis and vertex of the parabolh whose 
equation is 

aa? + 2hxy + 6y® + 2gx + %fy -f c = 0, 
the axes of coordinates being rectangular. 

We have seen that when this equation represents a parabola 
the terras of the highest order form a perfect square. It will 
then be convenient to write the equation 

{ax + l3yy + 2gx + 2fy + c = 0. 

This is the same as ^ ^ 

{ouv + 0y + kf = 2 + 2 (/jy3 -/) y + - c...(l). 

We shall now choose k so that the two lines 


otic + + A; = 0 

and 2 (Aa — y)a? + 2 {kfi — /)y + A- — c = 0.. 

are at right angles. The condition for this is 
a (Aa -y) 4- /3 (A/3 -/) = 0, 


I . A * 


a*-f/3® • 


.( 2 ), 

.(3), 


If now A has this value we see that as the parabola is the ' 
locus of points the square of whose distance from the line (2) 
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varies as their distance from the perpendicular line (3), the line 
(2) is the axis and (3) is the tangent at the vertex. The, 
vertex itself is the point of intersection of these lines. 


If it were required to find the length of the latus rectum 
we should write the equation (1) 




“+/3 

{kn -g)x + {k$ -/) y + - c) 




gy + {k^-f)\ 


J{ka.-gf-¥ikti-fy 

Thus the latus rectum is of length 

t, J{k(i-gy + {k$~fy 

We now substitute the value of /j, and the expression under 
the radical in the numerator becomes 


that is 


(a» + 

0 .^ + $* ■ 


Thus the length of the latus rectum is the numerical 
value ff - 

2(a/-/9gr) 


166. We see from the preceding^ article that the axis of 
the parabola is parallel to the line ouc + ySy = 0. This is the case 
even when the axes of coordinates are not rectangular for we 
still write the equation in the form (1) and choose k so that (2) 
and (3) are at right angles. The condition for this is now 

a(ka-g)+fi{k0-f)-[a{k^-f) + ff{ka-g)} coswsO. 

The equation (2) will give the axis of the parabola when 
the value of k given b^ this relation is substituted. 
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EXAMPLES. 


Va. Provo by analysis that the locus of the foot of the perpen- 
dicular from the focus of a parabola on the tangent at any point is 
the^ta^ent at the vortex. 

. 2. If (osi, y,), (ajj, ya), (ajj, y,) be three points on the parabola 
= 4a£B the normals at which meet in a pointy then 


3. The locus of the middle points of normal chords of the 
parabola y’^ = ^ax is • 

+ — o' = x — la, 

2a 

^,[The equation of a chord' which is normal is 
y + /la; = 2a/i, + ay?. 

If (ajj, yj) be the middle point of the chord, its equation is 

y2/i-^aaj = yi*-2aa^. 

Make these two equations identical and then eliminate yu] 

yC If a chord of the parabola y* = iax subtend a right angle at 
thb vertex, the tangents at its extremities meet on the line a;+4a=0. 
[Let the tangents meet at (a?!, yj). 
the equation of tiie chord is 


yyi= 2a(a; + a;,)- 

We now write down equation of pair of lines throiigh the origin 
and the int(3rseGtions of this line with the parabola and express the 
condition for perpendicularity. 

Wo begin by forming a homogeneous equation of the second 
degree by means of 

y* = 4aa; and yy ^ - 2aaj = 2aa^. 

This will be (§ 63) 

y^ X 2aa;i = 4acc (yy^ - 2ax), 
that is 8aV + 2aa?iy* — ^ayiXy = 0. 

Condition for perpendicularity is coeflScient of -i- coeflScient of 
y* = 0, that is 8a* + 2aaJi = 0, which gives + 4a » 0. the locus of 

(a?i» yi) is the line » + 4a » 0.] 


10 
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V6, The locus of the middle points of chords of a parabola passing 
' through a fixed point is a parabola whose latus rectum is half that 
of tlm^ven parabola. 

W 6. If three normals from a point to the parabola if = 4aaj cut 
the axis in points whose distances from the vei*tex are in arithmetical 
progression, shew that the point lies on the curve 
Half = 2 {x — 2a 

[Let the normals at (/x-i) (/Aa) (/*s) meet in (o^i, then fi^ are 

tlie roots of 

t/i + fjLXi = 2a/jL -f afxK 

Further the normal at being 

y + fi^x = 2a/xi + api*, 

we get the distance from the vertex at which it cuts the axis by 
putting y = 0, whence 

x=2a+ ajx^^ 

/. 2a + a/xj*, 2a + a/x,* 2a + «/Xj® 

are in A. p. 

Now fiif iJL^, fx, being the roots of 

- {2a — x^ Vi /V 

a a 

we have fti+/^ + /A 5 = 0 (1), 

2a - .7’, 

+ + = — - — (2), 

(3)* 

i tv 

Transpose and square (1). 

+ + 2A*l/i8=/'2*» 

• • 2/Xa* + 2fAifi^ = 

/Xa* = - 2^/Xj^ 

2"i 

2/Ai/Xj^3 = — ^ , 

, 2a -jc. Vi /\ 

+-^Vs-^‘=0, 

a a 

• _2yi . 2«-a^ yi « 

*• 

(2a-*i)/*, = 3y,. 


But Pa satisfies 
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Cube and substitute for fia 

(2a-x,y (-^‘) = 27y,*, 

27ayi^ = 2 — 2a)\ 

That is the locus of (a^, is 

27 = 2 (as — 2a)*.] 

'vf. Tlie locus of points such that two of the three normals to the 
parabola y^ ==■ iax from them coincide is 

27a/ = 4 (a -2a)*. 

8. From each point of a fixed tangent to a parabola a line is 
drawn at right angles to the second tangent through the point. 
Prove that these lines will touch a parabola with its axis at right 
anglt^.to that of the original clirve. 

Shew that the rectangle formej} by the sum and difference of 
tlie perpendiculars drawn on any tangent to a parabola from two 
points which are on the axis and equidistant from the focus is equal 
to the rectangle whose height is the serni-latus rectum and whose 
base is the part of the axis between the points. 

10. The normals at two points P and § of a parabola intersect 
in a point R on the curve. Shew that the centre of gravity of the 
triangle PQR lies on the axis of the parabola ; and determine the 
locus of the intersection of the tangents at P and Q sls R moves 
along the curve. 

From a point Jf on the axis of a parabola, nohnals JfP, 
MP' are drawn to the curve. Shew that the circle circumscribed to 
the triangle formed by the tangents at P and P' and the tangent at 
the vei'tex subtends at M an angle 2 sin"' 3-. 

'"12. From a fixed point P on the parabola /= ^ax chords PQ, 
PQ* are drawn making equal angles with the tangent at P. Shew 
that, for all values of QQ' will pass through the same point P. 
Prove further that if P moves along the parabola, the locus of P is 
- (x + 2a) / + 4a*= 0. 

^13. Shew that the area of the triangle formed by joining the 
feet of the normals from 17) to the parabola / = 4aa; is 

{4a(i-2»)»-27aV}*. 


10—2 
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The line lx + my + na = 0 meets the parabola = iax in 
P and Q. The lines joining P and Q to the focus meet the parabola 
again in R and T. Shew that the equation of RT is 



nx — my + la = 0. 


Ip. The locus of intersections of tangents to the parabola y* = 4ax 
which intercept a fixed length on the directrix is 

(y- — 4ax) (x + ay = / 

The tangents at the extremities of a normal chord of the 
parabola = 4ax meet in a point T. Shew that the locus of T is 
the curve ? 

(x + 2a) - 0. 




17. A parabola is drawii with its axis parallel to a fixed straight 
line and passes through a fixed point and touches a given straight 
line. Shew that the locus of its vertex is a parabola. 

18. The centres of two circles of constant radii move, at a 
constant distance apart, along a fixed straight line. Shew that the 
locus of the radical centre of these circles and a fixed circle is a 
parabola whose axis passes through the centre of the fixed circle anc^ 
whose semi'latus rectum is equal to the distance of the centre of 
the fixed circle from the fixed line. 


/1 9. A circle cuts the parabola ^=^4ax at right angles and 
passes through the focus. Shew that its centre lies on the curve 
y® (a + 2x) = a (a + 3x)^. 

^0. Pjove that the normals at the extremities of each of a 
series of parallel chords of a parabola intersect on a fixed line itself 
a normal to the parabola. 

^21. A parabola touches four straight lines, and P, Q, R are 
respectively the middle points of tlie diagonals of the complete 
quadrilateral formed by the lines. Prove that the latus rectum L 
is given by 

D.Qip.RP^. pqy = 4 Aa A, A^, 

where A^, A2, A3, A4 are the areas of the triangles formed by the 
fom^ts of threes of the lines. 

V 22.^ Shew that the locus of the intersection of two tangents to 
the parabola = iaa: which are inclined at an angle a is 
(y® — 4ax) cos® a = (« + a)® sin® a. 
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23. The product of the tangents drawn from a point P to the 
parabola y* = 4ax is equal to the product of the focal distance of P 
and the latus rectum ; prove that the locus of P is the parabola 

= 4a (x + a). 

*24. Shew that if a chord of the parabola 4aac touches the 
parabola y- = 46a;, the tangents at its extremities meet on the parabola i 
6^ = 4a®a;, and the normals on the curve (4a - 6)® y® = 46® (x - 2a)*. 

25. Prove that if a chord of a parabola meets the axis in a 
fixed point, the normals at its extremities intersect on another fixed 
parabola. When does this parabola coincide with the original 
curve ? 

26. The normals to the parabola y® = 4ax at the points (on the 

sam^ side of the axis) whose ' ordinates are yi, ya» ^3 touch a circle 
whose centre is on the axis ; prove that • 

(3/i + i/t + y>) hi + yj - yi) (y» + yi - yi) (yi + yj - ys) + Vi y' y» = o. 

27. A finite parabolic arc makes angles 0 and with its chord, 
prove that the latus rectum is to the length of the chord in the ratio 

4 sin® 6 sin® <f> sin (^ + <^) : [4 sin® 6 sin- + sin* («6 ~ 6)]^. 

28. If the normals at the 2^0171 ts 1\ and Pg of the parabola 
y* = 4aa; intersect at P on the curve, prove that the ordinates of Pj 
and Po are the roots of the equation y* + % + 8a* = 0 where k is the 
ordinate of P. 

Hence or otherwise prove that 

F^P.F^P. 2a=PG*, 

where G is the point in which tlie normal at P cuts the axis of the 
parabola. 

29. The polars of two points Pg with respect to a parabola 
meet the curve in Qif Qi* Prove that if the points 2’., 
A. Qi 9 P31 Qi lid dn a circle, the focus must lie at the middle point 

ofPx. T,. 

30. The chords joining the point (am®, 2am) on the parabola 
y* = iax to the points (amj®, 2a7»i) (a?^^* 2 am 2 ) are at right angles. 
Shew that the chord joining the last two points passes through the 
point a; ~ a (77»* + 4), y a * 2am. 



150 


THE PAHABOLA 


31. Shew that the circle through the feet of the normals drawn 
fi-om any point P to a parabola passes through the vertex, and its 
centre has its abscissa equal to the distance of the middle point of 
AT from the directrix and its ordinate equal to one-quarter of the 
ordinate of that point, A being the vertex. 

^ 32. The tangents at P, P' on the parabola y* - 4aa5= 0 meet in 
the point (a, )3). Shew that the line TP* and the normals at P and 
T* touch the parabola 

(as - 2a -h a)® + 4/3y = 0. 

33. Two tangents are drawn to the parabola y® = 4aa5 from the 
point (.77, y). Prove that the segment of the line Ax -h By -i- C* = 0 
intercepted between them is of length 

(A^ + - iax)^ (AX + BI/+ C)l{A^x + ABy + B^a). ' * 

The locus of the middle point of a variable chord of the 
parabola y® = iax^ such that the focal distances of its extremities are 
in the ratio 2 : 1 is 

9 (y® “ 2axy = 4a® {2x — a) (ix + a). 

35. Prove that a circle, whose diameter is a chord of a parabola 
such that the distance between the diameters through its extremities 
is double the length of the latus rectum, will touch the parabola. 


36. Pairs of tangents are drawn to a parabola from points on a 
fixed straight line, prove that the locus of the intersection of the 
normals at the points of contact is a parabola. 

"^37. A chord of the parabola y* = 4a (a: 4 - k) always touches the 
parabola y* = 4aa:, find the locus of the intersection of the two 
normally at the extremities of the chor(f. 


38. From a variable point in a fixed normal to a parabola two 
other normals are drawn to the parabola, prove that the line joining 
their feet is parallel to a fixed line. 


Tangents are drawn from the point (a, fi) to the parabola 
y® iaao^ shew that the length of their choi*d of contact is 


(/3*-4aa)i(iff' + 4a=)V«> 
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40. If from a given point P three normals be drawn to 
variable parabola which has the same focus and its axis in the same 
direction as that of = 4aa;, then the sum of the angles which the 
normals make with the axis is constant. 

41. Tangents drawn from any point on the parabola 2/*- 2rta;+c=0 
to touch the parabola ^ = 4aa; meet the axis of x in the points E 
and F, Prove that /’ are equidistant from the pole of the common 
chord of the parabolas with respect to the parabola y® = 4a£B. 

42. If three normals to a parabola are concurrent, prove that 
the circumcircle of the triangle formed by tangents parallel to them* 
passes through the vertex. 

" 43.. T^ingentsare drawn to the parabola 4flKC from the point 
(asfc y')y shew that the corresponding normals intersect in the point 

V ' 44. If two normals to the parabola y* = 4av make complementary 
angles with the axis, shew that their point of intersection lies on one 
of the curves 

y* = a (x - a), y® = a (a; - 3a). 

45. Three points (,Cj, yj) (ajj, ya) t/a) a*"® vertices of a 
triangle self polar with regard to the parabola y* = 4aa?. Prove 
(i) that the lines joining the middle points of the sides are tangents 
to the parabola, (ii) that the centre of the circumcirclp lies on the 
diiectrix. 

46. P is a point on a fixed diameter of a parabola. The 
normals from P meet the curve in A, P, C7. The tangeiits parallel 
to PAy PBy PC intersect in A\ B\ C\ Shew that the :Mio of the 
areas of the triangles ABC, A'B'C* is constant. " 

W Pi-ove that the chord of the parabola y* = 4aa5 which is 
normal at the point whose abscissa is 2a subtends a right angle at 
the vertex. 

48. Shew that if the normals at the points P, Qy R on the. 
parabola y> = meet in (u, the orthocentre of the tnangle PQR 
will be (a - 6a^ - 4/?). V 
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49. If a triangle PQR be inscribed in a parabola, so that the 
focus S is the orthocentre, and the sidos meet the axis in p, q, r, then 

Sp,Sq,Sr-^iSA^ = 0. 

6Q. If th§ axes be inclined at an angle <0 the directrix of the 
parabola = 4:cx is 

X + yco 8 o} + c = 0 . 


51. The vertex A of a. triangle ABC and the foot of the 
perpendicular D on the oi)posite side are fixed. The other vertices 
are such that BD- + = constant- Prove that the circumcentre 

. of the triangle lies on a parabola. 

V^2- The normals at the points P, Q, li of a parabola meet in a 
point Uy and V is the orthocentre of the triangle PQR. ^ Shew that 
the projection of UV on the axis of the parabola is of constant 
length. ' . • 

^^53. The normals at two points P and © of a parabola = 4aa; 
meet in a point {x\ y') on the parabola. Prove that 
FQ^ = (a;' + 4a) {x^ - 8a). 


54. i? is a fixed point on the parabola y'^ = iax, and P, Q are 
two other points on the curve such that the normals at P, P, Q 
make angles with the axis having their tangents in arithmetic 
progression^ shew that the centre of the circle PF(J traces out the line 

y = nix — 2am - 5aw* 


55. One of the sides of a triangle inscribed in a parabola 

passes through a fixed point {x^ yj) and another pusses through 
another fixed point (x^, ^ 2 )- 1^ one of these points lies on the polar 

of the other, prove that the third side passes through a fixed point, 
and^^ the coordinates of this point. 

56. Shew that the equations 

= + + Cj, ^ 

y ~ ^2 

where ^ is a variable parameter, is a parabola and that if the axes 
be rectangular the latus rectum is of length 

(^1 ^2 ^i)* 

(»!*+«»*)* 
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[Writing the equations 

+ + <?! - a? = 0, 

+ Cj — y = 0, 

^ ^ t 1 , 

(^2 y) ”* ^2 (^1 ”■ ®) ^2 (^I (^2 ”* y) ®i^-2 “ 

The elimination of ^ gives 

{a,Ci - OjCa- (aaa5-ai2/)}® = K&a- «a^) {(^^a- ^aCj) + - 6iy}, 

that is 

(rt,^• - a^7y)* - 2x {a. ^ hh. (a.b^ - a.^i)} 

+ 2y {% (ttaCi - ttj Ca) + J (a, ^a “ «2^i)} 

+ (OaCi - aiCy)^- (ai^a - (^^Ca - b^c^) = 0. 

This is £^en to be a parabola. 

The length of the latus rectum is at once found by using § 155.J 

*"^^7. Shew that the normals at ftie points given by h 
the parabola 

x-a^t^+2bit + Cl, y = + 2b^t + 

(axes rectangular) are concurrent if 

f . f . f ^ Q 


58. Shew that the chord joining the points whose parameters 
are ti and on the paraljola 

a; - y^ct-v 

is given by the equation 

a, 5/, <1^2 

а, c, <1 + ^a 

б, d, — 1 

Further, if the tangents at these points are at right angles, the 
chord constantly passes through the point (jCa, y©) where 
cx^ - ay^ __ dxQ - by^ __ 6c - ad 
"c® 40 ® 2 (a6 -»• cc?) “ 4 (6* + cP) * 

and the tangents intersect on the line 

(a- + c*) (6c - ad) -k-^iab-i-cd) {by- dx) + 4 (6* + <i*) (c» - ay) = 0. 
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THE ELLIPSE. 


167. The standard form of che equation of the ellipse has 
been obtained in § 118, viz. 

By, using the methods of Chapter YTT, or by regarding' this 
equation as a special case of the general equation we have the 
following : 

The equation of the tangent at (iTj, yi) is 

. yyi _ 1 / 

and this is also the equation of the chord of contact of tangents 
from (iCi, yj) or of the polar of (a;j, yi) when the point is not on 
the curve. 

The equation of th(^ chord whose middle point is (iCi, is 

^ . Pi ^ 3^* / 

a* ¥ a» fc* ' 

And the equation* of the pair of tangents from (a?!, yi) is 

+ 2^ _ I'l f?!* + 21' _ lU f — ■ + ^- lY 

U* J Va- 6’ / U> 6“ J 

168. The Normal. 

Prom the equation of the tangent we derive at once the 
normal at (jCi, ^,) 

a“ 6» o> 6* 

—x y=— ®, Vi / 
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Putting y = 0 in this we obtain 

X = — r— Xi = e^Xv, 

a* 

Thus if the normal at P meet the major axis -in 0^ and 
PN be the ordinate of P, CO = 



Also G A - CN e^) = 

/. ON:CN^¥:a\ 

Putting y = 0 in the equation of the tangent we find 

xxi = a®, 

that is if the tangent at P meet the major axis in T 

GN,GT^a\ 

Similarly if the tangent at P meet the minor axis in t and 
Pilf be perpendicular to the minor axis, 

CM.Ct^^b\ 

These are all well known geometrical properties of the 
ellipse. 

169. Condition for Tangenoy. 

To find Hie condition that the line y = mx + o should touch 
the ellipse 
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The condition is that 


, {mx^cY 
2+ 


w 


6“ 


should ha^ equal roots. 

This equation in a? is 

/il 

The condition for equ.-il roots is 

/c® \ 


2mc c* _ . 


which reduces to 


c® = m®a* + 


Hence the pair of lines 

y = mx ± ^/m^a^ + 

touch the ellipse. 

The points of contact of these tangents cannot, as in the 
case of the parabola, be conveniently expressed in terms of m. 
Con. The lines 

y — k = m{x^h)±^l + i* 

are tangents to the ellipse 

{x-h)^ {y-kY _ 

6 » ”■ 


160. To find the condition that the line xcosa + ysina^p 
should touch the ellipse 




= 1 . 


The equation of the pair of lines through the origin and 
the intersection of the line and ellipse is (§ 63) 

(a? v’N 

6* j 

that is 

a? — cos’ a j — 2 sin a 008 a . a;y + y* — sin’ a 1 = 0. 
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If the given line is a tangent these twQ lines must be 
coincident ; 

— cos* — sin* = sin* a cos* 

that is jO* = a* cos* a + h^ sin* a. 

Thus the pair of lines 

a? cos a + y sin a - ± *Ja? cos* a + 6* sin* a 
are tangents to the ellipse. 


161. Director Circle. 

The locus of points the tangents from which to the ellipse 
a;* v* * 

■1 + right angles is the circle a;* + y* = a* + 6*. 

or ^ B 

For the (equation of the pair of tangents from (a?i, y^) is 

The condition that these should be at right angles is that 
Coefficient of a;* + Coefficient of y* = 0, 

that is + i) I* - l) - - 1’ = 0 

which reduces to 

a*6*“*‘a*6* a*"^**' 


Thus the locus of points the tangents from which are at 
right angles is the circle aJ* + y* = a* + 6*. 

This is known as the director circle of the ellipse. 


162. Focal distances. 

The focal distances of the 'point P whose coordinates are (a?, y) 
are a + ea?, a — ex. 

Let the foci S and 8' be on the positive and negative 
directions respectively of the axis of a?. 
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Draw MPM^ perpendicular to the directrices, and PN 
perpendicular to CA, 





SP^e.PM=:-e(CX^CX) 


z=e(^ — ex, 


S'P^e.PM'^e(XVi^CN)^a + ex. 

From this we get the well known property 
SP + S'P = 2a. V 

Examples. 1. Tangents at tho extremities of a diameter of an ellipse 
are parallel to one another. 

2. Tho locus of the middle points of the chords of contact of tangents y 
at right angles is the curve 

3. If </> be the angle between the tangei^ts drawn from {xi, to the 

prove tan<^=2a5jy/'^+^— ij — 

^ Shew that the locus of the middle points of chorda of constant 
length 2c of the ellipse ^ + p- 1 is 
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5, Shew that the lines ^a?+my-fw = 0, and r47+w'y+n'=0, are 

conjugate lines of ' 

provided a^lV =nn\ 

If two conjugate lines cut at right angles at (^i, yi\ and'oue make an 
angle d with the ^-axis, then 

tan 2d = 2:riyi/{(j?i* - a^) - (yi* - 

6. Shew that the equation of the xiair of tangents from the focus 
{ae, 0) to the ellipse 

£?+.f=i 

IS (a:-ae)2 4-^'“==0. 


Eccentric angle. 

163. We must now introduce the very importanjj and 
useful method of representing any«point on an ellipse in teims 
of the eccentric angle of that point. 

Let the ordinate NP of a point P be produced to meet the 
auxiliary circle in p on the same side of the major axis as P — 
the auxiliary circle being detined as the circle on the major 
axis as diameter. 

Let CM, GB be the axes of coordinates. 

Let ^ACp measured round in the usual direction = ^ is 

called the eccentric angle of the point P. 
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We see that 


CN — a cos 0, 


xp^a cos V. 


To get the y coordinate of P we have 

^ = 1 — cos* 6 = sin® d, 
y= + 6sin^. 

It is easy to see that the positive sign must be taken In all 
cases, for the y-coordinate of P is positive if 0 lies between 
0 and TT, and negative if 6 lies between tt and 2ir. 

Thus the coordinates of a point on the ellipse can be 
expressed (a cos 0, b sin 0), 0 being the eccentric angle of the 
point. 

164. To find the equation of the chord through the points 
wRose eccentric angles are 0 and 

The equation is 

a? — g cos 9 _ y — 6 sin 0 

a (cos 0 — cos h (sin 0 — sin <f>) * 

that is 


® /i 

cos 0 

a 


^ — sin 5 
0 


_28m^8m^ 28m^cos^’ 


that is 


-co8^-^ + ^sm ^^|^ = cos^cos^^^ + sin^sin 
CL Z 0 dL Z Z 


= cos(0-^-^). 


0 6 + , y . 0 + ^ 0-^ J / 

... _cos-^ + j8m-^ C08-^. V/ 
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this by putting ^ viz. 

- cos 0 + y sin 0 1. ^ 

a b 

And the normal at the point 9 is therefore 

— ^ X — y = (a cos 0) — (6 sin 6) (§ 38) 
cos 0 sin ^ ^ cos ^ ' sm ^ ' V3 / 

= a>-6». 

The point of intersection of the tangents at 6 and 0 can be 
obtained by solving simultaneously 

- cos ^ + ? sin ^ = 1, 

a b 


- cos <f) + T sin A = 1. 
a ^ b ^ 


In this way we get 


^ 4- <i> 6 

a cos 2 bsm- 

COS cos — ^ 


2 

0--^ " 


Or the same may be found thus : 

Let {xx, y,) be the point of intersection of the tangents at 
0 and <^. 

The chord of contact of tangents from {xi, y,) is 

6» - 

This then is identical with 

-cos-^ + ^sin -^ = 008 -^. 


whence we get 


' 


ji 0 +■ <h 

68m 

ftna J; 


11 
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Properties of normals. 

166. Four normals can be drawn to an ellipse from a point 
in its plane. 

Let {xity^ be a point in the plane of the ellipse 

Suppose 0 is the eccentric angle of a point on the ellipse 
the normal at which passes through {x^ y^), 

(^if yi) satisfies 

ax 


that is we have 


= 

COS ^ sin d * 

COS 0 sin 0 


This then is an equation to'^find 0, 
It may be written 

by^ 




that is, 


0 0 0 0 0 0 ^ 
cos’ 2 — sin’ 2 ^ sin g cos g cos’ g + sin“ 2 

a®j by I o’ — 6 ’ 

" " "n Q ~~ Q • 

1 — tan’ ^ 2 tan g 1 + tan’ ^ 


On multiplying up we have a quartic equation in tan ^ , viz. 

0 0 
byi tan‘ 2 + 2 (®®i + o* — 6 ’) tan’ g 

Q 

+ 2 (axi — o’ + 6 *) tan 5 - hyi = 0 . 

0 

Hence we have four values of tan g . 

If t| be one of the four values ; from 


we get 


tan2 = <„ 

e 

^ = nw + tan"’ ti 
^ = 2rwr + 2tan"*t,. 
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These all give the same point on the ellipse, for by adding , 
any multiple of 27r to the eccentric angle we reach the same 
point again. 

Hence each value of tan ^ gives one point on tjie eflipsedrejal 

or imaginary.^ Thus there are four normals thjit can be drawn 
from a point (xi, yi)-to the ellipse. 

\ 167. If a, 7 , 8 he the eccentric angles of four points on ^ 
the ellipse such that the normals at them are concurrent then 
a+fi + y + S is (in ^dd multiple of • 

Let the normals be concurrent at (a?i, y,), 

a 7 8 

tang, tan tan|, tan-^, 

are by the last article roots of the*eq nation in viz. 

+ 2 {axi + - 6*) ^ + 2 ( ajTi - a® + 6®) t-hyi = 0, 

2tan|tan^=0, 

and tan | tan^ tan| tan | = - 1. 

1 - S tan ^ tan ^ + tan I tan ~ tan | tan | = 0, 

. , a + /3 + 7 + S 

tan — — = X , 

^ = an odd multiple of 

/, a + )8 + 7 'f 8 = an odd multiple of 7r.\^ 


168. If the normals at the points whose eccentric angles are 
a, ff, 7 are concurrent, then 

sin + 7) + sin (7 + o) + sin (a + /8) = 0, 
and conversely. 

Let the normals at a, 7 be concurrent at (a?i, and let 
8 be the foot of the fourth normal f»>m {xi, y,). 


11—2 
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Then as in § 167, 


% tan I tan ^ = 0. 


a 3 y S 
tan ^ tan g- tan g tan - = — 1. 

Ji ^ ^ 


Eliminate tan ^ between these and we get 

CL B CL y By CL , B 

tan 2 tan ^ + tan ^ tan ~ + tan ^ tan | — cot ^ cot ^ 

— cot ^ cot ^ — cot ^ cot ~ = 0. 

z z z z 

Whence we get 

a >9 , a . B 

cos* Q cos* ^ — sm* ^ sin*“ 

2 1 2 ^ 22 ^ 

CL a . B B 

Bin 2 cos 2 sin ^ cos g 


that is 


that is 


that is 


a + )8 a — y9 
cos — ^ cos — - - 

2 . 0 , 

sm a sm p 


cos a 4- cos B cos )8 + cos y cos 7 4- cos « _ q 
sin a sin fi sin B sin 7 sin 7 sin a ' 


(cos a + cos B) sin 7 4- (cos B 4- cos 7) sin a 

4“ (cos 7 4- cos a) sin = 0, 

. •. sin (/8 4- 7) + sin (7 4- a) 4- sin (a 4- y8) = 0. 

We will now prove that if this relation holds the normals 
at a, B> 7 fi-rc concurrent. 

Let the normals at a and B meet in (xi, and let the feet 
of the other two normals from be i and €. 

We shall prove that 7 coincides with S or e. 

Since the normals at a, /9, € are concurrent 

sin 08 4- e) 4- sin (e 4- a) 4- sin (a 4- yS) = 0. 
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And as sin (/9 + 7) + sin (7 + a)-f sin (a + / 9 ) = 0, 

/. sin (0 -h e) — sin O + 7) + sin (e + a) — sin (7 + a) = 0, 


that is 


2 sin ^-2 " cos + 2 sin^-~ cos = 0/ 


either sin 


^2^ = in which case : 


a multiple of tt, 


that is €K fy + a multiple of 27 r, that is 7 coincides with e. 


or 

in which case 


2y8 + 7 -f- g 


2 




either 


2)8 + 7 4*6 ,, , 2a 4-7 + 6 

^ = odd multiple tt H , 


i.e. )8 — a = an odd multiple of tt, jvhich may be excluded as it 
would require that a and ^ ^ould be at opposite ends of a 
diameter, and of the three points a, )8, 7 there must be two 
which are not the ends of the same diameter, 

2^ + 7 + € j, u* 1 2a + 7 + e 

or — = odd multiple tt 5- , 

that is «+y8 + 7 + € = odd multiple of tt. 

But a + )8 + S + €= odd multiple of tt, by § 167 , 

/. Y ~ S = even multiple of tt, i.e. 7 coincides with S. 

Thus 7 coincides with 8 or e. 

Therefore the normals at a, y8, 7 are concurrent. 

^ 169 . Rectangular hyperbola through four points on an 

^ellipse the normals at which are concw'rent. 

The equation of the normal at {xi, is 

a* j 

yi 

If this pass through (f, 17) 
a» 6* 
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That is the four points on the ellipse the normals at which 
pass through (f, satisfy the equation 


X y 


that is (a* — ¥) xy ^-h^ri .x — . y = 0, 

which is a rectangular hyperbola since 

coefF. of a;® + coefF. of y® = 0. 


170. The normals at the four points where the lines 

1+^-1 (1). 1 


^+iL=_i 
la mb 


cut the ellipse ^ +|5 = ^ (3) are concurrent. 

Let the line (1) meet (3) in a and /9 ; 

(1) is identical with 

K 0. + ^ , y . a + /8 o — /9 

_C 08 -+| 8 in-^=C 08 — , 

tt H- ^ . Ct + /8 

cos — ^ sin— ^ 

a^/3* a— 

cos— ^ ^^“2~ 


Let ( 2 ) meet ( 3 ) 

1 

in y and B, 
y + B 

_cos 2” 

. 7 + 3 
1 _““ 2 

•'* r 

7—8 

m »y — i 


^ 2 

• 008^2 

a + B 

7 + 8 

. a + /8 . 7 + 8 

coi 2 COB 2 

sm 2 8m'^2 


a — ^ 7 — 8 

cos — ^COS ^ - g— 


a— /9 7 — J 

cos— cos^ 


a + /8 7 + S ct +/3 . •y + S - 

cos COB -g Bin Bin - 2 -^ = 0 ; 
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that is, 


a + /S + 7 + S - 
cos - ' =0, 


a + /S + 7 + S = ( 2 n+ 1 ) ir 

® + 7 + S CL — ^ 7 — S 

cos -g- cos = - cos — ^ cos ; 

a + /8 + 7 + 8 , 7 + S-a-y8 

cos ^ — + cos -i 2 

a — /8+7 — 8 o — y 9 — 7 + 8 
» - cos cos 2 ; 

a + 8 — ;S — 7 ^ + 8 — 7 — a 

cos — + cos — 

• . 7 + 8-a — /8 _ 

+ cos 2 “ 0 , 


I + 1) TT 


■ {B + 7)| + cos 


((2»+l)w . „) 


-(a + ;8)|*0; 


sin (/8 + 7) + sin (7 + a) + sin (a + )8) = 0, 
the normals at a, / 3 , 7 are concurrent, 
and similarly also those at a, j 3 , 8 are concurrent, 
that is the four normals are concurrent. 

171 . The proposition of the last article can be otherwise 
proved as follows : Let the normals at the points where the line 

, my _ 1 

6 “ 

cuts the ellipse meet in (f, y). 

Let the line joining the feet of the other two normals from 
((» v) equation 

a b 
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Then (anticipating what will be treated of in Chapter XII) 

is the general form of the equation of conics through the inter- 
section of the ellipse and the two lines. 

This equation then must include the rectangular hyperbola 
(a* — b-) xy -f b^f ) . X — • y = 0 

on which the feet of^e normals lie (§ 169), 

that is the coefficient of the coefficient of y* and the term 
independent of x and y are zero simultaneously; 

i + '^=0 

’ a» ^ a> ’ 

1+^ = 0 . 

¥ ’ 

-1 + X = 0, < 

= 1 andp*-|, 2 = -l- 


Thus the proposition is proved. 


Examples. 1. Tangents are drawn to an ellipse at the points whase 
eccentric angles are a, 3) y> Shew that the area of the triangle formed by J 

them is ah tan tan tan“-~ . 


.®s y« 


8. The normals to the ellipse ^2 1 ®-t the points whose eccentric 

^+0 > 
flin JL ’ 


62 

angles are 6 and intersect at the point * 

a*-6* 


/a*-6* . 

- COS ^ COS 0 


2 


sin ^ sin ^ - 


COB 




8. Tangents are drawn to an ellipse at the points whose eccentric 
angles are a, 3f y^ ^l^d the condition that the circle circumscribing the 
triangle formed by them should pass through the centre of the ellipsa 
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Tangents are drawn from a point T {Xi, yi) to the ellipse 




to touch it at P and $ ; prove that if <S be either of the foci 
SP..')y“ a* 


5. The condition that the line lx+my+n=^0 should bo a normal to 


«* • 


the ellipse ^ 

[Make the line identical with the normal at the point whose eccentric 
angle is d.] • 


Conjugate diameters. 

172. If PGP* be a diameter of the ellipse and the ^iameter 
BCD* be drawn parallel to the tcyigents at P and P*, then mil 
POP* be parallel to the tangents at D and D\ 

Let the coordinates of P be y^) and of D ya). 

The equation of the tangent at P is 


a> ■^ 6^ " • 



Therefore the Equation of CD parallel to it is 
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' Therefore, since (^Tj, lies on this 

but this is^ the condition that {x^y^ should lie on 

a> 6^ "^' 

which is the line through the centre parallel to the tangent at 
D. Hence the proposition is proved. 

Two such diameters are known as ‘ conjugate diameters.' 

173. Conjugate diameters a particular case of con- 
jugate lines. 

We have already defined conjugate lines for a conic in § 137. 
It is important that the student should understand that 
conjugate diameters as defined in § 172 are only a particular 
case of conjugate lines. Two conjugate lines are such that 
each contains the pole of the other. Now the pole of the 
diameter PGP' is the point of intersection of the tangents at 
P and P' \ and these tangents are parallel, and thus their 
point of intersection is at infinity, and must lie on the line CD, 
which is parallel to them. Thus CP and CD are conjugate 
lines according to the definition of such given in § 137. 


-^174 To find the condition that the lines y^mx, y = ni'x 
should lie along conjugate diameters of the ellipse “a ^ ~ 

Let y = mx meet the ellipse in ww?i). 

The tangent at this point is 

xx^ , y.mXi_^ 
a* 6> " 

This then must be parallel to y == 


mm = — ■ 
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It can be seen from this that each of ttvo conjugate diameters 
bisects all the chords parallel to the other. 

For if (^ 1 , yi) be the middle point of a chord, its equation is 
a» • 


If this is parallel to y = mx, we have 

b^Xi 


r— == m. 




Vi ^ 

Xi mar 


That is (x^yi) lies on y = m'x. 

^ 176. If 6 and </> he the eccentric angles of an extremity of 
each of two conjugate diameters • 

TT 

0 = an odd multiple of ^ . 

For the tangent at 6 is 

- cos 6 + % sin ^ = 1. 

a 0 

The line through the centre parallel to this is 

- cos 0 +% sin d? = 0. 

a 0 

But (a cos b sin lies on this, 

/. cos <l>cos6 + sin </> sin ^ = 0, 

/. cos - 0) = 0 ; 

IT 

^ ^ = odd multiple of g . ^ 


176. Some geometrical properties. 

It follows from the preceding article that if p and <2 be the 
points on the auxiliary circle corresponding to the extremities 
P and D of conjugate diameters PP' and PP', then pCd is a 
right angle. 
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Thus if 0 be the eccentric angle of P, then the eccentric 
angles of the ends of the conjugate diameter are 



In the accompanying figure if (a cos 6^, 6 8in&) are the 
coordinates of P then those of D are 

|a cos + 1^) . & sin + |)| » 

that is (—a sin 0, b cos 0) 

and those of D* are 

that is (o sin 0,—b cos 0). 

Thus we get 

CP* + Clfi = (o* cos’ 0-\-h* sin* 0) + (a* sin* ^ + 6* cos’ 0) 

= o»+i*, 

and we have the well known properties 
PN-.CM=h\a, 
l>M.CN=b.a. 
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We can also quickly obtain the familiar property 
PF.GD^ah, 

PF being the normal at P meeting the conjugate in F. 

For PF is equal to the perpendicular from the centre* on 
the tangent at P, that is on 

~ cos 0 4- r sin 0 = 1, 
a b 


/cos‘^ ( 

V a* 


, sin-^ 
b~ 


aft 

^/^8ia=^^ + ft®cos*^ 


aft 

CP’ 


PF,GD^a\ 

which expresses the fact that the parallelogram formed by 1 
drawing tangents at the extremities of conjugate diameters is \ 
of constant area. 

Again, we can easily prove the property 

SP.8'P = CI^, 

For SP = e (CX — GX) ae cos 0 

/. fi'P.S'P-a^(l-6>cos«0) 

= a* (sin* d + cos* 6) — (a* — ft*) cos* 9 
= a* sin* ^ + ft* cos* 0 
= CD\ 


177. Ellipse referred to conjugate diameters as ^ ' 
axes. 

Let (a?, y) be the coordinates of a point Q on the ellipse 
referred to C7A, CB as axes. 

Let {a/, y') be the coordinates of the same point referred to 
the conjugate diameters GP, CD as axes. 

a; = fca?' + 

where A?, /, V are functions of the angles ACP^ POD. 
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But 


a?^b* 


= 1 . 


. {kaf + lyj AMx+l'yJ_. 

• * ni hi 


which we will write 

Ax'^ + 2Hd^-^By* = \. 


. 0 ) 



Now if (7P = a'and (7D = 6' 

then (a', 0) and (0, 6') satisfy (1), 

. /. Aa'' = l, i.Q.A = ^„, 

U/ ~ 


P6'>=1, i.e.P = p. 

Also the line a! = a' is the tangent at P. Substituting 
fl/ = a' in (1) we get 

Aa'>-f2ifay-HPy'» = l 

i.e. P/* + 2Ha'y* = 0. 

Both of the roots of this have to be zero, JT = 0 ; 
the equation of the ellipse is ' 

. y'’ . 
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Thus the equation of the ellipse referred to CA and CB is 
only a particular case of the equation of the ellipse referred to 
conjugate diameters. 


Geometrical properties. 

178. The student will see that the equation of the ellipse 
referred to two conjugate diameters as axes is the analytical 
representation of the geometrical theorem usually expressed 
in the form 

QP : PV. FP'= CD ^ : 

QV being an ordinate of the diameter POP', that is being* 
parallel to the conjugate CD, 

• For we have ^ = I, 

0F*_, CF* ftP-CF» PF. FP 

^ OP^ “ GP^ “ ’’ Glh • 


Again, considering the equation of the ellipse referred to 

conjugate diameters (2a' , 2b') viz. ^ + we see that if 

(a?, y) be a point on this, so also is (a?, — y). Therefore the chord 
QVQ' drawn parallel to the conjugate CD and cutting CP in F 
will be bisected at F. 

If we denote Q by (a?i, yj the tangent at Q will be 


. m 

a'-' ^ 6'» 


= 1 . 


Putting y = 0 in this we get xxi = a\ 

That is, if the tangent at Q meet CP in P, (7F. GT — CP^ 
and obviously the tangent at Qf will meet CP in this same 
point T. ^ 

Examples. 1. Shew that tangents at the extremities of conjugate*' 
diameters of the ellipse ^ 1 intersect on the ellipse ^ + 13 * 2 . 

The locus of the intersection of normals at the extremities of ^ 
conjugate diameters of the ellipse ^+^=1 is the curve 
2 6 *)* («*** - 
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/p2 ^ 

I 3. If ^ + *^=1 be an ellipse referred to two conjugate diameters 
as axes the lines y=m!x will bo conjugate diameters if 

mm' = — H 


4. CP and CD are conjugate semidiameters of an ellipse, and the 
tangent at P meets any other pair of conjugate diameters in 'P and T'l 
IDrove that TP. PT=CD\ 

[Refer the ellipse to CP iind CD as axes.] 

/ 

179. Properties of conjugate diameters derived A:om 
invariants. 


It is interesting to see how the properties of conjugate 
diameters can be derived from the theory of invariants given 
in § 106(. 

We have seen that 




= 1 


becomes 




= 1 . 


’• a’^'^ b'*’ 

Let Q) be the angle between CP and CD, then we have 

m QQ 

Bin* sin* C0 

that is a*V sin = ab,^ 

which is the same as PF. CD = ab, 


and 

which gives 
that is 


a*^b> a'*'^ b'* 

TT - * 

em’ 2 Bin’ o> 

o'* + 6'* = o» + 6*, 
CP» + (72)»-o> + i*. 
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180 . Equl-coi^ugate diameters. 

If we draw the diagonals of the parallelogram formed by 

the tangents at the ends of the axes of the ellipse, they will 

lie along conjugate diameters. 

For the equations of these diagonals are 

6 , b 

and y = — - a?, 

and those lines satisfy the condition for conjugate diameters 
given in § 174. 

Now as these two conjugate diameters are equally inclined 
to the major axis they must bo equal to one another. 

• These two conjugate diameters are known as the 'equi- 
conjugate diameters.* 


EXAMPLES. 


1. Shew that the locus of the point of intersection of nonnals 
at the ends of chords drawn through any fixed point on the major 
axis of an ellipse is an ellipse, which cuts the major axis in two 
points the product of whose distances from the centre is aV. \/ 


2. The polars of three points i>, F, F with respect to an ellipse, 
centre G, and semiaxes a and bj form a triangle D'F'F\ *Shew that 
the product of the areas of the four triangles D*E'F\ CDE^ CEF^ 
CFD divided by the square of the area of the triangle DEF is ^^6^. 

s/z, The locus of the middle points of chords of the conic 

— — r = 1 which touch the ellipse -5 + ^ = 1 is the curve 

+ A + X ^ a® 6* 

/ 05® y® Y _ ^ V 

V + A “(a» + X)*‘^(6» + A)>* 


' 4 . 
ellipse 


The straight lines PS, PS' joining any point P on the 



3 * 




A. 


12 
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to the foci S and S’ meet the curve again in Q, Q’. The tangents 
at Q and Q' meet in T, Shew that the locus of T as jP moves round 
the curve is 




r>. The area of a quadrilateral formed by joining the points 
on the ellipse ~ ^ = 1 whose eccentric angles are a, J3, y, 8 ia 

CL* 0 

^ab {sin (/3 — a) + sin (y - + sin (^ - y) + sin (a - 8)}. V 


6. PQ is a chord of an ellipse parallel to a given line, prove 
that in general the locus of the intersection of the normals at P and 
C is a hyperbola. 

7. A tangent to an ellipse at a variable point P meets any two 
fixed diameters in Q and It, The other tangents to the ellipse 
through Q and P intersect in T. Shew that the locus of 7^ is a 
homothetic ellipse whose axes are greater than the axes of the given 
ellipse in the ratio sec a : 1, where a is the angle between the 
diameters of the auxiliary circle of the original ellipse, which 
correspond to the given fixed diameters. 


8. If </) and are the eccentric angles of the points of contact ^ 
of two tangents from a point to an ellipse of eccentricity e, either ^ 
tangent subtends at a focus an angle 

COS J (0 - — e cos (0 + fj}’) 

Shew that if (» , y’) be the middle point of a chord of the 
ellipse, ^ ^ (^> v) point of intersection of the normals, 

and (Xi y) that of the tangents at its extremities, then 

10. SP and SQ are radii veotores from a focus of an ellipse, 
parallel to two conjugate diameters. Shew that the tangents at P 
and Q intersect in an ellipse having the same eccentricity as the y 

original curve, with the centre at a distance from its centre. 
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11. The eccentric angles of the angular points of a triangle 
inscribed in the ellipse + 1 are a, y; prove that 

the radius of the circle inscribed in the triangle is 


2a68in sm sin — ^ 




y^^Q. . 

sin + rsm--^ 




where q, r are the semi-diameters parallel to the sides of the 
triangle. 


12. Perpendiculars PJHIj PN are drawn from any point P on 
the equiconjugate diameters of an ellipse. Prove that the perpen- 
dicular from P on its polar line bisects MN, 


13. An equilateral triangle is described about an ellipse. 
Prove that ii^ (sc, y) are the coordinates of one vertex of the triangle 
refesred to the principal diameters as axes of coordinates, the 
opposite side makes an angle ^ with the utajor axis given by * 

-1 _a ? + y*-a ?~h^ 

^ 2 cos ” a:* — y* — a* + 6* ‘ 

The locus of the middle points of chords of the ellipse 




which subtend a right angle at the centre is 


?/* _ a* -f- 6* /oc^ 

6*~ 

V 15. Prove that there are eight normals to ^ - 1 = 0, which 


pfj ^9 # 

touch -Ti + — 1 = 0 and that these are real if a® - 6® > aa' + bb\ 

a * 0 ■ 


16. Prove that the normals at the points where the line 
? + ^ = 1 meets the ellipse ^ ^ 1 intersect in the point given by 

a (a»i3> + 6 V) = a (a» - b^) -b^); y (o»/3» + 5 V) = ^ (a» - b^) (a» - a“). 


jp9 1^.9 

17. From any point on the ellipse ^ ^ = 1 normals are drawn 

to the curve. Shew that the locus of the orthocentre of the 
triangle formed by joining their feet is the ellipse 




12—2 
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18. Two tangents OT^ OT are drawn to the ellipse 

c? 

from an external point 0 whose coordinates are g\ If i>, />' bo 
the parallel eemi-diameters, prove that 
OT^ OT^ p 
-jy - ^ 

Representing this ratio by p, prove that the quadratic giving the 
length R of either tangent is 

(P + Vf - 2p7P ((p + 1) + g-) - («» - g - g)} 

+ P* {4/V" + (/’ - J?" - a* + lPf\ = 0. 

19. If PL and PM be the perpendiculars from any point on two 
fixed conjugate diameters of an ellipse, the perpendicular from P on 
its polar divides LM in a constant ratio. 

20. Parallel lines through the foci of an ellipse meet the tangent 
at the vertex A \vl P^Q and the lines joining P, Q to the other 
vertex A' meet the circle on AA* bA diameter again in R and S, 
Prove that RS is a tangent to the ellipse. 

^i. If the normals at two points on the ellipse ^ ^ = 1 meet 

on the curve, prove that the tangents at these points meet on 


22. If three points are taken on an ellipse such that their 
centroid has a fixed position (A, U) the centre of the circle passing 
through them lies on the curve 

(4«* - 

where 

J'ind the conditions that ^ - 1 = 0 (r = 1, 2, 3) may 

a? fp 

define a triangle self-conjugate with respect and 

in this event shew that the orthocentre {Xq^ of tlie ^triangle 
is given by 
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If (x^f be a fixed point, shew that all triangles of the family 
are inscribed within 

(a® — 6*) = 0 

and described about 

{xx^ - yy^ - a* + 5®)® + ^xx^yy^ = 0. 

aj® ?y® 

24. A triangle is circumscribed to the ellipse ^ ~ ^ 

two of the vertices lie on the directrices, prove that the locus of the 
third vertex is an ellipse, and tind its equation. 

a?® 7/® 

25. Two semidiameters of the ellipse -^+ = lengths 

Cb 0 

and r,, are ait right angles to One another, and TQ' are tangents 
to tTie ellipse parallel to them. Shew that if q and q* be the points 
on the auxiliary circle corresponding Q and Q* 

the angle qCq = sin”^ > 

and find its maximum and minimum values. 


26. If Of iff be the eccentric angles of three points on 
^ = 1, and the chords {0, <^), {0, if/) touch ^2 shew that 

the equation of the chord (<^, t/f) is 

s( a** 6» 6> 

7 /® 

and shew that this will also touch ^ = 1 provided 

?:±^i=o. 

a b 


If PSQf PER be focal chords of the ellipse ^ ^ 

where S and H are the foci, show that the equation of the chord 
QR is 

where 0 is the ecoentrio angle of F, 
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v/^S. FSQ, PS^R are two focal chords of an ellipse, and the 
eccentric angles of the points Q and E are <f>i and Shew that. 

tan ^ : tan ^ is a constant ratio for all positions of P, 

i? is a point (eccentric angle <^) on the ellipse -ji + ^ 

S and H are the foci, RS and RH meet the ellipse again in the 
points P and Q \ prove that the coordinates of Ty the pole of PQy are 


- a cos <f>, 




l-e> 


sin tf>. 


30. Two conjugate diameters of the ellipse ^ ^ meet a 

fixed straight line lx + my= 1 in P, Q, and the straight lines through J 
Py Q perpendicular to these diameters intersect in R\ prove that 
the locus of R is the straight line 

iiHx + h^my = a® + 6®. 

31. The locus of the point of intersection of the normals to the 

ellipse + ends of chords passing through the fixed ' 

point (dy 0) is 

b‘‘d -c^d){dx + C-) = 0, 

where (j* = a® - 

32. If a point P on an ellipse be such that all chords drawn 
through d given point Q subtend a right angle at P, prove that P 
must be the foot of one of the normals that pass through Q, 

^^3. From any point on three normals are drawn 

and the feet are P, Q, R\ if P be the point (acos^i hoinO) then too 
QB is the line 

05 cos ^ ysinS 1 

and thence deduce the fact that all such triangles PQR are at once 

05 ® 

inscribed in — - + ^ = 1 and described about 


6 ® 


1 


** , v‘ 

a* 6* “(a” -6*)** 
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34. The polars of A (osi, y,) and (ocj, y,) with respect to 
^ + ~ = 1 meet the curve in Qj, Ry^ and Gai -^a respectively ; shew 
that the six points lie on the conic 

V 

35. If the normals at the points whose eccentric angles are 
/?, y, 8 be concurrent then 2 cos a S sec a = 4. 

36. Focal chords are drawn through any point on an ellipse ; • 
shew that the radical axis of the two circles described on them as 
diameters is normal to a coaxial and concentric ellipse. 


37. The locus of poles of normal chords of th^ ellipse 
-5 + 7 =s 1 is the curve 

38. Prove that the tangent ^ ^ ^ 

eight points, of which the eccentric angles are p7r±a±/3 where p is 
an integer and 

aa! — hU aa! 

cos 2a = ^»a _ j '2 > 6'* 

is also a normal of the ellipse ^ ^ = ^ 

eccentric angles of the feet of the normals are comprised in the set 
of values 


prr ±a±p. 


7? V* 

^ 39. If (aJo» ^o) * point on the normal to ^ + ^=1 

(ajj, yj) then the circumcircle of the triangle whose angular points 
are the feet of the three remaming normals that can be drawn from 

yo) is 

(a) + xi)(x-ai,- + (y + yi) - y. - = 0. >/ 
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40. Shew that if (j, 77 ) are the coordinates of a point of 
intersection of the ellipses ;;a + 1 ^ ~ equations 


6 '* 


of their common tangents are 


+ ^ + 2^-1 

-aa’-bb'~ ' 


and the product of the areas of the parallelograms formed by their 
four common points and their four common tangents is ^aa'bh'. 


41. If S be a focus ^ | 2 = Ai A) A, A be the 

feet of the four normals from a point 0, shew that C -j x 

Sl \ . 5P, . .SW 

Cl 0 

42. ” From any point of eccentric angle on the ellipse 

-9 + = 1 three normals arc drawn to the curve, shew that the 

a* 0^ 

equation of the circumcircle of the triangle formed by their feet is 
^2 ^2 

a* + y’--ajcos^--gy sin ^ + 6 ®. 
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THE HYPERBOLA. 


181. The equation of the hyperbola referred to its 
* principal axes * has been obtained in § 124, viz.. 

We have then the following equations: 

Equation of the tangent, at (x^, y,) is 

^i_i 

a? ¥ ~ * 

Equation of chord of contact of tangents from {xi, and of 
polar of («„ yi) is 

a* 6* “ 


Equation of chord whose middle point is (.-Ci, is 
o» 6’ o» ‘ 


Equation of pair of tangents from (a;,, is 

Vo’ 6’“ jVa’ h* / Va» 6’ 


-1 


Exactly as in the case of the ellipse we get the condition 
that y = »ta! + c should touch the hyperbola, viz., 

c’ = m’o’ — 6*, 

and the locus of the points of intersection of tangents at right 
angles is the circle 

known as the ' director circle.’ 



186 


THE HTPERBOLA 


182. Coordinates eiqiiressed in terms of a single 
^ parameter. 

. To correspond with the representation of a point on the 
ellipse by means of the eccentric angle, the coordinates of 
a point (x, y) on the hyperbola 

may be expressed 

a? = a sec y = h tan ft 

By giving 0 different values all possible positions of (a?, y) 
on the curve will be allowed for. 

Or instead of using sec 0 and tan ft we may use ‘ hyperbolic 
sines and cosines ’ and write 

ic = a cosh n, y = h sinh 
where cosh u = — ^ — , 


and 


pU p-H 

8inhw=:— 2 9 


so that cosh’* u — sinh® w = 1. 

Taking (a sec ft h tan 0) as the coordinates of a point P on 
the hyperbola we sec that the equation of the tangent at F is 


~ sec 0 ? tan ^ = 1, 

a o 

for this comes at once by writing 

. - a sec ft yi = 6 tan 0 

in the equation of the tangent at {x*, y^. 

The equation of the normal at P is 
a cos 0 .x-\-h cot 0 .y = a cos 0 (a sec 0) + h cot 0 {h tan 0^ 

from which it can be shewn that four normals can be drawn to 
a hyperbola from a point in its plane. 
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183. The Asymptotes. 

The asymptotes of a hyperbola are the pair of tangeif^B 
drawn from its centre. 

The equation of the pair of tangents from the centre id the 
hyperbola * ^ 


is at once obtained by writing a?i == 0, yi = 0, in the equation of 
the pair of tangents from (a?i, yi), viz., 





J Va* 6* 


-1 


We thus find that the asymptotes arc given by 


We must now set forth some particulars concerning them. 


184. The equations of the asymptotes separately considered 


are 


- — ^ = 0 and 
a b 


^+f = o. 

a b 


If now we take either of these equations and eliminate 
y between it and the equation of the curve we get. 1=0, which 
can never hold. 


Thus it appears that the asymptotes do not meet the curve 
at all, and yet from § 181 it would seem that each of these lines 
should meet the curve in two coincident points. 

We will endeavour now to give some explanation of this 
apparent inconsisteticy. 

If we consider the line 

y- (!-')«• 


where e is very small, so chat this line is inclined at a very 
small angle to the asymptote ^ = we find that the w-co- 
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ordinates of the intersection of the line with the curve are 
^riven by the quadratic in x. 


that 



ab 6* 


Now as € is very small the values of x furnished by this 
equation are very large, so that we can say that the line 

meets the curve in two points equidistant from the origin and 
at a verj great distance from it. The smaller e is, the greater 
does this distance become. 

The same thing is true of the line 



These two lines then tend as € becomes smaller and smaller 
to become tangents to the hyperbola, for the points in which 
either of them meets the hyperbola are at a very great distance 
and they are on opposite sides of the centre. And it is one of 
the paradoxes of geometry with which the student is probably 
already acquainted that the points on a line in two opposite 
directions and at a very great distance tend to become the same 
point. 

This is sometimes expressed by saying that the point at 
infinity in the one direction is the same as the point at infinity 
in the other. 

Hence the lines 

y = (^-6)«andy = -(^-6)^, 
when 6 is infinitely small, are tangents to the hyperbola. 
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The lines then that we found to be the tangents from the 
centre in § 183, viz., 

b , b 

y^-x and y^--» 

are seen to be the ' limiting case ’ of these two lines 

when € is infinitely diminished. 

The tangents from the centre of a hyperbola have their 
points of contact at an infinite distance, and it is to tangents * 
with their points of contact 'at infinity' that the name 
‘asymptotes’ is applied. 

The lines called the' asymptotes do not as we h^ve seen 
meet the hyperbola at all, but the further on we go in 
imagination along them the nearer does the h 3 rperbola approach 
them, and indeed the hyperbola tends to become these lines. 
We say ‘ tends to become,' for it never actually does so, and it 
is only loose speaking to say, as is sometimes done, that a curve 
becomes its asymptotes at infinity. 


185. Asymptotes of an ellipse. 

The equation of the pair of tangents from the centre of 
the ellipse 


is found exactly as in § 183, viz., 




= 0. 


These lines are imaginary having no real point upon them 
except the origin. They possess however the same algebraical 
properties as the asymptotes of the hyperbola, and they are 
called the asymptotes of tlie ellipse. It is only because they 
are imaginary and not real that they have not the same 
geometrical importance. 
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To find the equation of the asymptotes of a central 
\onic given by the general equation^ 

aa^ + 2 hayy + + 2 gx + 2 fy + c = 0 . 

have jseen in §§ 183, 185 that the equation of the 
asym pL">tes only differs from that of the curve in the constant 
term. Thus the equation of the asymptotes will be 

aa^ + 2 hay + by^ + 2 ^ 70 ? + 2 fy + 0 — 7 = 0 , 

where 7 is so chosen that either ( 1 ) this represents two straight 
Unes, or ( 2 ) it passes through the centre of the con^ Both of 
these will give the same result. 


Expressing the condition for two straight lines) we find 
that 7 k given by 


a, As g 

K 6 , / 

9. f. c-7 



that is 


a, 

h, 

9 

-7 

a, 

h, 

0 

b. 

h. 

f 


h. 

b, 

0 

9> 

/. 

0 1 


9. 

f. 

1 




where A steeids for the determinant, 


a, A, g 
h. h, f 
9> /. 0 

Thus the asymptotes are 

A 

cw?® + 2hxy + iy® + 2gx + 2/y + c = • 


OOR. The asymptotes of 

(lx + my + n) (I'x + m^y + nO - ^ 
(lx -bmy + n) (I'x + my + ^i') = 0 . 


are 
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- 187. Had we in the preceding article expressed the 
condition that ( 1 ) should go through the centre of the conic 
we should have obtained 

7 = + 2gXi + 2 /^, + c, 

where {x^, the centre is given by ^ 

CM!l + %l + Sf = 0 ( 1 ), 

A«i + iyi +/=0 (^ 2 ). 

Now 

7 = a;, (a®, + + jr) + 3/1 (Jix^ + 6y, +/) + {gx^ +^, + c), 

• •• g«>i+fyi + c-^ = 0 (3). 

, Eliminating (a;,, y^) from ( 1 ), (2), (3) we get 

a, h, g 1 = 0, 

A. h, / 

9> f, c -7 

which is the same equation for 7 as in the last article, 

188. We might have obtained the asymptotes of the conic 
given by the general equation by writing the equation of the 
pairs of tangents from the centre (a?i, y^. This is 

(ao^ + 2hxy + 4- 'i.gx -f %fy + c) 

X (aa?!* + 2A^,yi + by^^ + + 2/?(i + c) 

= {(cm?! + hy^-^g)x+ {hx^ + hy^ +/) y + {igxy^ +fy^ + c)}\ 


where = 0 (1), 

/u»i + 6 yi +/=0 ( 2 ). 

If then we write 

g^ + fyi + c = ^' (3)» 

(l)xx^ + (2)xy,^{3) gives 


+ 2hx^i + + ^9^ + 2/yi + c = X, 

and the equation of the asymptotes is then 

CUB® + 2hxy + + 2flffl? + 2fy 4- c =aX, 
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where \ is found by eliminating (a?i, yi) from (1), (2) and (S). 
^ That is 

a, h, g 1 = 0, 

K 6, / 

c - A 

which^ gives the same value for A that we found for in 

§ 186 . 

We have given these alternative methods that the student 
may see the matter from different points of view. 

189. The equation of a pair of lines through the origin 
parallel to the asymptotes of the conic given by the general 
equation is (§ 58), 

ewe* + 2hxy + = 0, 

and these lines are real if > ab^ that is if the conic be a 
hyp erbola, and they are imaginary if A* < qfc^tha t is if the cQsic 
be an ellipse 

It will be found that this is a very simple way of remem- 
bering the criteria of discrimination of the ellipse and hyperbola. 
The conic is an ellipse or a hyperbola according as the lines 

dx^ + 2hxy -h = 0 

are imaginary or real. 

o 

190. The conjugate hjrperbola. 

If we have a hype rbola then tie. hyperbola, having fiff its 
transv erse and conjugate axes the ^conjugate and transverse 
axes of the original hyperbola, is called the ‘conjugate 
[hy perbola.*_ 

The equation of the hyperbola conjugate to 

- 

o* ' 

¥ a? 


is then 


1 . 
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/ \ Both of these hyperbolas have the same asymptotes, viz., 

-_i^=o 
¥ ’ 

191. To find the equation of the hyperbola conjugate \)im 
the hyperbola given by the general equatim / 

cba^ + 2ha!y + hy^ + ^goc + 2fy + c = 0. 

We have seen in § 190 that when the equation of the 
hyperbola is 

a^ ¥ ’ 

its conjugate is 




and its asymptotes are 


--?=0. 

a? 


Thus as the terms -5 common to these equations will 
or (r 

for any change of origin and axes change into terms which will 
be the same for all three, if 

if=0, ^=0, £r' = o, 

be the equations of a hyperbola, its asymptotes and its 
conjugate, then 

That is, the equation of the conjugate will be 

2il- J5r=0. 

Now in our case - 

H^aa^ + 2h(By-¥b^’¥2gx+2fy’^c, 

and A = aa^ + 2ha!y + by^ + 2ga! + 2/y + c — . 

The equation of the conjugate hyperbola is 

2A 

(M;* + 2/wBy 6y*+2^a? + 2/y + c- 


13 
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Examples. 1. Find the asymptotes of the hyperbola 
6^ — Iscy — 3^2 + j? + 4y = 0. 

2. Find the asymptotes and the conjugate hyperbola of 

2:i;y + — 6y — 18 ~ 0. 

\ 

3. Find the equation of the hyperbola conjugate with 

{lx + my + w) {J!x + m'y + »') = 


192. Conjugate diameters. 

If through the centre G of the hypei'hola — — ^ =s 1, 

a line be drawn parallel to the tangent at P {a sec 0, h tan 0), 
this line will meet the hyperbola in two imaginary 2 >ointe 

(± ia tan 0, ± ib sec 6) 

and the conjugate hyperbola in two real points 
(± a tan 0, ± bsec 0), 

The equation of the tangent at P is 


X sec 0 ^ y tan ^ ^ 

a 6 ~ 


( 1 ). 


The equation of the line through the centre parallel to this 


IS 


X sec 0 y tan 0 
a b 

Find where this meets the hyperbola 
x^ _ - 


= 0 . 


( 2 ). 


We have 


b asin^* 

i» 

~2 cosec* ^ = 1. 

/. ^ cot* ^ = — 1, 

a* 

/. = ^ a* tan* 0^ 

ic = ±iatand* 
y = ±i6sec0. 
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. Now find where (2) meets the conjugate h}rperbola 

We get at once a;* = a® tan® 6, 

/. X — ±a tan 

and y = + i sec 6, 

Thus the proposition is proved. 

193. Let A I A' be the points in which (2) meets the 
original hyperbola, and let D and U be the points in which it 
meets the conjugate hyperbola, 

Now the equation of the tangent at A tan 0^ il> sec 0) 
to the original hyperbola is 

xA tan 6 y,i sec 6 
a I ~ • 

The equation of a line through the centre parallel to this is 

X tan 0 y sec 0 ^ 

~ 6 

and this is satisfied by coordinates of P {a sec 0, b tan 0), 

CP is parallel to the tangents at Di, A" to the original 
hyperbola. 

Again the tangent at 2> (a tan 0, b sec 6) to the conjugate 
hyperbola is 

y sec 0 X tan ^ ^ ^ 
b a 

The line through the centre parallel to this is 

y sec ^ X tan 0 _ ^ 
a 

which is satisfied by the point P. 

Hence the tangents at D and U on the conjugate hyperbola 
are parallel to (7P. 


13—2 
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We might then speak of CP, CA as conjugate semidiameter? 
or of CP, GD as conjugate semidiameters. 

^ Because 2) is real it is more usual to take CP, CD as the 
coii"uga.te semidiameters. But it must be remembered when 
this' is done * that the extremities of one of two conjugate 
diameters lie on the original h 3 ^erbola and those of the other 
on the conjugate hyperbola. 

If PCP', DGD' be conjugate diameters, 

CP» « OD^ = (a» sec» 0 + ¥ tan* 0) - {a? tan» see* 0) 

= a" - b\ 

Whereas CP“ + CA* — h\ 

This last result we could have surmised from the fact thr-t 
in the Ellipse the sum of the squares of two conjugate diameters 
= + The corresponding property of the hyperbola is 

obtained by writing — fc* for b\ 

194. The vertices of the parallelogram formed by drawing 
tangents at the extre^nities of two conjugate diameters lie on the 
asymptotes^ and the area of this parallelogram is constant 
= 4a6. 



Let PCP\ DGD* be the conjugate diameters. 

Let P be (asec 0,b\An0), P'(-aseod, -6 tan 0 )l 
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; The tangent at P is 

~ sec 0 — y tan 0 = 1. 
a 0 

The tangent at D is 

— - tan 0 + T sec 0 = 1. 
a 0 

Where these meet 


(a f) ^ ^ ** 


X 

* ‘ a 



Thus the intersection of tangents at P and D lies on one 
asymptote. 

Similarly the intersections of tangents at P' and P' lie on 
the same asymptote, and the intersections of tangents at P'and 
P, and of tangents at P and P' lie on the other asymptote. 

Let tangents at P and P meet in L. 

Then area of parallelogram formed by the tangents at 

P, P', P, P' = 4 area DGPL 



which is constant. 


Cor. The portion of a tangent to a hyperbola intercepted 
between the asymptotes is bisected at the point of contact^ and the 
area of the triangle formed by this tangent and the two asymptotes 
is constant (= ah). 
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196. The student will see that § 174 is applicable to tbe 
\^yperbola by merely writing — 6* for Jf\ 

vThe conditions that y = 7nx^ y = m!x should be conjugate 
diameters of 

a;* 

- — = 1 IS mm = — . 


Also each of two conjugate diameters bisects all chords 
parallel to the other. 

We can at once obtain the equation of the hyperbola 
referred to a pair of conjugate diameters of lengths 2a\ 26' as 

a'= 6'* * 

For the equation is of the form 

Aaf^ + + jBy'* = 1. 

But to every point (a?', y') there corresponds a point 



H = 0, 

and when 

II 

e« 

o 

II 

and when 

«' = 0. = 

whence w^ get 

A-^ J?- ^ 


196. Equation of hsrperbola referred to its asymptotes 
as axes. 

A hyperbola which has the axes of coordinates for asymptotes 
has its equation of the form 

constant. (§ 186 CoR.) 

To find the value of the constant when the axes are of 
lengths 2a, 26 we consider the coordinates of the vertex A of 
the hyperbola. 
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■ Draw AF parallel to the y-axis to meet the ^-axis in F , and 
draw FK perpendicnlar to CA, 

CK^l, 

and wa = CF= CK sec a=^ seca, 

where a is the angle the asymptotes make with the transverse 

b 

axis so that tan a = - . 



Thus 


a!jyA = 


' sec* a 


o’ a’ + ^ 

4 \ ^ ay 


Hence the equation of the hyperbola referred to its 
asymptotes is 


The equation of the conjugate hyperbola is easily seen to be 

o’ + i^ 

«y = 4-- 


197, The equation of a hyperbola referred to its asymptotes 
ay = *» the tangent at (ph, yi) is 
i(ayi + ®iy) = fc*, 

X y ^ ^ ^ 1 

that is ^ “ ®iyi ~ ' 

Thus the intercepts on the axes are 2yi» 
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This proves again that the part of the tangent intercepted 
between the asymptotes is bisected at the point of contact. 

198. Again, the equation of the chord of xy = whose 
I[£iid4b‘ point is {x^, is (§ 141) 


that is 


=1 

2y, 



The intercepts on the axes are then 2a?i, 2;yi. 

This shews that the middle point of the chord is also the 
middle part of that portion of the chord which is intercepted 
between the asymptotes. 

Thus if the chord PP' meets the asymptotes in Q and Q\ 

QP = P'Q\ 

This is a well known property of the hyperbola. 

EXAMPLES. 

1. Hyperbolas are drawn through the origin 0 with one focus 
at affixed point (A, k) and one asymptote parallel to OX, prove that 
the locus of their centres is 

{A (x - A) + y (y - A)^ = (a; - A)* ( A> + A»). 

2. The four normals are drawn from any point to the rect- 
ang^ar hyperbola scy = c*. If the tangents at the feet of two of the 
normals meet in ((r, Vr), r= 1, 2... 6, shew that 

S(fr/’Jr)= i(Wfr) = 0 

r=l rssl 

(lit + 


and 
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• 3. Shew that the distance between the points of contact of a 
common tangent to two rectangular hyperbolas the axes of one of 
which coincide with the asymptotes of the other is 

aa ' ' 

where 2a and 2a' are the transverse axes. 


4. Any tangent to the hyperbola 4ay = ah meets the ellipse 

Q? 1 /^ 

-j + ^3 = 1 in points P and Q ; shew that the normals to the ellipse 
a u 

at P and Q meet on a fixed diameter of the ellipse. 


5. Chords of a rectangular hyperbola at right angles to one 
another subtend a right angle at a fixed point 0, show that they 
intersect oh the polar of 0. 

6. Show how to find the coordinates of the vertic^*3 of a 

triangle inscribed in the hyperbola hj = A®, the sides of the triangle 
being parallel to the lines y + Zo? = 0, y + mx =0, y + 0. Shew 

that if Z, n vary the area of the triangle is always proportional to 

{m — n) (n -- Z) (Z — m)-irlnin. 

7. Interpret the equation 

{Ax-\-Py + C)(Bx-Ay-hD) = A^-^B\ 

8. Shew that the locus of the intersection of tangents to a 
hyperbola inclined to one another at the same angle as the 
asymptotes is the inverse of an ellipse with regard to its centre. 

iTa. the point of intersection of the rectangular hyperbola 
xy = J^ and of the parabola y® = 4aa7, the tangents to the hyperbola 
and parabola make angles B and ^ respectively with the axis of x. 
Prove 

tan d = — 2 tan 

lO. A rectangular hyperbola is cut by any circle in four points. 
Fro^ that the sum of the squares of the distances of these four 
points from the centre of the hyperbola is equal to the square on 
the diameter of the circle. 


11, Through any point on the polar of P with respect to a 
rectangular hyperbola, two chords are drawn each subtending a 
right angle at A Prove that the chords are at right angles. 
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12. A normal to a hyperbola meets the conjugate axis in P and 
the transverse axis in Q, Shew that if tangents be drawn from P 
to the hyperbola meeting the circle described on PQ as diameter in 
T and T\ TT will touch the hyperbola. 

^^3. Shew that the circles whose diameters are chords of a 
rectangular hyperbola drawn parallel to a given direction constitute 
a coaxial system; and that the systems corresponding to two 
directions at right angles are orthogonal to one another. 


The four normals at the points of a rectangular hyperbola 
0 ^ = ^ in which it is met by the chords 

a? cos a + y sin a -p = 0, p (a sin a — y cos a) - c* cos 2a = 0 
are concurrent. 

15. Shew that the part of a common tangent of the conics 

S ^ flc® ^ y* , 


-+?^=i 
o> « ’ 


yi 

‘6* 


a* 0* a* -6*' 

intercepted between the points of contact subtends a right angle at 
the^^^re. 

.^16, A rectangular hyperbola passes through two fixed points 
audits asymptotes are in given directions. Prove that its vertices 
lie on an ellipse and on a hyperbola which intersect orthogonally. 

Mr. Prove that the polar of any point on an asymptote of a 
hyperbola with respect to the hyperbola is parallel to that asy tiiptoto. 

18. Prove that any tangent to either of the conics 




— + "i- = 

« ~ la 


1 


0 + 6 


and 




1 


6 ® 0 - 6 ’ 


meets the conic ^ ^ ^ poijfts the normals at which are 

equidistant from tlie centre. 


19. The normal at to the rectangular hyperbola meets 

the curve again at the normal at P^ meets the curve again in P^ 
and so on. Prove that if yiyaPs... are the ordinates of these points 
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199. The polar equation of a conic can always be found fiom 
the corresponding Cartesian equation referred to rectangular 
coordinates by writing a; = v cos 6, y^r sin 0, Thus, for example, 
the polar equation of an ellipse of, axes 2a, 26, the centre being 
the pole and the major axis the initial line, is 


r® cos® 0 r® sin® 0 ^ v 

^ 

this equation being obtained by the above substitution froin 
the standard equation 




= 1 . 


If, however, the major axis make an angle a with the initial 
line the polar equation will be 

r*cos’(^ — a) , r*8in’(^ — a) 

-5 + ^ 1 . 

In the same way from the equation y* = 4aa; of the parabola 
we can obtain the corresponding polar equation 


r sin* ^ = 4o cos d. 


( 2 ). 


As the linft y a: nuB + — is a tangent to the parabola y* = 4a<i?, 
it follows that the line 


5= main ^ — m*co8 ^ 
r 

is a tangent to (2) whatever constant value m may have. 
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As a matter of fi^ict the polar equations of conics are not 
much used except in the case where the pole is at a focus of the 
conic. In this case the polar equation assumes a very simple 
form which is frequently of use. This equation we shall now 
proceed to find independently of any Cartesian equation. 

200 . Polar Equation with focus as pole. 

To find the polar equation of a conic when the focus S is 
taken for pole, and the line SA joining 8 to the corresponding 
vertex A is the initial line. 

Let P be any point on the conic. Draw PM perpendicular 
to the directrix and PN perpendicular to 8 A, Let.'»' and 6 be 
the polar coordinates of P. Let I = semi-latus rectum. 



Then r=SP = c.PM 
^e.XN 
=:e(X8 + 8N) 

= / H- e . r cos (tt — — ercos 5 ; 

r(l -f ecos 6?) = Z, 

that is - = 1 4- 0 cos 

r 

If instead of SA for initial line we take the line opposite to 
8 A the equation becomes = 1 — s cos A 



POLAR EQUATIONS OF CONICS 


205 


• If howGvsr the line SA. make an angle cl with the initial 
line the equation of the conic takes the form 
I 

- = 1 + e cos (tf — a), 
for the angle ASP is now 6 —ol 



201. It must be observed that if the conic be a hyperbola 

the equation ^ = 1 + e cos 0 is only satisfied by points on the 

further branch of the curve if the radius vector is negative. 
That is if P be a point on the further branch the vectorial 
angle of P is not ASP but ASP' where P' is on PS produced. 



The vectorial angle of the points at infinity on the curve 
are given by cos other words the two lines drawn 
through the focus and whose vectorial angles satisfy this relation 
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are parallel to the asymptotes. Denoting these angles by 0i 
and $2 we see that when 6 lies between Oj and 02 » ^ ^ negative 
if the equation is to be satisfied. 

The student will do well to revert to what was said in § 6 
on the sign of the radius vector. By the admission of negative 

radii vectores the equation ^ = 1 + e cos ^ represents both 
branches of the hyperbola. 

^202. Equation of Chord. 

To find the equation of the line cutting the conic 

- = 1 + e cos 0 
r 

in poi.its whose vectorial angles are a — and a + 

The general equation of a line not through the pole can be 
written 

- = -4 cos 0 + J5 sin 0 . 

r 

If this passes through the points on the conic whose vectorial 
angles are a — jS, a + )8, 

1 + e cos (a -- =-4 cos (a — /8) + -Bsin (a — /9), 

1 + e cos (a + y8) = cos (a H- /8) + B sin (a + /8). 

These equations determine A and B, 

We can write them 

{A — e) cos (a — ^) + -B sin (a — /8) = 1| 

(il -e)cos(a + /S) + -Bsin(a + /8)= Ij * 

*■ 

Whence we have 

(A -e)8in(a + /9-a— /3) = Bin(a + /8) — sm(a-j8), 

2(4 -e)sm;Sco3/9 = 2coaa8m/8, 

4 = e + cos a sec 

5 sin 2j8 = cos (a— ^) — cos (a + fi), 

^..sinaseojS. 


and 
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■ Hence the equation required is 

- = (e + cos a seo/8) cos d + sin a sec j8 sin &, 

T 

that is ^ ~ ^ ^ "h ^ 

203. Tangent and Normal. 

The equation of the tangent at the point whose vectorial 
angle is a is at once obtained by putting ^ = 0, viz. 

^ = e cos 5 + cos {d — a), , 

for this line meets the conic in two coincident points whose 
vectorial angle is a. 

The equation of the normal will be of the form * 

= e cos (“I ^ “ “) 

= - e sin 0 — sin (6 - a) 

and k must be so chosen that this shall pass through the point 
given by 

0 = a and - — 1 + e cos a, 

that is A? (1 + « cos a) = — 6 sin a. 

Hence the equation of the normal is 

esina I • , • //j \ 

. - = e sin ^ + sm (0 — a) 

1 + ecosa r ' _ 

- 204. Chord of Contact. 

To find the equation of the chord of contact of tangents from 
the point (ri, 6^, 

Let a — a + /8 be the vectorial angles of the points of 
contact. 

The equation of the chord is then 

-s= ecos 0 + 8ecj8cos(5 — a) (1). 

T 
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Now the tangent at a — is 

I 

- = e cos ^ -I- cos — a — /S). 

This passes through (ri, 0i), 

I 

/. - = ecos0i + co8(0i — a — ^). 

Similarly ^ (0i — a + fi), 

whence we get cos (^i — a — )8) = cos (^i — a + iS) ; 

— (a — )8) = 2n7r ± {^i — a + 

The lower sign must be taken here, since the upper sign would 
give a special value of p, 

- (a - /8) = 2n7r - {^1 - (a -f /8)}, 

^i=n7r + a. 

This gives a and we have 

- — 6 cos = cos (mtt + /8) 

= (— l)”cosy8, 

/. (1) becomes 

(^ — e cos ^ = (“"!)” ^8 (^ — ^1 + wtt) 

206. From the last article we can see that tangents from a 
point to a conic subtend at a focus angles which are equal or 
supplementary. 

For let TP and TQ be tangents from T. Let a — /9, a -f yS 
be the vectorial angles of P and Q, and let 0i be that of T 
By § 204 — a = nir. 

Thus — >8) = n7r+^ 

and (a + j3) — 0i=^j3 — n7r, 

and these differ by a multiple of 27r for 

nTT + )3 — 03 — wtt) = 2w‘jr. 
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‘ Thus the angle PST = angle TfifQ, unless the curve be a 
hyperbola and the tangents be drawn to different branches, in 
which case if I'Q be the tangent to the further branch and QS 
be produced to Q\ ASQ' is the vectorial angle of Q (§ 201). 

So that Z.PST:=^ ^TSQ. 

Therefore the angles subtended by TP and TQ at S are 
supplementary. 

If both the tangents TP, TQ touch the nearer or both the 
further branch TP and TQ subtend equal angles at S, 


206. Prop. The semi-latvs rectum of any conic is a har~ 
rsionic 'mean between the segments of any focal chord. 

Let PSQ be a focal chord. * 

Let 0 be the vectorial angle of P, 
w + 0 is the vectorial angle of Q, 

~ = 1 + e cos 0, = 1 + e cos (tt + ^) = 1 — e cos 0, 


that is 


— 4 - — = 2- 

SP^SQ 

112 


sp ''' SQ r 


that is I, the semi-latus rectum, is a harmonic mean betnreen 
SP and SQ. 


Should it happen that the curve is a hyperbola and that P 
is on the nearer branch while Q is on the further one, then if 0 
is the vectorial angle of P, tt + ^ is still the vectorial angle of Q 
(§ 201), but the radius vector of Q is the negative of the 
numerical value of SQ, so that we now have 

— »l*+eco8^, -^=l-ecoa(?, 

11 2 
SP SQ^r 


14 
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A more comprehensive statement of the proposition then 
would be : 

The semi-latus rectum of any conic is a harmonic mean 
between the algebraical focal distances of the extremities of a 
focal chord, it being understood that a focal distance is negative 
if the point be on the further branch, otherwise it is positive. 

EXAMPLES. 

/l. PQ is a variable chord of a conic having a focus at Sf and 
the angle rSQ is constant; prove that the locus of the intersection of 
the tangents at P and Q is a conic having S for a Ljcus, and the 
corresponding directrix in common with the given conic. ^ 

v/ 2. 'The general equation of (i) the chord, (ii) the tangent, 
(iii) the normal of the circle r = 2a cos 0 arc given by 

(i) r cos (a + /? — ^) = 2a cos a cos /3, 

(ii) r cos (2a — 6>) = 2a cos® a, 

(iii) r sin (2tt - ^) = 2a sin a cos a 

respectively. 

3. A series of rectangular hyperbolas have a given focus and 
pass through a given point ; prove that the locus of the other focus 
when referred to the given focus as origin can be expressed by an 
equation of the form r = a cos d + 6 where a and b are constant. 

4 . The eccentric angle of any point P on an ellipse is a, 
measured from the semLmajor axis CA, S is the focus nearest to A 
and the angle AJSP = 6 ; prove 

[Tills relation is of importance in the theory of elliptic orbits in 
dynamics.] 

■Js. P, Q, B are three points on the conic - = 1 + « cos the 

focus S being the pole; SP and SR meet the tangent at Q in A/ and 
N so that SM=^SN == Z. Prove that PR touches the couio 

- = 1 -f 26 cos $, 
r 
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$. Two parabolas have a common focus and axes inclined at an 
angle cl Prove that the locus of the intersection of two perpen- 
dicular tangents one to each of the parabolas is a conic. 

f • Chords of a conic which subtend a constant angle at a focus 
touch a fixed conic. 

The equation of the circle circumscribing the triangle 
formed by the tangents at the three points on the parabola 

^ 1 + cos d whose vectorial angles are a, j3, y is 

2r cos ^ cos ~ cos « cos id ^ — -J . 

9. Shew that the sum of the reciprocals of the areas of the 
rectangles formed by the segments of any two perpendicular focal * 
chords of a conic is constant. ^ 

The equation of the director circle of the conio 

- = 1 + e cos 6 
r 

is r^(l + 2elrcoa0-2P=^0. 

11. A circle is drawn through a focus of a conic whose latus 
rectum is 21 \ shew that the sum of the reciprocals of the focal 
distances of the four points in which the circle cuts the conic 

is C..f /V- 

^2. Find the condition that the line - = A cos $ + Bam B may 


be a tangent to the conic - = 1 + e cos {6-y). 

13. Conics with latus rectum of given length are described 
with a fixed point as focus and touching a fixed straight line. Prove 
that the locus of their centres is a conic. 

14. Points P and Q are taken on a conic in such a manner that 

the vectorial angle of the point of intersection of the circles on the 

focal radii BQ as diameters has a constant value k. Shew that 

the locus of the pole of PQ is the line 

I . sin {B - k) 

- = e cos ^ ^ ^ . 

r 0 sin #c 


14—2 



212 POLAR EQUATIONS OF CONICS 


, 15. The equation of the tangent at (r^, dj) to a circle whose 
centre is (c, o) is 

= TiC cos (^1 - a) - cr cos (a - 0) + rr^ cos {d - 0^ = 0. 


16. If are the vectorial angles of any point on a given 
conic referred to the two foci, the initial line in both cases being 

0 O' 

the axis in the same sense, then the ratio tan ^ : tan ^ is constant. 

2 2 


^ 7. Prove that the equations of the asymptotes of the hyperbola 

- = 1 + « cos 0 are 
r 


r 


e* - 1 r . sin ^ ) 

-j cos » + — , : y . 


Ff nd too the asymptotes of - = 1 + e cos (0 - y). 

*■ ^ 

18. If the focus of a conic be given and if the asymptotes pass 
each through a fixed point on a straight line through the focus, the 
locus of the centre will be a circle. 


19. An ellipse and a parabola have a common focus S and 
intersect in two real points P and Q, of which P is the vertex of the 
parabola. If e be the eccentricity of the ellipse and a the angle 
which SP makes with the major axis, prove that 

SQ __ - 4e*sin*a 
SP"^ ^(l-«cosa)** 

20. A family of conics have a common focus, axes in the same 
direction and equal latera recta. Shew that the locus of the foot of 
the perpendicular from the focus on a common tangent to any pair 
whose eccentricities are connected by the homographic relation 

aee' + 5 (c + e') + c = 0 


is a circle. 



CHAPTER XII. 


CONICS IN GENERAL. 

207. Proposition, Two real conics will in general cut 
in four and only four pointSy an even number of which may 
be imaginary. 

For we may take as the equation^ of our conics 


aa? + 2hxy + by^ + + 2/y + c = 0 (1), 

aV + 2h'xy + 6 y- + 2fx -f- 2/'y -f c' = 0 (2), 


To find where these conics meet, we treat the equations as 
simultaneous. 

We may write the equations 

A^y"^ + Ajy -f Aj = 0, 

+ B^y + i?a = 0, 

where the coefficients are functions of x of degrees indicated by 
their suffixes. 

From these we have 


t 


1 


1 

1 

1 

Ai, Aj 


o 

■a 1 


o 

h 

fill fia 


1 fiol fia 


1 B, 

^1, A 

1 

Ao, Ai 

s 

.4., A, 

fij, B% 


fioi fil 


By. B, 


whence 
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which is a biquadratic in x, having four roots, and to each 
value of X corresponds one value of y given by 

Aq, Aq Aq, Al I 

Ii„, B, B„, B, 

Thus the conics will in general cut in four points some of 
which may be coincident. Two of the points or all four of 
them may be imaginary, for imaginary roots of an algebraical 
equation with real coefficients occur in pairs. 

208. Should it happen that each of the conics (1) and (2) 

is a pair of straight lines, and that one line of each pair is the 
same, then clearly there would be an infinite nurjtber of points 
common to the two conics, namely all points on the. line 
common to them. ^ 

For the equations (1) and (2) now take the form 
(lx + my 4* n) (I'x + m'y + n') = 0, 

(lx + my + n) (V'x 4- m"y 4* w-") == 0, 
and these are satisfied by all points satisfying 
lx 4- my 4- n = 0, 

as well as by the point determined by 

Vx 4- m'y 4- n* = 0) 
l"x + m"y^n" = Q]' 

Again in the special case where (1) and (2) both represent 
two straight lines, and the point of intersection of the first pair 
is the same as that of the second pair, namely (x^, y^), the 
equations can be written in the form 

(« - ar,) + m (y - y,)} {V (x*- x,) + m' (y - y,)} = 0, 

{r (X - xO + m" (y - yOl (1"' (x - x,) + m'" (y - y.)} = 0. 
which are satisfied simultaneously only hy x==: Xi, y = y^. 

209. Contact of Conics. 

We will denote the four common points of two conics 
S and S' by Q, R, T, U. Now it may happen that two or 
more of these points coincide. Suppose that Q and R coincide 
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while T and U are separate points. The conics are then said 
to touch at the point Q, or to have ‘ single contact/ 

Suppose now that Q and R coincide, as also T and U, but 

Q and T do not coincide. The conics then touch at two points 

Q and T and are said therefore to have 'double contact/ 

^ # 

Suppose next that Q, 12 and T coincide but Z7 is a separate 
point. The conics are then said to have * three point contact ’ 
at Q, 

‘Three point contact* is sometimes called ‘contact of the 
second order’ but it must be most carefully discriminated 
from ‘double contact.* 

Lastly snpjiose that Q, 12, T and U all coincide, the conics 
are then Said to have ‘ four point contact/ or as it is sometimes 
called ‘ contact of the third order.* 

When two conics have contact of any order at a point they 
will have a common tangent line at that point. 

Conics which have single contact may be looked upon as 
the limiting case of two conics which cut in four points, two 
of which are very near together. Such conics are sometimes 
said to have two ‘ consecutive points * common. So conics having 
three point contact may be regarded as the limiting case of 
two conics which cut in four points, three of which are veiy 
near together. Such conics are sometimes said to have three 
‘ consecutive points ’ common. 

And in the same way conics with four point contact may 
be said to have four ‘ consecutive points * common. 

We shall return to the subject of the contact of conics later. 

210. Proposition- One canto, and in general mly (me,V 
can be drawn through Jive given points. 

For, as the general equation of a conic is 

aa)*+ 2hxy + -f 2gx + 2fy + c = 0, 
if we express the condition that this shall pass through the five 
points whose coordinates are supposed given, we shall have five 
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simple equations in a, 6, c, /, g, h which will in general de- 
termine uniquely the ratios of these six constants to one 
another. 

The five equations may however be not all independent. 
This case will clearly arise when as many as four of the five 
given points are collinear. For suppose we have four of the 
points in a line. Take the .axis of x to be this line. Then we 
may take the points to be (0, 0), (^j, 0), 0), (a?a, 0). 

The conic will now be 

ax^ + ^hxy -|- h'if -f ^gx + 2/y = 0, 


and we must have 

ax^ + = 0 ( 1 ), 

ax^ + Igx^ = 0 ( 2 ), 

a^3* + 25r;5F5 0 (:l). 


Since is not equal to ^ nor is either of these zero, (1) 
and (2) give a = 0 = 

Thus the conic is 

21ixy + hy^ + %fy = 0, 
and (3) is satisfied of itself. 

We now express the condition that the remaining point, 
(^ 4 > y^f should lie on the conic, and we have 

+ 2fyt = 0 , 

which is not sufficient to determine the ratio 6 h. 

Thus tliere will be an infinite number of conics through the 
five points, viz. the line through the four collinear points, 
together with any line through the remaining fifth point. 

If only three of the points are cqlline.ar, there will be only 
one conic through the five points, viz. the line containing these 
three collinear points together with the line containing the 
other two. 

Our proposition then is proved that one conic can always 
be found to pass through five points and in general only one 
such conic can be found, the exceptional case being when as 
many as four of the points are collinear. 
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211. Oonlcs through the points common to two 
conics. 

If 8^ flic® + 2/m/ + + ^gx + 2/y + c = 0 (1), 

S = aV + h!mj + 6y + ^g'x + 2/y + c = 0 (2) 

be two conics, then 

= ; (3) 

where k is any constant, will be a conic, and it will pass through 
the points common to (1) and (2), since (3) is satisfied by 
8 = 0 and 8' = 0 simultaneously. 

We see then that (3), for different values of A;, gives all the 
conics passing through the four points common to (1) and (2). 
For any conic through these four points is (by § 210) completely 
determined when a fifth point on the conic; is known. And 
the constant k can be so determined that the conic shajl pass 
through this fifth point. 

In the special case where (1) and (2) are both of them 
pairs of lines with a line in common, (3) will be a pair of lines 
one of which is thi ^ common line. 

212. From the preceding paragraph we see that if = 0 
be a conic, then 

8 - k {lx + my -h n) {Vx + my + n') = 0 (1) 

for any constant value of k will be a conic through the four 
points in which the lines 

Xx + m!y + n' = 0 

meet the conic. 

And in particular 

- A: (fer + wy + w)* = 0 (2) 

will be a conic touching the conic S = 0 at each of the points in 
which the line te + wy + w = 0 meets it. This is so for 
{lx + my + nf = 0 

is a conic meeting iS = 0 in four points, which are two pairs 
oi' coincident points. 
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Thus (2) will meet S = 0 in two pairs of coincident points, 
that is to say (2) will have double contact with the conic /S = 0 
at the two points where the line lx + my + n = 0 meets it. 

In the special case where the line lx + my — 0 is a 
tangent to i? = 0, the conic (2) will have four point contact 
with = 0. 

213. Proposition. The common chords of a conio and 
circle taken in pairs are equally inclined to the axes of the conics 

We shall take the axes of coordinates to be parallel to the 
axes of the conic so that the term in xy will disappear and the 
equation of the conic will be of the form 

ax^ + ij/® + 2gx -h '2fy 4- c = 0 (1 ), 

a or b being zero in the special case where the conic is a 

parabola. 

Now let a circle cut the conic in four points P, Q, J2, S 
and let the equations of a pair of the common chords, say FQ 
and US, be 

lx + my 4- w = 0 (2), 

I'x 4- ni'y 4- w' = 0 (3). 

Then 

ax^ 4- 4- 4- 2fy + c 

— k(lx + my 4- n) {Vx 4- m^y 4- w') = 0. . .(4) 

is the general equation of conics through the points of inter- 
section of (2) and (3) with (1). 

Therefore by properly choosing A, (4) will represent the 
circle. For this the coeflScient of xy in (4) must be zero, 
that is ^ 

Im 4- I'm = 0, 

. L 

' “ m' m * 

Thus the ‘m* of PQ is the negative of the ‘m* of US, that 
is the chords PQ and RS are equally inclined^ but in opposite 
directions, to the o^-axis. 
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That is, PQ, RS are equally inclined to the axes of the 
feonic. Sirailarly the other pairs of chords, viz. PR, QS and 
PS, QR are equally inclined to the axes. 

Cor. If a, / 3 , 7, 8 be the eccentric angles of the fov/r points 
in which a circle cuts an ellipse 

a + y8 + 7 + S=saw even multiple of tt. 

For if we refer the ellipse to its principal axes the chords 
through a, yS, and 7, 8 are respectively 

- cos — h sm — ^ — cos --ft-- = 0, 

a 'Z b 2 2 

w 7 8 y . 7“f8 7 — 8 ^ 

• - cos — 4- r sm - cos ^ =0. 

, a 2 6 2 2 

Therefore, by properly choosing the constant k, the* equation 

-I . 7 ce-h/S . y . a + /9 a- 

-a + i - cos — + f sm— , 


tt*" 6* 


^ COb —ft 

\a 2 


cos 


b 

7 + 8 
”2 


- cos - 


. y . 7+ 8 7 - 

+ sin cos 

0 Z 




can be made to represent the circle through the four points 
tt* /8i 7» S. For this the coefficient of xy must be zero, 

a + yS . 7 + 8 7+8 . a+^ ^ 

cos - 2 - sm --y + cos — 2 sin — 

, , ff + ^ + 7 “l"^n 

that IS sm ^ = 0, 

= a multiple of tt, 

/. a + yS + 7 + 8 = an even multiple of tt. 

Examples, l- Every conic through the four points in which a circle 
outs an ellipse will have its axes parallel to the axes of the ellipsa 

2. A circle cuts the parabola y*»4a^ in the points («/*!*» Sa/iJ, 
(apa», 2a/i^, (ap**, 2a/ia), (a/x*^ 2afi^\ prove that 

/ii+/ia+/*3+ytf4=»0. 
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3. Three normals are drawn to a parabola from a point. Prove that 
the circle through the feet of these normals passes through the vertex of 
the parabola. 


y 


4. Two points, of eccentric angles y and 3', on an ellipse, are such 
that there exist a pair of points on the ellipse which are concyclic with 
them and are alsot concyclic with the pair of points a and )9, which again 
are concyclic with y and 5. Prove that y, d, y', d' are concyclic. 


5. Prove that the conics 

7^2 - 4^2/+ 4^+2y- 17=0, , 

ara + 2y3-4=0, 

touch each other at two distinct points, and find the coordinatas of the 
intersection of the tangents at those points. 

6. Shew that it is possible to describe a circle touching'- the two 
lines 

(ax^ -H (P - m®) + 2 (a - 6) Imxy = 0, 

where they are met by the line lx+nl//=l and find its equation. 


7 . The conics whose equations referred to rectangular axes are 
+ 2Aj?y + + 2^^ -f- 2^ + c = 0, 

+ 2h/x^ 4- 4- 2^'^? 4- 2fy 4- c' = 0, 

intersect in four concyclic points ; prove that ^ and that the 

coordinates of the centre of the circle are 


'hf /'-h'g hf-Nf\ 
^ah! - all * ah' - all J ’ 


214. Equation of pair of tangents flrom a point. 

We may make use of articles 211, 212 to find the equation 
of the pair of tangents from (a?i, y,) to the conic 

aoP 4- ^hxy 4- hy^ 4- + 2yy 4- c = 0 (1), 

which is supposed not to be two lines. 

The choixl of contact of the tangents from (a^, y^ is 
aa:a?i4-A(ajyi + ^i2/) + 6yyi4-5r(a?4-a?i) +/(y + yi) + c = 0...(2). 

Now the pair of tangents from (a?!, to (1) is one of the 
conics having double contact with (1) at the points where 
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it is met by (2), and the general equation of such conics is 
(§ 212 ) 

a«*+ 2ha;y + bf + 2gx 4- 2fy + e — k {oxx^ + h («(/, + x^) + 

+ g(x + Xi) +/(y + y.) + c)* = 0 (3). 

If now we choose k so that (3) will pass through the point 
(a?ii Vi) we shall have the equation of the pair of tangents. 

We find that 

jj.— ]: 

aa!i^ + 2hwiyi + + 2gx^ -h 2/yi + o ’ 

Thus the pair of tangents has for its equation 

(a/B* +^Axy + + 2gx^+ 2fy 4- c) 

X (aa?i* + + hy^^ + 2gxx + 2/y, + c) 

= {axx^ + h(xy^^ x^y) + 6yy? + (a? + x^) +/(y + + c]\ 

which is what we obtained long ago in § 142 and which we 
have been writing 

SS, = T\ 


Foci of Conics. 

216. We have seen that the equations of the central conics 
referred to their principal axes are 




6* being negative if the conic be a hyperbola. 
Now the conic (1) has two foci 

(^/a^ — 6*, 0) and (- Va* — b\ 0), 
and two corresponding directrices 


( 1 ), 




and j?aa — 




The symmetry of the equation (1) shews that there are yet 
two other foci whose coordinates are 


(0, Vfc* - a*) and (0, - Vi* -a*), 
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and two corresponding directrices, viz. 


b* j b* 

and clearly the. conic might be regarded as the locus of points 
whose distance from either of the points 

( 0 , ± 

is a constant times their distance from the corresponding one 
of the two lines 

/6® — a*- 

the constant, or eccentricity will now be /y/ — , just as. 


i f -i. 

before it was a / — • 
V a- 


Now we see that the two new foci and directrices are 
imaginary whether the conic be an ellipse or hyperbola. The 
new eccentricity is also imaginary if the conic be an ellipse but 
it is real if the conic be a hyperbola. 

Central conics then have four foci, two real and lying on one 
axis, the other two imaginary and lying on the other axis. Of the 
corresponding eccentricities one is real and one imaginary in the 
case of an ellipse, and both are real if the conic be a hyperbola. 

A parabola being the limiting case of an ellipse, we may 
say of it too that it has four foci but three of them are now 
‘ at infinity.’ ^ 


Example. Each directris of a conic is the polar of the corresponding 
focus. 


216. Equation of pair of tangents from a focus. 

The equation of the pair of tangents from {x^, y^ is 




. yVi 
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•Therefore the equation of the pair of tangents from the 
focus (V a“ — 0) is 


V [~ar ~ V “ [—d? V 

that is 





a»-&» 

a* 


a;* 4- 1 — 


2x Va*~6* 
a» ” 


= 0 , 


that is 

X- — 2x — 6- + a* — fr'* + = 0, 


which can be written 

+ 2/^ = 0. 

Similarly the pair of tangents from the focus (— Va® — 6*, 0) 

IS • 

(a; + Va^* — 6®)- V y® = 0, 

and the pair of tangents from the two imaginary foci can be 

written 

^ (y — — a^y = 0 

and + (y + V6® — a®)® = 0. 

Thus the equation of the pair of tangents from a focus is 
that of a ‘point circle’ at the focus. 

Hence we get the following result : 

If (xi, j/i) be a focus of a conic whose Cartesian eejuation is 
given, referred to rectangular axes, then the equation of the 
pair of tangents from (a?i, yO to the conic is 

(a;-iri)* + (y-yi)® = 0. 

If the axes be oblique the pair of tangents will be 
(x - XiY H (y - yif + 2 (ic - x^) (y - y,) cps w = 0. 

217. To find the foci of the conic 

a^+2hxy + 6y® 4- 2ya; 4- 2/y 4- c = 0, 
the axes being rectangvlar. 

Let (xi, yi) be a focua 
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The equation of the pair of tangents from (a?i, yO is 

+ 2hx^yi + + 2gx^ + 2fy^ + c) 

X {aa^ + 2hxy + by^ -f 2gn + 2fy + c) 

- {(owe, + hy, y) a? 4- (hxi + by^ +/) y + {gx^ +/y, + c)p = 0. 
This then must reduce to a ‘point circle * at (a^i, y,), 

/. coefficient of a?* = coefficient of y\ 
and coefficient of xy = 0. 

(arcj* -h 2/ia;,y, + 6yi® + 2(/a;i + 2fy^ + c) (a - 6) 

- (aa?, + hy^ + y)* -f {kx^ + by^ +/)* = 0, 

and 

h (aa?,® 4- 21ix^y^ 4- by^ 4- 2ya?, 4- 2fy^ + c) 

- (aa?i 4- Ayi 4- g) {hx, 4- by^ +/) = 0. 
Thus the coordinates of the foci are given by the equations 
(ax 4 - hy 4- - (hx + by 4-/)* _ (ax+hy 4-y) (lix + fey 4-/) 

a — 6 h 

= aa;® 4- 2hxy 4- 6y* 4- 2ya7 + 2/y 4- c. 

Another method for finding the foci of conics will be given 
in a later chapter when we come to deal with 'tangential 
equations/ 

218. Equation of the axes. 

It follows from the preceding paragraph that the equation 
of the axes of the conic 


is 


ax^ 4- 2hxy 4- iy*+ 2gx 4- 2/y + c = 0 
a—b 


( 1 ), 


where f = gw ? 4 - Ay 4-y, rf^hx + by+f. 

For (1) is a conic, and the foci lie upon it (§ 217). Moreover 
it is satisfied by f = 0, i; = 0, that is by the centre of the conic. 

Hence (1) is a conic through the four foci and the centre of 
the conic; but the axes of the conic pass through these five 
points, and there can be only one conic through five points of 
which not more than three are collinear (§ 210). . 
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Thus (1) represents the axes of the conio. 

This equation of the axes is extremely easy to remember on 
account of its resemblance to the equation of the bisectoro of 
the angles between two lines (§ 61). 

Examples. 1. Find equations to give the foci of the conic given by « 
the general equation when the axes are inclined at an angle » and shew 
that the equation of the axes is 

а, 1, =0. 

б , 1 , 

A, cos fid, 

2. Obt|iin the coordinates of the foci of the ellipse 
• 16a:- 14y-f-17=0, 

and shew that the equations of its axes are 

2ar— y — 1=0 and 2a:+4jy — 11 =0. 

219. We may also obtain the equation of the axes of the 
conic from the fact that the axes are the bisectors of the angles 
between the asymptotes. 

Now the asymptotes are parallel to the lines (§ 189) 
oa;* + 2hxy + = 0. 

Thus the axes must be the lines through the ceqtre of the 
conic parallel to the lines 

That is, the equation of the axes is 

{x - <t,)- - (y - y»)* _ - «i) (y - yO 

^36 h 

where {x^y are the coordinates of the centre, that is to say 
Xi and yi are given by 

hoh + %i +/* 0. 

A. 


15 
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220. Lengths and position of the axes. 

If it be required to find the lengths as well as the positions 
of the axes of the conic given by the general equation we begin 


by transferring the origin to the centre. 

If (^’i» yi) be the centre 

a^i + Ayi + /7 = 0 (1), 

+ ( 2 ). 

On transferring the origin to (a^i, y^) the equation of the 
conic becomes 

-I- 2/wry + 6y® + c' = 0, 

where + 2A^,yi + -f 2fy^ -H c c' (3). 

Now (3) - (1) X iTi - (2) X yi gives 

+/yi+c-c'=:0 (4). 


Eliminating and y^ from* (1), (2) and (4) we get 



a, 

h, 

9 


= 0, 


h. 

h. 

f 




9> 

f. 

c — 

c' 


o, h. 

9 

1 + 

a, 

h, 

0 

h, b. 

f 


h. 

b, 

0 

9. /> 

c 


9> 

/. 

— c' 


that is A — c'C = 0 where G = ab — h\ 



The equation of the conic is now 

cur® + 2hxy + hy^ ^ ® 

It becomes now a matter of finding the lengths of the axes 
of a conic whose equation is of the form 

aa^ + 2hxy + 6y® = 1 (6), 


since our equation (5) reduces to this form when we divide by 

A 

< 7 - 
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.221. To find the lengths and position of the axes of the 
conic whose equation is 

ax^ + 2hxy + = 1 (1). 

The procedure is very much the same whether the axes of 
coordinates be rectangular or oblique ; but it may seem easier 
to the student to take the case where the axes are rectangular 
first. 

Consider the circle of radius r with its centre at the centre 
of the conic. Its equation is 


00 ^ + ^ 

r* 

Subtracting (2) from (1) we have an equation 

(a- ui^+ 2hicy + = 0 


( 2 ). 


( 3 ). 


which represents a pair of lines through the origin and the 
intersection of (l)and (2). 


These straight lines will become coincident when and only 
when they lie along the axes of the conic. 

The condition that the lines should be coincident is 




This is a quadratic equation in r\ If the conic be an ellipse 
both the values of r® will be positive ; but if it be a hyperbola 
one will be positive (giving the transverse axis) and the other 
negative (giving the conjugate axis). If rf be the roots and 
both be positive the conic is an ellipse with 2ri, 2ra for its axes. 
But if rj® be positive and r,® negative the conic is a hjqierbola 
the length of whose transverse axis is 2ri and the length of the 
conjugate axis 2V — or 2 ir 3 , where i is V — 1. 

The actual positions of the two axes are easily found. 

15—2 
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For r,* being one of the values of r’ given by (4) the lines 
(3) are 

that is the pair of coincident lines 

This then is the equation of the axis corresponding to r„ 
and the equation of the other axis will be 

222. If the axes of coordinates be oblique, the equation of 
the circle of radius r havipjg its centre at the centre of the 
conic will be 

-f 2ayy cos © + y* ^ 

75 -A, 

so that the equation of the pair of lines through the centre 
of the conic and the points of intersection of these lines with 
the conic will be 

(a - 1) *» + 2 (a - + ^6 - i) y* = 0 . 

The equation giving the lengths of the serai-axes will now be 

which can be written 

1 ^ /a + 5 — 2A cos a>\ 1^ o5 — A* _ ^ 
r* \ sin* o) / r* sin* © ”” 

If 7*1* and be the roots the equations of the correspond- 
ing axes will be 



CONICS IN GENERAL 


229 


223. The advantage of the mettiod adopted in the pre-^ 
ceding articles is that the equation of each axis is given 
separately and associated with the length of that particular 
axis, so that we are able to say which is the major axis and 
which the minor, or which is the transverse and which the 
conjugate axis. 


Except for this, however, it is much simpler to get the 
equation of the axes as we have done in § 218 and to find the 
lengths by means of invariants. 

Thus if aa^ + 2hxy + fc?/* = 1 

become on transformation to principal axes 


we have that 


X® F® 

• Y® F® 
aa? + 2hxy + by^ = ~ . 

Ti 


Thus by invariants 


J14. Jl _ 0 

a + 6 — 2/i cos ft) _ To® 11 

__ — — - -f " « 


sin® ft) 


sin-* 


r-" 


2 


and 


a6 — A® _ ^ 
sin® ft) ~ri'-/ 2 ®’ 


Hence and -r. are the roots of the equation in \ , viz. 

ri® ra® r* 


1 /a + 6 — 2 A cos ft)\ 1 ^ ah — A ® 
V sin® ft) / r® sin® co 


Examples. 1. Find the positions and lengths of the axes of the 
conic 

5^ ^ 6^ 4- 5^3 4- 2247 ~ 26y + 29 = 0| 
the axes being rectangular. 

[The centre is given by 

647-3y4-ll=0, 

-347+6y — 13=0, 

from which we find x» - 1, 



s s 
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On transferring the origin to this point we find that the equation of 
the conic becomes 

-f — 8 = 0, 


fi I ^ A ^ 


that is 
so that 

The^lengths of the semi-axes are then given hy 


\6 ry\S r^J 64 » 


5-i- +? 

8 r2“~8’ 


1 5±3 

- * 


r*=4 or 1. 


The major axis is then 4 and the minor axis 2. 
The equation of the line of the major axis is 



ie. 47— y=0. 

The equation of the line of the minor axis is 




0 , 


i.e. jr+y=0. 

These are of course the equations of the axes of the ellipse referred 
the new axes of coordinates. The equation of the major axis referred 
the original axes will be 

(ar+1) — (y-2)=0, that is j7-y + 3 = 0, 
and of the minor axis 


(a7+l) + (y-2)=0, that is ay+y-l — Oj 
2. Find the positions and lengths of the axes of the conics 

(i) 9a;*+4a;y-4-6y*-22x?-»16y+9=0, 

(ii) 7a7*-|-12a;y- 23^2- 26a? -8y+7=0, 

the axes being rectangular, and represent the same in a figure 


224. Eccentricity cf Central Conic. 

Let e be an eccentricity of the conic 
+ 2hwy + = 1 

referred to rectangular axes. 
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Let this become on transformation to principal axes 

aV* + fcy* = 1, 

s-ld-*-). 

tliat is = — e*). 

Also a' + 6' = a 4- 6, 

ab' = ai^ h\ 


Eliminating a and V wc get the equation 




(a — hf + 4A® 
ah — h? 


(e>-l) = 0. 


In the case where the conic is an ellipse, i.c. a& — A* >0, the 
two values of e* given by this havfe opposite sign. The positive 
value of then gives the real eccentricity. 

But if the conic be a hyperbola, i.e. — A® < 0, both the 
values of c® given by this equation are positive and the question 
arises which belongs to a real focus and directrix and which to 
an imaginary one. We shall investigate this point further in 
the next article. 


225. Let the conic 

+ 2hxy + = 1 

on transformation to principal axes be 

and let ^ be negative if either «• or /8* is negative, and let 
0* > y8* if both be positive. 

Let e be the eccentricity associated with a real focus and 
directrix. 


Then 
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Using invariants we have 




Whence 


••“ P V {ah-h^y ’ 


with a positive sign and 


according as the conic is an ellipse or a hyperbola. 

Whence ^,= a + 6 T V(a+ 6)* — 4(a6 — A®), 

according as the conic is an ellipse or a hyperbola. 

. /(o + 6)®-4(a6-/0 

•• (ab~h?y 

X ((a + 6) + V(a + bf - 4 (a6 - A®)} 

according as the conic is an ellipse or a hyperbola, where the 
positive sign is taken with the radical outside the bracket. 
That is, if the conic be an ellipse, 

K“ + « - + ‘'•■I- 

But if the conic be a hyperbola 

«i _ y(® “ ^)’ + f _L I.\ J. Jtn _ AV j. 


(o — 5)* + 4A* 4- (o + 6) V(o — 6)* + 4iA* 

2(A*-ai) 

This gives the eccentricity of the hyperbola associated with 
a real focus and directrix. 
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The eccentricity of the hyperbola associated with the imagi- 
nary focus and directrix will be given by the other root of the 
quadratic equation in ^ found in the last article, and this will 
' be got by simply changing the signs of the radical, that is, 

(a — 6)* + 4/i® — (a + 5) V(a — fc)® + 4/t* 

** 2 (7i** — ab) 

It may here be remarked that the eccentricity of a hyper- 
bola associated with an imaginary focus and directrix is the 
same as the eccentricity of the conjugate hyperbola associated 
with a real^ focus and directrix. 

• So that the second valtie of 6® just found gives the eccen- 
tricity of the conjugate hyperbola. 

We may observe that if a + 6 = 0, that is if the conic be a 

4 (A® — ab) 

rectangular hyperbola, both of the values of e* become > 

that is e = V2i which is correct for a rectangular hyperbola. 

Example- If the axes of coordinates be not rectangular the eccen- 
tricity e of the conic 

4- 2Aay -H ® = 1 

is given by 

(2 — fi®)® _ (a + ^ 2A c os 0 ))* 
l-e® (a6— A®)sm*® 


^6. Director circle. 

To find the director circle of the central conic whose equation is 
cut* + 2hxy + + 2gx + 2/y + c = 0, 

the axes being rectangular. 

The director circle is the locus of the points of intersection 
of pairs of tangents at right angles. Now the equation of the 
pair of tangents from (^i, yi) is 
(cue* + 2hxy + + 2gx + 2/y + c) 

(aa?i* + 2hxiy^ + 6yj> + 2gx^ + %fyi + c) 

- {(a^i + Ayi + y) a? + + hy^ +/) y +/yi + c)}*= 0. 
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These tangents will be at right angles if 

CoeflBcient of + Coeflficient of y* = 0, 

that is, if 

(a + 6) (ax^ + 2/w7iyi + hy^ + + 2/y, + c) 

- (oi^i + Ayi + y)" - + 6?/i +/)* = 0, 

that is if 

(oft - A®) {x^ + y,®) - 2 (A/ - hg) x^ 

af) yi + (a + b)c - y®-/® = 0. 

Thus the locus of (xj, y^) which is the director circle of the 
conic is 

(ab - A®) (a^ + y") - 2 (*/- a? 

- 2 (yA - q/) y + 6c -/® + ca*- y® =- 0 , 

which may be written 

C (^® + y ®) - 2 (?* V. _ 2 J'y + ^ + B = 0, 

where the capital letters are, as in § 133, ibe minors taken 
with their proper signs of the corresponding small letters in the 
determinant 

A, g f 
A, b, ,f 
.9’ f> c 

that is to say, 

A = h, f = he -/>, B= a, g \ 

" /• c 9. o\ 

C= a, h —ab — h‘‘‘, 
h. b 

F=-| a, h =gh-af, h, b =hf—bg, 

\9> f 9. f 

S h, f =/g-ch. 

9 . c 

Cor. The equation of the directrix of the parabola repre- 
sented by the general equation is 

2Ga? + 2%-(^+'B) = 0. 
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For the directrix of the parabola is the locus of the points 
of intersection of pairs of tangents at right angles, and 
C = a6 — A® = 0 when the conic is a parabola. 

We can at once find the coordinates of the focus of this 
parabola. For if be the focus, the equation of the 

directrix, which is the polar of the focus, must be 

(aa?! + hy^ -¥g)x^ (hx^ -f- by^ +/) y + (gx^ +/yi -f c) = 0. 

This then must be identical* with the equation for the 
directrix given above, 

, aa\-\-hy^-\‘g _hx, ¥hy^^f_gx^\fy,-\-c 
•; 2G ■ “■ '‘2F~ ^ • 

• These two equations determine x^ and y^. 

Example. Find the equation of the directrix and the coordinates of 
the focus of the parabola 

jF® + 2 x 1 / + y ® - 3a; + 6y - 4 = 0. 


227. Proposition. The four directrices of a central conic 
pa^s through the points common to the conic and its director 
circle. 


For if the conic be 


the director circle is 




** + y’ = 


.( 1 ). 

.( 2 )- 


The general equation of conics through the points of inter- 
section of these two is 


^ -j. ^ — 1 + A: (a!® + y* — a’ -h fc“) = 0. 
a* tr 

Choose k so that the term in y® disappears. 
This requires that A = — gj. 
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We thus get as one of the conics through the points of 
intersection of (1) and (2) 


that is 


that is 






or — 6- 


:, = 0 , 


which is the two directrices 


a?= + 


Similarly the other two directrices, viz. 

¥ 




: = 0 , 


are a conic through the points of intersection of (1) and (2). 
Thus the proposition is proved. 


Example. 

is of the form 


Shew th.at the equation of a pair of directiices of the conic 
jSs ewe® + + 2^0? -h + c = 0 

(007 + hy +^)2 + (/w7+6y +/)* + = 0. 


228. A theorem of Newton’s. 

The following proposition due to Newton which is usually 
proved in works on Pure Geometry is extremely easy to establish 
by Analytical methods. 

If 0 he a variable point in the plane of a conic and lines 
OPQy ORS be drawn through 0 vnf fixed directions to cut the 
conic in P, Q, R, S, then the ratio OP . OQ : OR . OS is constant. 

Refer the conic to the lines OPQ and OliS as axes. Its 
equation will be of the form 

flwc® + 2hxy + 6y* 4* 2gx + 2fy + c = 0. 

Putting y == 0 we get 

aaJ® + 2gjt: + c = 0. 
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Thus OP . OQ = product of the roots of this equation = - . 

Similarly OR.OS = ^, 

OP.OQ : OR.OS = -.l = b:a. 

a 0 

Now if we transfer the origin to any other point O', keeping 
the directions of itie axes unchanged, the coefficients of the terms 
of the highest order in the equation are unchanged. Thus the 
new equation will be of the form 

ax^ 4" 2hxy + hif -f + 2fy + c' = 0, 

and if the pew axes cut the conic in P', Q and R\ S' respectively, 
" O'P'.O'Q :0'R\0'S'^b :a. 

Thus OP.OQiOR.OS^O'r.O'QiO'E'.O'S'. 

And the proposition is proved. 

229. It must be understood that the distances OP, OQ, &c. 
in the preceding paragraph are algebraical. That is to say, if 
OP and OQ are in opposite directions they have opposite sign, 
or in other words OP .OQia a, negative quantity. 

The well known property of the ellipse that, if QF be an 
ordinate of a diameter PGP' and DGiy be the diameter conju- 
gate to OP, • 

(2F>:PF.FP'==C2)>:OP» 

is a special case of the theorem just proved. 

For if QV meet the ellipse again in Q' we have 
VQ . VQ' : VP . FP' = OP . OP' : OP . OP', 
that is - QF» : - PF. FP' = - OP^ : - OP>, 
or QV ^ : PV. VF^CD^i CP^, 

The same property is true for the hyperbola, but it must be 
understood that P and P' are the points where the conjugate 
diameter meets the hyperbola itself, and not where it meets 
the conjugate hyperbola. 
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But if it meets the conjugate hyperbola in d and d\ then 

cd^=-cn\ 

So that we have 

= CP*, 

that is QV^ : PV. FV^ 0(P : CP\ 

which is the geometrical property with which the student is 

familiar. 

Example. If linos OPQ, ORS be drawn through a point 0 in the 
plane of a conic, prove that the ratio OP, OQ : OR. OS is equal to the 
ratio of the squai’es of the diameters parallel to OPQ and respectively. 

230. Contact of conics. 

We have already in § 209 said something of the different 
degrees of the contact of conics, so that it is already understood 
what is meant by simple or two point contact, three point 
contact, and four point contact. 

Suppose that {xi, y^) be a point on the conic 

S = flWJ® + 2hxy 4- by^ + 2gx + 2fy + c = 0 (1 ), 

then 

T = axxi -f h {xyi + x,y) + byyi + ^ (a? + x^) +/(y + + o = 0 

is the tangent at (a?„ yi). 

The general equation of conics having simple contact with 
(1 ) at (a;i,'yi) will be 

S + P (te + my 4- w) = 0 (2), 

for this is a conic which has as common chords with the given 
conic the tangent T=0 and a line 

lx 4- my 4- w = 0. 

If the line lx 4* my 4- n = 0 passes through (a?!, y^ the conics 
will have three point contact at {x^, yi). The general equation 
of conics having three point contact with (1) at (a?i, y^) is then 

S + r (a: - ail) + m (y - j/i)} = 0 (3), 

And in the special case where the line lx 4- my + n = 0 
becomes the tangent, the conics will have four points common 
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R^L 


at {xi, y,), in other words they will have four point contact. 
Thus the general equation of conics having four point contact 
at (a?i, yi) with the given conic is 

S + kT- - 0. 


Examples. 1. Shew that the equation of the parabola having four 
point contact with the ellipse at the point P (a cos (9, 

&sin^} is 


• /I y . 2.zrcc 

I - sm ^ - 7 cos 3 I H 

\a 0 / a 


cos $ 


f sin 3 


- 2 = 0 , 




and prove that its latus rectum is 


2. Find the equation of the rectangular hyperbola having four point 
contact with the ellipse 1 at the point (o cos 3, b sin 3). 

231. Circles of curvature. 

• If two curves have three point contact at a point, they are 
said to have the same curvature hpre. By the curvature of a 
curve is meant the rate at which the tangent is deflecting. 
Now when two curves have three point contact they may be 
regarded as the limiting case of two curves having three very 
near points in common. But two curves with three consecutive 
points in common will have two consecutive tangents in com- 
mon. And thus they will have the same curvature, as the 
tangent is deflecting at the same rate for them both. 

The circle which has three point contact with a curve at a 
point is called the ‘circle of curvature* at that point. It is 
also called the ‘ osculating circle * at that point. 

The measure of the curvature of a circle at any point of it 


is - where r is the radius. For if P be a point on the circle and 
r 

if the tangent at any other point Q meet that at P in T, the 
deflection of the tangent between P and Q, that is to say the 
angle between the tangents at P and Q, is equal to the angle 
between the radii OP and OQ, 

The rate of deflection per unit length of arc is of course 
constant for a circle so that it will be 


ZPOQ arePQ 
arc PQ r 


-r aiC PQss-. 

r 
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Thus if p be the radius of the circle of curvature at a point 

P of a curve, we say that its curvature there is - . 

P 

It is important to distinguish the ‘curvature at a point,* 
and what is called the ‘ radius of curvature at a point.* By the 
radius of curvature at a point is meant the radius of the circle 
of curvature at the point. By the curvature is meant the 
reciprocal of the radius of this circle. 

The ‘ centre of curvatui'e * at a point of a curve means the 
centre of the circle of curvature at that point. 

232. Equation of circle of curvature. 

The equation of the circle of curvature at a point (a?,, y,) 
of the conic 

S=(ix^ + 2hxy -I; + 2gx + 2/y 4- c = 0 (1) 

is veiy easily obtained. 

For the circle of curvature is one of the conics having three 
point contact with (1) at (^i, yi\ these having their equations 
included in 

S + + = 0 (2), 

as in § 230. 

We have then only to choose I and m so that (2) shall be a 
circle and it will then be the circle of curvature required. 

233. * To find the circle of curvature of the parabola y® « 4cm? 
at the point P {ap\ 

The tangent at P is y — - — a/i = 0. 

P* 

Therefore the equation of the bommon chord PQ of the 
parabola and its circle of curvature at P will be (§ 213) 

X « ail} « 

y + - = 2a/A + « Sap. 

p P 

Thus the circle of curvature will be obtained from 
y»— ^ ~ ^ ~ Sap^^ 0 

by making the coefficient of d?‘sthat of y*. 
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• This will give 1 — Ar = ■ ~ , /. A = . 

The equation of the circle of curvature is then 

(/i* + 1) (y* — 4taa;) — /a* ~ — 4a;Ay + 2ax + 3aV*^ = 0, 

which is 

«;* + y* — 2aa; (2 + 3 /a*) + 4a/A*y = 3a*/A^ 

that is 

[a? - a (2 + 3/x»)}» + (y + 2a/A»)" {(2 + + V + 3 /a-} 

= a* (4 + 12 /a* + 12/a* + 4/a®) 

= 4a*(l+/A*)®. 

From yrhich we see that the coordinates of the centre of 
curvature are 

{a (2 + 3 /a*), -2ff/A»}, 

and the radius of curvature is 2a (1 + /a®)^ = 2a cosec® where 0 
is the angle which the tangent at P makes with the axis of the 
parabola. 

234. To find the circle of curvature at the point P (a cos 0, V 
b sin 0) of the ellipse ~a + ^2 

The tangent at P is ^ cos ^ ^ 0=1, 

Thus the common chord of the ellipse and the circle of 
curvature will be 

- cos ^ — T sin ^ == cos* 0 — sin* 0 = cos 2ft 
a 0 

The circle of curvature will then be 

J. + g^l-*gcos0 + |8in<?-l) 

^^co8^— — cos2^^ = 0, 
k being so chosen that the coe£Soient of that of y*. 


16 
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We have then 


1 fccos®^ 1 . 

^ a* 6i + -“6^ 


SO that k cos® 5 = 1 — a®\, 

" k sin® 5 = — 1 + 

/. /c = — (a* — 6®)\ and a®\ = 1 + (a® - 6®) \ cos* 5, 

‘ ‘ ^ ~ a® sjn® 5 + 6- cos* 5* 

The equation of the circle of curvature is 

X (a;* + ^*) + ~ cos 5 (1 + cos 25) — y sin 5 (1 - cos 25) 

= 1 +%cos 25, 

that is 

' - 2 (a® — 6*) a; * n ^ V • aa 
i cos* 5 + — ^ ^ sin* 5 


/. X = 


= a* sin* 5 + 6* cos* 5 — (a* — 6*) cos 25, 


which reduces to 


^ a? — cos* 51 + ( y H sin® 51 = 

so that the centre of curvature is 


a* — 6* . ,^\* (a* sin* 5 + 6* cos® 5)* 

. 


/o»-6> ,, 6»-a> . 

andtYierayAmsotcwTvatoteia^*’ ^ ^ , YfYdc\i eqmAa 

CD* 

where CD is the semi-diameter conjugate to CP, 


f- 236. Simpliflcatlon by Differential method. The 

method of finding the centre and radius of curvature at a 
point of a parabola or of an ellipse is greatly simplified if we 
use the methods of the differential calculus. 


The centre of curvature at a point is the intersection of the 
normal at the point with the normal at a consecutive point, 
for the normals at two points of a circle meet in the centre 
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of j6he circle, and the curve has two consecutive normals in 
common with the circle. 

Thus to find the centre of curvature at the point (a/i*, 2afi) 
of the parabola 4aa? we proceed thus : 

The normal is y + fjbx=^ 2afjL + a/t*. 

Where this meets. the consecutive normal 
X == 2a + 3a/i*, 

this being obtained by differentiatipg with respect to fin 

We thus find as the coordinates of the centre of curvature 
(2a 4- 3a/4®, — 2afj?), 

So for the ellipse, the normal at 6 is 

COS ^ sin ^ 

or ax sec 6 ^hy cos^ ^ == a* — h\ 

To find where this meets the consecutive normal we dif- 
ferentiate with respect to 6 and obtain 

ax sec 6 tan 6 -{-hy cosec 0 cot 6 = 0. 

On solving for x and y we get 

• a/1 

sm® u. 


(a* , zi 

X = ^cos® 0. 

a 


y = ~ 


The radius of curvature can be obtained by finding the 
distance between the centre of curvature and the point 
(a cos 0, 6 sin 0). Thus if p be the radius of curvature, 

p* = < 0 — ^ —cos® 0 I -f ^6 sin 0 4- ^ ^ sin* 0^ 

(a® sin® 04-6* cos® 0)* 

Or we may use the formula of the differential calculus 

dd. (g® sin® 04-6* cos® 0)^ 
dx d^y d^ db 

d0‘d^“‘50’d0* 

for x = a cos 0, y ==; J sin 0, 


M)' 

P ~ J.. M.. 


16—2 
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236 . Interiectlon of ellipie and circle of eunrature. 

If the circle of curvature of an ellipse at a point P whose 
eccentric angle is 0 cut the ellipse in Q, whose eccentric angle 
is then the circle and ellipse meet in the four points whose 
eccentric angles are 

0 , 0 , 0 , 

Therefore by § 213 

30 + <^ == an even multiple of tt. 

Thus the coordinates of Q will be (a cos 30, — h sin 30) and 
the eccentric angle of Q may be taken as — 30. 

As the chord through 0 and (f) of the ellipse ^ = 1 is 


a 

-cos 

a 


0 + (f> 

2 


+ |8in 


0 + ^ 
2 


= cos 


0 -<}> 

2 ' 


we get at once that the equation of PQ is 

W V 

- cos 0 — T sin 0 = cos 20, 
a 0 

which agrees with what we obtained before. 


We may observe that from the above equation 
30 + <^ = 2n7r, 
which gives 0 = ^ (2n7r — (f>\ 

it follows that the circles of curvature at the points whose 
eccentric angles are ^ (27r — ^), J (47r — <j>), J (dw — will all 
cut the ellipse at the same point 

Examples. 1. The circle of curvature of the parabola at 

the point (a/i* 2afi) will meet the curve again in the point - 6a/i). 

[See Ex. 2, § 213.] ^ 

2. The locus of the middle point of the common chord of a parabola 
and its circle of curvature at any point is a parabola whose latus rectum 
is one-fifth that of the given parabola. 

3. The circle.s of curvature at three points P, Qj R of an ellipse all 
cut the dlipse again in the same point, prove that the centre of the ellipse 
is the centre of mean position of P, R, 

4. Prove that the circles of curvature at the vertices of a conic have 
four point contact with the conia 
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. 237. Conic referred to tangent and normal at 
a point. 

It is sometimes convenient to take as the axes of coordinates 
the tangent and normal at a point of a conic. Let us take the 
axis of X to be the tangent at a point P of the con^c, and let the 
normal be the axis of y. 

As the origin is on the curve, the constant term in the 
equation disappears and the equation of the conic is of the form 
CMC® + 2hxy + + igx + 2fy = 0 

To find where the axis of x meets the conic put y = 0. 
We get then ax^ 4- 2gx = 0. 

Both the roots of this equation have to be zero, therefore g = 0, 
* Thus the equation of the conic is of the form 
flwc® -f- 2hxy + byi -f- 2fy = 0. 

This is still the form of the equation of the conic when we 
take a tangent to the curve to be the axis of x and any line 
through its point of contact to be the axis of y. 

Examples. 1. All chords of a conic which subtend a right angle at 
a fixed point 0 on the conic cut the normal at 0 in a fixed point. 

2. If + + be the equation of a conic referred to 

the tangent and normal at a point of it, the radius of curvature at the 

origin is - , 
ct 

238. Conic referred to two tangents as axes. 

The equation of a conic referred to two tangents as axes of 
coordinates is frequently of use. It is very easily obtained. 
For if the conic touch the tangents at distances h and k from 
the origin, it will be a conic having double contact with the 
axes, which form the conic xy == 0, at the points where they are 

met by the line ^ 1 — 1 = 0. 

Thus the equation of the conic will be of the form 
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( 1 ). 


•( 2 ). 


or changing the constant A we may write this 



which is also of the form 

• a?® ^ 2a? 2u 

+ ^-■/ + l=0 

Either of these equations (1) and (2) represents for various 
values of X and ii a sj^stem of conics touching the axes of 
X and y at distances h and 1c respectively from the origin. 

In the particular case where the conic (2) is a parabola 

If ,we take + ^ equation becomes 

(i-i- >)■-«■ 

which represents two coincident straight lines. 

If we take ~ ^ ^ non-degenerate parabola whose 

equation is 

a? 2a:y 2a! 2y 

h* hk^h^ h 'k^ • 

which can be expressed in the irrational form 


<»)- 


or, if we write a and /3 for ^ and ^ , 

Vax + V/3y-’l = 0 . 

Examples. 1. Shew that the tangent to the parabola 


s/l 


JL. + ^ 1 


at the point (xi, yi) is 
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8l The line ^a?+my-l=0 will touch the parabola + if 


239. Cartesian representation of a system of oonlos 
through four points. 

In general it is best to represent conics through four given 
points by means of ‘homogeneous coordinates/ which are to be 
considered in later chapters. If at any time a representation 
of such conics in Cartesian coordinates is wanted, it can be 
obtained by taking the axes of coordinates to pass each through 
two of the given points. We may thus take the coordinates of 
tlfe given points A, C, 1) to be 

(A,o), (0,/.), (a;o), (o,n 

The equation of AB will be ^ 1 — 1 = 0, and that of CD 

will be 1 + ^7- 1 = 0. 

The general equation of conics cutting the axes of coordinates 
where these lines meet tlicm is 

which is of the form 

Examples. 1. The polar of a given point with respect to a system 
of conics passing through four given points will pass through a fixed 
point. 

2. The locus of the centres of conics through four given points is a 
conic whose asymptotes are parallel to the axes of the two parabolas 
through the four given points. 
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EXAMPLES. 

'"^1, Shew that the foci of the conic 

005* + 2/uKy + + 2^05 + 2/y + c = 0 

are given by 

' Fa: + O;/ — 11- Cxy, 

2Gx-2Fy-A-k‘B=C{a^- y*), 

the axes being rectangular. 

[We have seen that the tangents from a focus (05^, y^ are 
[{x-x,) + 1 (y -y,)] [(®- »i) - 1 (y - y,)] = 0. 

Now the condition that the line lx + my + should be a 

tangent to tlie conic is (§ 1 33) 

+ -5m* + Cnl + 2Fmn + 2Gnl + 2Hlm = 0.« 

Thus the condition that aj + ly — (ajj + iy^ = 0 should be a tangent 
is got hy writing 1=1, m = i and n = — (a?i + iy^), that is 

-4 - ^ 4- C (ajj + iyiY — 2iF{xi + iyi) — 2G (x^ + iyi) + 2i//= 0. 

That is 

A- B+C (a:,* - y^) + 2Fyi - 26'a?i + 2i {Cx^ y^ - Foc^ — Gy^ + //} = 0. 

Similarly the condition that a:-ty — (a^-iyi) = 0 should be a 
tangent is 

A—B + C (a?i* — yi*) + 2Fyy^ — 2Gxi — 2i { Cx^yi — Fxi - Gy^ + n] = 0. 

Adding and subtracting these, we see that the foci satisfy the 
equations 

il - ^ - 2 G?® + 2 Fy + (7 (a;* - y*) = 0, 

H— Fx—Gy-\’ Cxy = 0.] 

The equation of the director circle of the conic given by the 
general equation S=0 when the axes of coordinates are inclined at 
an angle co is 

(a + 6 — 2A cos cd) 5 ■= i* +^7* — 2^ cos oi 
where (=aa; + %+y and 17 = Aa? + 6y +/*, 

and the equation of a pair of directrices is of the form 
+ — 2f 17 cos w = 0. 

3. Four points A, B, G, D on an ellipse are concyclic. The 
circle which passes through A and touches the curve in B cuts it 
again in B\ Similarly circles through A which touch the ellipse in 
C and D cut it in C* and D\ Shew that A, B\ G\ D* are concyclic. 
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4. Find the equation of the parabola which touches the conic 

aic* + + hy^ -f ^gx + %fy + c = 0 

at the points where it is cut by the line lx + my + = 0. 

5. A family of conics have double contact with a given conic 
at the extremities of a given chord. Prove that tlie locus of the 
centres of conics of the family is the diameter of the given conic 
conjugate to the given chord. 


6. Prove that the locus of a point, the sum or difference of the 
tangents from which to two given circles is constant is a conic having 
double contact with each of the two circles. 


7. At the point (a cos </>, h sin </>) on the ellipse -^ + = 1 the 

p&rabola of four point contact is drawn. Shew the equation of its 
axis is 


X 

a 


• V 

sm ^ cos <f) = 


(a* — 6®) sin cos (f> 
a® cos® ^ + ft® sin* 


8. Prove that if two conics have double contact the polar of 
the centre of either with respect to the other is parallel to the 
chord of contact. 


9. Two tangents are drawn from a variable point P to a conic 
to meet the tangent at a fixed point Q in T and Shew that if 
QT . QT* is constant the locus of P is a straight line parallel to 
the tangent at Q, 

10. A circle touches a hyperbola at two points, the chord of 
contact being parallel to the transverse axis. Prove that the ratio 
of the length of the tangent to the circle from any point of the 
conic to the distance of the point from the chord of contact is the 
eccentricity of the conjugate hyperbola, 

11. Tangents are drawn from a point 0 to an ellipse so as to 
intercept a fixed length on the tangent at a fixed point P; prove 
that the locus of 0 is a conic which has four point contact with the 
ellipse at the other extremity P' of the diameter through P. 

[Take as coordinate axes the tangent at P and the diameter 
through P.J 
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12. Prove that the locus of the centres of non-degenerate 
conics having four point contact with the ellipse ^ ^ 

(a cos Oj b sin a) is the line 


X sin a y cos ® __ q 


Ij . If a system of conics be drawn having four point contact 
with the conic aos* + 2hxy + + 2fy = 0 at the origin, prove that the 

director circles of these conics form a coaxial system whose limiting 

points are the origin and the point ( — • 

\ a + lit Ot ti / 


14. A conic is drawn to have double contact with each of two 
given circles. Shew that the two chords of contact are either 
parallel to each other and to the radical axis and equidistant from 
it ; or are perpendicular to each other and intersect in a limiting 
point oi the two circles. 


15. The foot N of the ordinate of a point P on a parabola is 
the centre of the circle of curvature at its vertex. Prove that the 
centre of curvature at P lies on the parabola. 

16. Four common tangents are drawn to an ellipse and a 
parabola having its focus at the centre of the ellipse. Prove that 
the sum of the eccentric angles of the points of contact of the 
tangents with the ellipse is an even multiple of ir. 


17. Two chords ABy CD of a rectangular hyperbola make 
angles a and P with the transverse axis. Prove that the angle between 
the axes of the parabolas through A, P, Cy D is 

cos~^ {sin (a -h p) sec (a — P)\, 

18. From any point P of an ellipse perpendiculars PM, PN are 
let fall on the axes and MN meets the ellipse in Q and Q ' ; prove 
that the rectangular hyperbola which touches the ellipse at P and 
meets it in Q and Q* has its asymptotes parallel to the axes of the 
ellipse and that its curvature at P is double that of the ellipse. 

19. If a parabola touch a fixed circle and pass through the 
extremities of a fixed diameter; prove that its axis will pass 
through one or other of two fixed points. 
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20. Three points (a;,, y,), (aa,, yj), (xg, on the parabola 
y* = 4005 are such that their centres of curvature are collinear ; prove 

that i i i = 0. 

Vi Vi Vz 

21. Prove that the product of the radii of curvature at the 
feet of the normals drawn from any point to a parabola is eight 
times the cube of the distance of that point from the focus. 

22. Prove that if the circles of curvature at tho extremities of 
the major axis of an ellipse pass through the centre, then no other 
circles of curvature at real points of the ellipse pass through the 
centre. 


23. Normals are drawn from any point (^, 57) to the parabola 
y^=4ax. ‘Prove that pg the radii of curvature at the feet of 
the normals satisfy 

Pi^ + p/ + p/ = 4i«‘*(2f-«). 

• 

24. Paiabolas are drawn with tlieir vertices at the origin and 
their axes along the axis of x ; tangents are drawn to them from a 
fixed point (/ 0). Shew that the locus of their centres of curvature 
at the points of contact is the curve 

(« + 3/)y« + 8/» = 0. 

25. Prove that the locus of the pole of the axis of x with 
respect to the circle of curvature at any point of the parabola 
y* = 4ax is 

(x — 2ay y* = 12a — ax + a^y, 

26. Three points on an ellipse (semi-axes a and b) are situated 
so that the circles of curvature at those points all cut the ellipse 
again at the same point. If their radii are pi, pg, then 


Pi +P** + Ps* = 


3(a° + 6’‘) 

2a* 6* 


27. Prove that there are four points on the ellipse ^ ^ * 1 

(other than the point F) such that the centre of curvature at each 
of them lies on the normal at P. 

Further prove that the normals at these four points meet in a 
point on the ellipse 
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28. Prove that the locus of the centres of the rectangular 
hyperbolas which have contact of the third order with a given 
parabola is an equal parabola having the same axis and directrix. 

29. The equation of the latus rectum of the parabola 

{ax + pyY + 2gx + 2/y + c = 0 

« 2 {pg - of) (Px - ag) + + = 0. 

30. Two families of parallel straight lines are given and also a 
conic in the same plane. Prove that the locus of points such that 
the lines through them are conjugate with respect to the conic is a 
hyperbola whose asymptotes are the lines through the centre of the 
conic. 

31. Shew that if a parabola be referred to a tangent and 

normal as axes of x and its equation may be put in the form 

{fix + ayY = (a* + 

and the equation of its directrix in the form oa; - /?y = a® + where 
a and are the coordinates of its focus. 

32. An ellipse whose semi-axes are a and b torches the axis of 
X at the origin 3 prove that the locus of its centre is 

+ (y* - a^) - 5®) = 0. 

33. Lines OP, OQ at right angles are drawn through a fixed 
point 0 to meet a conic in P and Q. Shew that the locus of the 
foot of the perpendicular from O on the chord PQ is a circle. 

34. Three lines 0PP\ 0QQ\ ORR' through a point 0 meet a 
conic in P and P\ Q and Q\ R and R' respectively. Prove that 
with a suitable convention as to signs 

35. POP* is a chord of a conic which is bisected in 0. If 
Q0Q\ ROR are chords making equal angles with P0P\ shew that 

1111 
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.36. A family of conics have double contact with a given conic 
at the extremities of any chord. Prove that the locus of the 
centres of conics of the family is the diameter of the given conic 
conjugate to the chord. 

37. Prove that if the bisectors of the internal and external 
angles between two tangents to a conic be parallel to two given 
diameters of the conic, the point of intersection of the tangents lies 
on a conic. 

38. Shew that if y = to is a normal to the general conic given 
by the general equation, then ^ is a root of the equation 

t* {^G + hH) + {aH + + <» {{a - 6) (il - B) 

* +/F + g&-2hII] + 2t(bld+h£)+/F + hII=^0. 

39. The focus of the parabola • referred to 

two tangents inclined at an angle ti> is given by the equations 

kx = ky = 0 !^ + 2xy cos co + y\ 

40. The directrix of the parabola + \/by = 1 is 

(jb + a cos <u) as + (a + 6 cos <o) y = cos a> 
and the length of the latus rectum is 

4a5 sin^ &> 

(a* + 6® + 2ab cos w) ^ 

41. An ellipse of semi-axes a and b slides between two lines 
inclined to each other at an angle 2a; shew that the locus of its 
centre referred to the bisectors of the angles between the lines as 
axes is 

(jc® cos* a + y® sin* a) (fic® + y*) — (a* + 6*) (a*® cos® a + y* sin* a) 

+ (a® cos® a -I- 6® sin® a) (a® sin® a + 6® cos® a) = 0. 

The equation of the equiconjugate diameters of the conic 
whose equation referred to rectangular axes is 

aa^ + 2hxy + 6y* = 1 

is (a® - ah + 24®) 2h {a b) xy -k- - ab + 24®) y® = 0. 
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iS. Prove that if the conics = 0 have a pair of common 

chords a = 0, )8 = 0 such that S — S' = afi, the equation 

A;®a*-2ifc(^ + ^') + ^ = 0 

represents a conic having double contact with each of the conics S 
and S\ 

A conic has finite double contact with each of the conics 
as* + y® - e® (aj + c)® = 0, as* + y* — e'* (x + c)* = 0. 

Write down its general equation and prove that the chords of 
contact are perpendicular chords through the origin; also that if 
1 all such conics are rectangular hyperbolas, 

44. At the point P (eccentric angle of the ellipse ^ ^ 1 

the parabola having contact of the third order is drawn ; shew that 
the equation of its directrix is 

2aa; cos ^ + 26y sin ^ = a* ( 1 + cos* <^) + 6* (1 + sin* 

45. A series of circles with a given centre 0 are drawn. Shew 
that the middle point of their chords of intersection with a given 
conic lie on a rectangular hyperbola whose asymptotes are parallel 
to the axes of the conic and which passes through 0 and the centre 
of the conic. 

46. Points P, Q, R are taken on an ellipse in such a manner 
that the tangent at each point is parallel to the line joining the 
other two. Shew that the locus of the centre of mean position of 
the centres of curvature at P, Q, R is 

16(aV + 5y) = (a*~5*)*. 

47. Shew that through any point {fy g) in the plane of the 

ellipse ^ ^ ^ there pass six of th^ circles of curvature, and 

verify that the six centres of curvature lie on the conic 

{2 (/•* + y* - 2/a; - 2<jy) - a* - 6*}* = 12 (aV + 5*/) - 3 (a* - 6*)*. 

48. Shew that the conic which is coaxial with 

aa;* + 2kxy + 6y* + 2gx + %fy = 0 
and passes through the foci is 

(a-6) [C(a?-y*) -26^03+ 2Py + il-P] + 4A[(7a!y-Paj-<?y + £r] = 0. 
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,49. Find the locus of the foot of the perpendicular drawn 
from a point situated on a given straight line, to its polar with 
regard to a central conic ; and shew that it passes through the foci 
of the conic. 

50. Shew that the equations of the two paird of conjugate 
diameters of the conic given by the general equation, which include 
an angle 9 between them, are 

(6X> - 2hXY f a Y^) cos 9 + {h - 7») - (a - 6) ZF } sin = 0, 
where X=ax + hy+g, Y=hx + by 

the axes of coordinates being rectangular. 



CHAPTER XIIL 

SIMILAR CONICS AND CONFOCAL SYSTEMS. 

240. Definition. 

If S be a plane figure and P any point of it, and 0 a fixed 
point >in its plane, and if on OP a point P' be taken such that 
OP ' : OP = A a positive constant, the locus of the point P' 
thus determined will be a new figure 8' which is said to be 
similar and similarly situated to 8 ; two such figures 8 and 8' 
are conveniently called homothetic figures and the point 0 is the 
homothetic centre. 

Suppose now that in the above construction for the figure 
8' from the figure S, k instead of being a positive constant is a 
negative constant, the figure 8' which is the locus of P* is then 
said to be antihomothetic to 8. 

f 

Next suppose that k is imaginary, then the figure 8' may 
be said to be imaginarily homothetic with 8, 

241. Proposition. If 8 and €' he two coplanar homo- 
thetic figures, G and C' fixed corresponding points of them, P and 
P' any other pair of corresponding points, not in the line of C and 
C\ then CP and G'P' will be parallel and the ratio C'P' : CP 
will he constant (= k) for the various positions of P and P\ 

For let 0 be the homothetic centre. Then 
OC'iOC^k^OP'iOP, 

C'P' and CP are parallel, and C'P ' : CP= OP' : OP = *. 
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Cor. This proposition holds equally well if S and S' be 
imaginarily homothetic, or if they be antihomotheiia 



242. Proposition. If She a plane figure, C and C' two 
points in its plane and if C be joined to any point P on S and 
C^P' be drawn parallel to CP and suchnthat C^P * : OP^k, a 
positive c(ynstant, then the figure S* which is the locus of P' will 
be homothetic with S. 


17 
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For (see figure of previous article) let (7(7' and PP' meet in 
0, then since CP and (7'P' are parallel we have 

00' : 00^ C'P' : CP = k 

Thus 0 is a fixed point. 

Also OP' : OP ^G'P' :GP=k. 

Therefore the locus of P' is a figure homothetic with S, the 
locus of P, and 0 is the homothetic centre. 

Cor. If k he a negative constant the figure S' is antihomo- 
thetic with S, and if k he imaginary S' is imaginarily homothetic 
with S, 


243. Fropoiltion. If S he a central conic' and S' be 
constryLCted really homothetic with S, or antihomothetic, or 
imaginarily homothetic with 6t. then S' will he a conic having its 
asymptotes parallel to those of S. 

For let the equation of S referred to Cartesian axes at (?, the 
homothetic centre, be 

a<P + Vixy + + 2gx + 2fy + c = 0 (1). 

Let (X, Y) be the coordinates of the point P' on S' 
corresponding to P {x, y) on S. 

Then clearly X =^kx, Y— ky, 
where k Is the constant ratio OP' : OP. 


Therefore 


aX^ + 2hXY + bY^ + k {2gX + 2/D + k^c = 0. 

That is to say, the locus of P' is the conic 

ax^ + 2hxy + by^ + k (2gx + 2fy) + = 0 (2). 


Now both (1) and (2) have their asymptotes parallel to the 
lines 


CMJ® + 2hxy + 0. 


Thus iS' is a conic having its asymptotes parallel to those 
of S. 
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Cob. 1. The axes of S' will he parcillel to those of 8, 

For the axes bisect the angles between the asymptotes. 
But it must not be assumed that corresponding axes of the two 
conics are parallel. 

Coe. 2. The centres of the two conics 8 and 8' are corre- 
spending points. 

For the centre of (1) is given by 

ax + hy-\-g = 0 | 

+/=0 J * 

and the centre of (2) is given by 

ax-^-hy + kg = 0 ) 

, hx + hy + kf=o]'^ 

• From these we see that if (a?,, y^') be the centres of S 

and 8* respectively, 

x^ = JcXg and y,^ = ky^. 

Therefore the centres are corresponding points. 

Cor. 3. If 8, instead of being a cmtral conic y he a paraholay 
then S' will he a 2 Kirabola having its axis pai'allel to that of 8. 

For the equation of 8 will now be of the form 
(ax + Syf + 2^^ + 2/y + c = 0, 
while that of S' will be 

(ax + ^yy + k (2gx + 2fy) 4* = 0. 

This is also a parabola, and both 8 and S' have their axes 
parallel to the line 

aaf -f- /8y = 0. 

Examples. 1. Shew that the pair of tangents from 0, the homothetic 
centre to each of the two conics S and which are really homothetic, 
antihomothetio or imaginarily homothetic are the same linos. 

2. Prove that the tangents to the homothetic conics S and S' 
at corresponding points of them are parallel. 

244. We have seen that if two central conics are homothetic 
they have their asymptotes parallel. We shall now go on to 
shew that if imo cenJtral conics have their asymptotes parallel 
they are homothetic. 


17—2 



260 


SIMILAB CONICS 


For let the equations of the two conics S and S' referred to 
any axes be 

aa^ + 2hxy + hy^ + 2gx + 2fy + c = 0 (1), 

aV + 2Kayy + ty + 2fx + 2fy + c' = 0 (2). 

As the asymptotes are parallel we have 


a h ^ / V 

= F = = 


The axes of (1) are parallel to the axes of (2). Transforming 
(1) to principal axes, the equation of 8 becomes (§ 220) 

+ = 0 


.(3). 


Xow the equation (2) can be written 
^ aa^ + 2hxy + + 2\g'x + 2\f'y-)r = 0, 

which, when we refer the*, conic to its principal axes, will 


become 


cw?* 

+ /8y’ + 

u 

— 0 




ah — h^ 

— u, 


where 







Z = 

a. 

h. 

xy' 

AiCt j 

\h\ 

xy =x»A', 


h. 

h. 

X/' 

XA', 


X/ 


xy. 

X/, 

Xo' 

xy, 

V"* 

Xc' 


that is we have as the equation of S' 

+ + = 


The axes of coordinates for equation (4) are parallel to those 
for equation (3) but not coincident wjth them. 

Take two parallel radii vectores making an angle 0 with the 
X axis ; denoting them by r and r' we have 

(a cos* d + fi sin* 0) r* + =« 0, 

\8A' 

(a cos* 0 + /3 sin* 0, 

r* : r'*- A ; X*A'. 
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Thus the two conics will be homothetic or antihomothetiC; 
and if the former they will be really homothetic if A : \*A' be 
positive, that is if A : A' have the same sign as They will 
be imaginarily homothetic if the ratio A : A' have the opposite 
sign to that of X. 

We shall shew presently that if two central conics are 
antihomothetic they are homothetic also. Assuming this for 
the present, we see that two central conics with their asymptotes 
parallel are homothetic ; whether they are really or imaginarily 
homothetic depends on the sameness or difference of sign of the 
ratio A : A' and the ratio a : a\ 

• 246. Proposition. Two parabolas will be really homo- 
thetic or antihomothetic if they have their axes parallel 

First let the curvatures at the* vertices A and .4' be in the 
same dii’ections. Take 8P and 8'P\ two focal radii vectores 
making the same angle 0 with SA and S'A^ respectively, the 
lines joining the foci 8 and 8' to the vertices. 

Then if I and I be the semi-latera recta, 

= 1 + cos 9 = g'p ' » 

8P:8^r=^l:l\ 
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Thus the parabolas are homothetic, and clearly the foci and 
vertices are corresponding points in the two figures. 

P 


A 

V 

P' 

Next let the curvatures at A and A* be in opposite 
directions. 

Let 8P and /S'P'be two parallel focal radii vectores making 
the same angle 6 with 8A and 8' A' but measured in opposite 
directions. 

Then ^ ^ ^ “ 8' * 

.\8P:8'P'=l:l'. 

Thus as 8P and S'P' are in opposite directions the two 
parabola? are antihomothetic. 

Figures directly similar but not similarly situated. 

246. Def. Two coplanar figures 8 and 8' are said to be 
directly similar when one of them (8' say) can be rotated about 
a point (A' say) in the plane so as tp become homothetic with 
the other (8). 

Let P' and Q' be two points of 8\ Let these points when 
8' is rotated round A' through the proper angle (a say) come 
into the positions P'\ Q" so as to be homothetic with P and 
Q of the figure 8. 

Then P"Q":PQ = k. 

But since A'P'^A'P" and A'Q' == A'Q^', 
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and zP'il'Q'* for ZP'^T"= 

AP'^'g = AP"il'Q'', 

and P^Q=P"Q\ 

thus P'Q':PQ = L 

Thus the line joining any two points of the figure <S is in a 
constant ratio to the line joining the two corresponding points 
of S\ And therefore the triangle formed by joining any three 
points of S is similar to the triangle formed by joining the 
three corresponding points of S\ 

247. Proposition. If S and S' be two coplanar figures 
which are directly similar and a be the angle through which S' 
ntust be turned round the point A' to make it homothetic with S, 
then if S' be turned about any other point B' in the plane through 
the same angle a it will become homothetic with S, 

For let Si be the new figure when this rotation round B' 
takes place and let the point P' of S' become Pj of Si. 

Now plainly if we rotate S' about any point through an 
angle a the line P'Q' joining two points of S' will come into a 
position which will be parallel to the line joining the points P 
and Q of S which correspond with P' and Q'. Therefore PiQi 
is parallel to PQ. 

And PiQi = P'Q'=fe.PQ. 

Thus the ratio of PiQi : PQ is constant. 

Hence the figure Si may be regarded as the locus of points 
Qi got by drawing lines PiQi through Pi parallel to PQ for 
various positions of Q in the figure S, and such that PiQi = PQ 
is constant (= k). 

Thus Si is homothetic with S. 

248. Proposition. If two central conics 8 and S' are 
antihomothetic they c^e at the same time also homothetic. 

For two antihomothetic figures are such that if one of them 
be rotated through two right angles it will become homothetic 
with the other. 
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Hence if two central conics S and 8\ be antihomothetic, 
then S* by rotation round its centre through two right angles 
will become homothetic with 8\ But when a central conic 
is rotated about its centre through two right angles the opposite 
ends of each diameter merely exchange places. 

So that if P'Q' be a diameter of /S', and P be the point of 8 
corresponding with P' when the conics are considered as anti- 
homothetic, then 8 and /S' must also be homothetic, with P 
and Q' as corresponding points. 



249. To find the condition that the conics 

/S = 00 !® + 2hxy + -i- 2gx + ^ + c = 0, 

/S' = ala? + ih!ayy + 6'y® -h 25 rV+ 2/'y + c' = 0 
may be similar but not homothetic. 

If the conics are similar then /S' by rotation about any point 
in its plane can be made homothetic with 8, and then the 
asymptotes of the two will be parallel. 

Hence in their original positions the angle between the 
asymptotes of the one must be equal to the angle between the 
asymptotes of the other. 
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•But the asymptotes of 8 and S' are parallel respectively to 
aa^ + 2Iucy + by^ = 0 , 
aV + 2h'xy + Vy^ = 0. 

Hence we must have (§ 110) 

2 Va6 — A* sin o) _ 2 Va'ft' — A'* sin w 

a + 6 — 2A cos fl> ^ a' + 6' — 2A' cos co ' 

where o) is the angle between the a;ces. 

_ ^-A* a6'-A'« 

(a + 6 — 2A cos 6))* (a' + 6' — 2A' cos o))* ’ 

This then is the necessary condition that the conics should 
be, similar. It is also suj^dent for, if it hold, the angle 
between the asymptotes of the one will be equal to the* angle 
between the asymptotes of the otht^r. 

And thus by rotation of one of the conics it can be brought 
into a position such that its asymptotes will be parallel to 
those of the other, that is the two will be homothetic. 

The condition however does not discriminate between the 
two cases where 8 and 8' are really similar and where they are 
only imaginarily similar. 

Examples. 1. Two conics whose eccentricities are equal are similar. 

2. A hyperbola and its conjugate are imaginarily homothetic, and a 
real focus of the one corresponds with an imaginary focus of the other. 


260. Confocal conics. 

A system of central conics having all four foci in common is 
called a confocal system. 

The general equation of conics confocal with the ellipse 

^-1- ^ = 1 is at once seen to be (§ 215) 
a* 6* 

a* V* 

hi ,— — = 1. 

Different coofocals are obtained by taking different values 
of "K 
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261. Proposition. Through every point in {he plane of 

the ellipse — + ^= 1 two confocal conics can he drawn, one an 
a 0 * 

ellipse and the other a hyperbola. 

For the value of X for a confocal through the point {x^, y^) 
is given by 


I y * = 1 

+ \ 6* + X 


That is 

(X4- a^) (A. + 6=) - (X + 6^) - yi (X + a^) = 0 ...fl). 

Now when X = oo the left-hand side of this is positive, 
when X = — 6* the left-hand side is negative, 

' when X = — a® the left-hand side is positive. 

Thus there is a value of X between oo and — satisfying (1) 
and a value between — i- and — a\ 

That is one of the values of X satisfying (1) makes both 
a*-f-X and 6^ + X positive, and the other makes a® + X positive 
and 6* + X negative. 

Hence there are two confocals through (a?,, y^ to the given 
ellipse, the one an ellipse and the other a hyperbola. 


252. , Proposition. Confocal conics cut at right angles. • 


Let 






( 1 ), 


( 2 ) 


a--<-Xa 6» + Xa 

be the two conics through the point (a?i, yi) confocal with 

Therefore - 3 * + =i 

o» + A, t» + \, 


fl* + X 2 6^ + X* 


= 1 , 


and 
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whence by subtraction 

y* ^ 0 

(a« + \.)(a’ + jO'^(6* + Xi)(6’ + X,) ' 

which is the condition that the tangents at {wi, y,) to (1) and 
(2), viz., 

I yyi ^1 

a’ + Xi 6*+Xi 


and 


jca;, 


should be at right angles to one another. 
Hence the proposition is proved. 


, 253. 'J’o express the coordinates of any point in the plane of 
the ellipse ^ p ^ terms of the axes of the conics through 
it confocal with the ellipse. 

Let {Xu yO be the point and let the confocals through it be 




+ 

• 1.0 . -v 


ii“ + \i 6® + Xi 


a!> 


o=+X* 6“+X, 




^-1 


* * tt® + <0 + Ct> 

vanishes when w = Xi and when w = Xg, 

. _yi* J _ il(Xi-a>)(Xa-ft)) 

■ ’ a* + o) ^ 6® 4- ® (a* + cd) (6* + to) 

where A is independent of to. 

Put o) = 00 and we get ^ = — 1, 


OCi 


a» + < 


Vi _ 1 = _ (Xi - a>) (Xa - to) 
6* 4 0) (a® 4- co) (6** 4- w) ' 




In this put w =« — a*, 

.. (a* + Xi)(a’' + ^) ^ 

a’-h’ o*-6*’ 
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Q- •, 1 . (h‘ + \i)(h‘ + \) Wb,' 

Similarly y,. = 


where Oi* = a® + \, Oa* = a® + Xa, 

6ia = 6®+X„ 6a* = 6®+\a. 

The same result could have been obtained by solving the 
equations 

_®L 4. = 1 

o* + Xa‘^6» + \, ’ 

I y»* ^ 1 

a’ + X, J»4-Xa 


254, Let p, and p, be the perpendiculars from .the centre 
on the tangents at P (aJi.yi) to the two confocals through 
1 


Similarly 



, y' . 



Oj’Oj’ 

61 * 62 * 

o» - 

a?-¥ 

V 

6 x* 

, 1 / 

Uj* i>2*\ 


fe,V 

\ (a»+\,)( 6 »+Xi)- 


Oj*i 

1 

1 

Uj* — Oj* 

OiV 

' OlV ’ 

ai%^ 







6Ea ■” Ctrl 


Example. If P be a point in the plane of a conic /S', centre and if 
hi and o^, be the semi-axes of the two confocals to & through P and 
if conics be drawn having their centre at P and their semi-axes of lengths 
Oj, Og and 6.. 6, lying along the normals to the two confocals through P, 
these two conics thus drawn will be confocal with one another and will pass 
through C7and have for their tangents at C the axes of S. [The coordinates 
of C with reference to the axes of the new coordinates will be pi and 
(§ 264).] 
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256. Confocal parabolas. Two parabolas may be 
regarded as confocal if they have a common focus and their 
axes in the same line. Two confocal parabolas may be looked 
upon as the limiting case of two confocal ellipses, three of 
whose foci are at infinity. 

A system of confocal parabolas is best represented by taking 
their common non-vanishing focus for the origin and their 
common axis for the axis of x. Then if 4a be the latus rectum 
of one of the parabolas its equaticn will be 

= 4a (a? + a). 

This equation then gives for different values of a a system 
of confocaj parabolas. 


EXAMPLES. 


1. Tf the confocals through (ajj, to the ellipse 


are 


then 


\ h' + \j 


= 1 and 


-1. 


m : 

(ii) * 1 ’ + y,* — a“ — 6* = \| + A*. 

3. If </> be the angle between the tangents from (asi, yi) to 
-+^=1 

prove that tan </. = • 

Hence shew that 

where Xj and Xa the parameters of the confocals through P. 


* + A, A, 

X1X3 
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3. The equation of tlie pair of tangents from P to 

^+ 2^=1 

referred to the normals to the confocals through P as axes is 
where \ and Xj are the parameters of the confocals through P. 


4. Shew that if ^ be the angle which the tangents from P to 

fl5® ^ 

the ellipse ^ ^ ^ make with the tangent at to the confocal 

ellipse through P, then 



where \ and A, are the parameters of the confocal • ellipse and 
hyperbola respectively. 

5. ' If from a point P tangents be drawn to each of two confocal 
ellipses and and iff* be the angles which these make with the 
tangent at P to the confocal ellipse through P, then the ratio 
sin ij/ : sin if/' will be constant for all positions of P on an ellipse 
confocal with the given ellipses. 

6. If two similar concentric ellipses touch one another, shew 
that the angle between their major axes is 

a, h and a*, V being the semi-axes. 

7. The locus of the pole of a given straight line with respect^ 
to a system of confocal conics is a straight line. 


8. The difference of the squares of the perpendiculars drawn 
from the centre on any two parallel tangpnts to two given confocals 
is constant. 

[Take xco^a + ysiaa = p and a? cos a -h y sin a = /i' 
as the tangents to 




= 1 


and 


7 ? 

a? + X ^ 


h*+X 


= 1 .] 


9. The locus of points such that two tangents drawn from 
them, one to each of two confocals, are at right angles is a circle 
concentric with the two confocals. 
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10. Tangents are drawn through a fixed point (x\ y') to a series 

of conics confocal with — + ?- = 1 : shew that the locus of their 
or 6* 

points of contact is 

X ^ y _ 
y-y' aj-aj' “ar'y-ay'* 

11. Shew that the locus of a point such that the tangents from 
it to the ellipse a^ja^ + y^jb^ = 1 contain an angle 2a is given by 

Oj* cos^ a + ^ 2 * sin® a = a\ 

where On and are the primary semi^axes of the confocals through 
the point. 

12. Shew that the tangents at (h, k) to the conics passing 

through {h,*k) confocal with ^ ^ ^ represented by the 
equation , 

hk { {x - hf - (y - ky} + (A® - A® H#a® - 6®) (x ■-h)(y--k)=^ 0. 

13. From a fixed point F pairs of tangents FQ^ FQ' are drawn 
to each of a system of confocal conics. Prove that the circles FQQ' 
form a coaxal system. 

14. A straight lino FQRS intersects two confocal ellipses at 
the points F, Q, R, S in order. If the tangents at F and R are 
perpendicular, prove that the tangents at Q and S are also 
perpendicular. 

15. The polar of a fixed point ({, rj) with respect to ona conic of 
a system confocal with a;®/a® + y®/6® = 1 touches another conic of 
the system at some point. Shew that the locus of such points 
is the curve 

({y - ijx) (*• + y* - fx - ify) = (o’ - 6=) (x - i) (y - ij). 

16. Prove that the two families of conics which have their 
centres at the point (a, p) and touch the axes of x and y respectively 
at the origin are represented by the equations 

(ay - Pxf = A (y® - 2j3y) 
and (ay - ^ (a;® — 2aaj) 

respectively, A and B having arbitrary valuea Prove also that 
if = 0 the pairs of conics are confocaL 
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17. From a point P on an ellipse of semi-axes a* and h* tangents 
are drawn to an internal oonfocal ellipse, and these meet the first 
ellipse in points Q and R ; prove that the locus of the intersections 
of tangents at Q and R is another ellipse of semi-axes a and h 
such that 


] 8. Tangents are drawn to the ellipse -j + ^ from any 

Cb 0“ 


point 5^ on a given hyperbola confocal with the ellipse ; if 2$ be 
the angle between the tangents, prove that sin $ varies inversely 
as (72), where CD is the semi-diameter conjugate to CT of the 
ellipse through T confocal with the given one. 


19. If two conics be drawn confocal with 

-5 + fr = 1 and Tj + = 1 

a® 6® ^ 6® 

respectively, then the eight points of contact of their common 
tangents will Lie on a circle. 


20. If a triangle be inscribed in a conic and circumscribed to 
a confocal the normals at the points of contact meet in a point; 
and the normals to the conic at the vertices of the triangle meet 
in a point. 

21. Shew that 

{x - a)« + by (x - ay (y - by 
r® ” r'® 

is the circle which has as diameter the line joining the centres 
of similitude of the circles 

(X - a)® -I- (y - 6)® - r® = 0, (»— ay + (y - by - r'® = 0. 

Prove that if a circle cut two circles of radii r and r' at angles 
a and a respectively, it cuts the circle of similitude of the two 
circles at right angles if 

/ cob a s r cos a'. 



CHAPTER XIV. 

AREAL COORDINATES. 

256. definition. L?t ABC be a triangle, and P any 
p^int in its plane, then the areal coordinates of the point P 
with reference to the triangle ABC are defined as thd three 

'f 1 

AP-BO apca ^^pab 

aTABC' ^BOA' AGAB' 

It will be convenient to denote these by X, F, Z respectively. 
It will be seen at once if the point P lie within the triangle 
ABC that 

Z-hF+Z=l. 

But this identical relation holds wherever the point P may 
be in the plane of the triangle ABC, for it is to be observed 
that the signs of the areas have to be taken into account (§ 10). 
Thus if P and A be on the same side of the line BC, then the 
areas PBC and ABC will have the same sign and the ratio of 
these two areas will be positive ; but if P and A be on opposite 
sides of BC the ratio of the areas will be negative. 

Thus X will be positive or negative according as P and A 
are on the same or opposite sides of BC, 

Thus Y will be positive or negative according as P and B 
are on the same or opposite sides of CA, 

Thus Z will be positive or negative according as P and C 
are on the same or opposite sides of AB. 


18 
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It will be seen that the three denominators we have given 
for X, y, Z are the same both in magnitude and sign, for 

A^J5C= £^BCA == A CAB, 
the cyclical order of the letters being the same in all. 

257. It is now clear that the relation X + F + = 1 must 

hold wherever P be in the plane. 

For let FA meet BC in D, 

Thus on addition 

APCA + APAB= APCB-{-AABG, 
that is APAB-{- APGA + APBG— AABG, 
.\X+Y^Z^\. 

Examples. 1. The areal coordinates of the vertices of the triangle of 
reference ABC are (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively. 

2. The areal coordinates of the middle points of the sides of the 
triangle of reference are (0, J), (^, 0, ^), (^, 0). 

3w The areal coordinates of the centroid of the triangle ABChtb (J, 1 ). 

4. The areal coordinates of the orthocentre of the triangle of reference 
are (cot B cot C, cot 0 cot A, cot A cot B), 

258. Formulae of transition firom Cartesian to areal 
coordinates. 

The following relations are of great use and importance. 

(^ 1 . yi), (®fi 3 / 2 ), ys) 4ft® Cartesian coordinates 
referred to any axes {rectangular or oblique) in its plane of the 
vertices of the triangle ABC, and (x, y) the Cartesian coordinates 
of P in the plane, then 

a? = -f flja F + x^Z, 

y = + + yiZ, 

where X, F, Z are the areal coordinates of P referred to the 
triangle ABO. 
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■For X 


l^PBG 

/^ADC 



«a. 


y. 

ya, 

y» 

1. 

1. 

1 





yi> 

ya, 

yi 

1, 

1. 

1 


fl? (ya - ys) + y (^a - ^a) + ~ ^^lya) = AZ, 

where A = x^ 


yi» ya* ya 

1. 1. .1 I 

Similarly 

^ (ys - yO + y - a?,y8) = AF, 

and x(y^ - ya) + y (^a “ a^i) + {pc^y% - i»ayi) = AZ. 

• Multiplying these by a^, a? 9 , a?, respectively we get by 
addition • 

a;A = A (ariZ + F + ajjZ), 


whence x — x^X + x^Y’\r x^Z, 

Similarly on multiplying by yi, ya, ys we get 
y=yiZ + yaF + y3^. 


259. The following special case of the above will be found 
useful. 

Let the axes of the Cartesian coordinates be the sides CB^ 
GA of the triangle ABG, 


A 



Then the coordinates o{ A, B,G are respectively 

(0,6), (a,0), (0,0), 


18—3 



276 

AKEAL COORDINATES 

that is 

x = aY, 
y^hX, 

or 

II 

II 

and 



a b 

260. 

Area of triangle. 


From the relations of § 258 we can see that the area of the 
triangle the areal coordinates of whose vertices are Fi, Zi\ 
Fj, Fs, F 3 ) is 



y.. 

1 X Ailjja 




X„ 

Y,. 

z. 


For yi\ y^), y^ being the Cartesian coordinates 
of the vertices -4, (7 of the triangle of reference and oi the 

angle between the axes, the area will be 


^ sinew x^Xi+x^Y^-\-w^Zi, XyX^’^’xJT^+x^Z^, x-^X^-^x^Y^-\-x^Z^ 
y\Xi^yfYi-\-y^Z^y yi-^a+yaFg+ys^a? ViX^’Vyf^L 
Xj+Fi+iZ^, Xa+Fj + Fg, Xa^- Ij + Xj 


and this 


sinew 

Xij 


SOi 


X,, 

F,. 

F 


Vu 

Vi, 

y» 


Xi, 

F. 

F 


1. 

1 . 

1 


X». 

F, 

F 




X L.ABG. 

*■ 




A 2 , Fj, Z 2 
Xs. F„ X, 


261. Distance between two points whose areal 
coordinates are known. 

The simpler relations of § 259 enable us to obtain an 
expression for the distance between two points P and Q whose 
areal coordinates are (X^, Fj, Z^), (Xg, F,, X,). 
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, For let (<»,, yi), be the Cartesian coordinates of P and 

Q referred to CB, CA as axes ; then 

PQ‘ = (ai - a^j)® + (y> - yO® + 2 (a;, - ar.) (y, - y,) cos O' 

= «.HFx- F,)* + 6*(Xi-X,)’+ 2a6(Fx-F,)(Xj-X,)co8G 
= a‘(Fx-F,)« + 6H-Fx-X,)« 

+ (a= + 6«-c’)(F-F,)(Zx-Z,) 
= aHF - F) (F - F + X, - X,) 

+ (Xx - X,) (X. - X, + Ff- F) - c» (Xx - Xx) (F - F) 
( F - F) (F - Z,) - (F - F) (Xx - X,) 

, . -c»(Xx-X.)(Fx-F), 

Ijy using the relations 

Xx + lx + Xx =• 1, Xj + I j + Xj = 1. 

262. Areal coordinates of a point on a line Joining: 
two given points. 

//(Xi, Fi, Zi\ (Xa, Y^yZ.^ be the areal coordinates of P and 
Qy and R be a point in PQ such that PR : RQ = k : I the areal 
coordinates of R will be 

AjXa “1“ ^Xj 1cY^~\-lYx 1cZ^-\- IZi 

~k+ir^ ~¥vr~^ “fc+i”- 

For denoting by (a?i, yi), (/Cg, y 2 )the Cartesian coordinates of 
P and Q referred to GB, CA as axes, the coordinates of R 
referred to these same axes will be (§ 9) 

kcc2'\-la\ %2+iyi 
k+l ^ k+l ' 

a{kY^ + lYx) h{kX^+lXx) 
k + l ’ k + l 

■ ^ yj,_&X, + fX, 

FTT"’ 

v" ^F| + /Fx 

*"a A + i ’ 


that is 
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and 

^ kX^+lX^ kT.^lY^ A(l-Z*-Fa)+«(1-Z,- FO 
k + l Jfc + i “ A + i 

kZ^ + IZi 

“ ~T+77‘ 

263. The homogeneity of the equations of loci in 
areal coordinates. 

By means of the relatton Z-f F+^=l the algebraical 
equation of any curve in areal coordinates can be made 
homogeneous in Z, F, Z. Thus the most general equation of 
the second order in Z, F, ^ is of the form 

AX^ ^liY^ + CZ^ + 2FYZ + 2 GZX + 2HXY 

' +2UX + 2VY-^2WZ + D^0, 

and this is the same as 

AX^ -h jBF» + CZ^ + 2FYZ+ 2GZX + 2HXY 
+ (Z+ F+ir)(2[7Z+2FF+2TrF)4-i)(Z-h Y^Zf^O, 
which is of the form 

AX^ + B'F» + G'Z^ + 2F'YZ + 20' ZX + 2H'XY^ 0, 
and this is homogeneous in Z, Y, Z. 

Similarly equations in Z, F, Z of higher order can be made 
homogeneous. 

264. The linear equation. 

The general equation of a line in Cartesian coordinates is 
Ax + By + (7 fe 0. 

Using § 258 so as to transform this to areals we shall get 
A{xiX + x^Y+ x^Z) + B (yiZ -H ya F+ y%Z) + 0 (Z + F+ ^ = 0, 
which is of the form 

ZZ + JlfF+Z2r = 0. 

Conversely it is obvious that the equation of the first order 

LX^MY+NZ^O 
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must represent a line, for if (X„ F,, Zi), (Xj, Fj, Xj), (X„ F,, X,) 
be three points on the locus represented by this equation, 

ZXi + 3fF, + XX, = 0, 

LX, + MYt + NZt = 0, 

ZX, + JlfFs + XX, = 0, 


X^, 

Yr. 


X„ 

Y,. 

z. 

x„ 

Y.,- 

Z, 


= 0 , 


shewing that the area of the triangle formed by the three points 
is zera These points then must be collinear. 


265. fhe line at infinity. 

The equation 

X + Y + Z = €{IX -\-mY-\-nZ) 
becomes on transforming to CB, GA as Cartesian axes 

0 a \ ah) 

that is e(m — w)- +e(i — w) '~ = 1 — en, 

which is a line whose intercepts on the axes are 
a p — gyz) fc (1 — en) 
e (m — w) ’ € (i — ^ 

both of which get larger and larger as e gets smaller and 
smaller. And in the limit when e approaches zero these become 
infinite. Thus 

X Y Z ^ Lit € {IX TfiY 7iZ^ 

«-0 

is a line with infinite intercepts on the axes. This line we call 
the line at infinity. Its equation is often written 
X+ F + ^=0, 

but it is misleading so to write it unless its use is properly 
understood, for while e is veiy small, 

€(IX + mY+nZ) 
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is not so, being in fact equal to X + F+ ^ which is unity. The 
justification for writing the equation in the form 

X+ F+^ = 0 

will appear presently. (See §§ 266, 278, 286, 300 a.) 

266. Parallel lines. 

We may make use of the line at infinity to find the condition 
that the lines 

ZX + mF+w.^ = 0, 

VX-\-m'Y^nZ = Q 

should be parallel. 

% 

For we regard parallel lines as lines which intersect on tha 
line at. infinity, that is on 

X + Y Z = € (\X -H /X F + vZ). 

These three equations then must hold simultaneously, 

/. I, m, n =0, 

l\ m\ vf 
1 — 6 \, 1 — 6 / 4 , 1 — €V 

that is when e approaches zero, 

ly m, n ' = 0. 
l\ m\ v! 

1 , 1 , 1 

We see now that this is the result we should have obtained 
had we made the equations p 

IX 7nY + 7iZ = 0, 

ZX + m'F+n'^=0, 

X + F+Z=0, 

hold simultaneously, in other words if we had written the line 
at infinity 


X + F + ^ = 0. 
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Examples. 1. Obtain the equations of the lines joining the middle 
points of the sides of the triangle of reference in the form F-f Z- JT^O, 

z+x- r=o, x+r-^=o. 

Shew that these are parallel to the sides of the triangle. 

2. Find the equation of the line which passes through the vertex A 
of the triangle of reference and through the intersection of the lines 

lX‘\'fn,X-^7iZfsi0y y^-\“7h*Z^0. 

'X Find the equation of the line through the intersection of 
lX+mV-¥nZ=0 and rX+m^T+7i'Z=0 
and parallel to the side BC of the triangle of reference. 

4. Interpret in relation to the lino lX-^mr+nZi=0 the equation 
mr+wZ=0. • 

6. Prove that the condition that the lines 

lX^i7iY-\~7iZ^0f 7i'Z=0 

should be at right angles is 

a* ll' + mm * — (mn* + m*n) he cos A - {nl* + n'l) ca cos B 

— {lm'-{’l'7n) ab cos (/—O. 

[Transform to Cartesians with CB and CA as axes.] 

6. The general equation of lines parallel to the side of the 

triangle of reference is jr=Ir(A’'-h Y+Z). 


267. To find the length of the perpendicular from (Xj, Fj, 
on the line 

ZX + mF+ nZ = 0. 

On transforming to Cartesian axes CB, CA the equation 
becomes 


0 a \ a bj 


The perpendicular distance of (a?i, on this is (§ 109) 


Bin I 


V (— ) +(-T-J 
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ah sin (7 + m ~ + n ~ “ ^)| 

ny + a* (Z — w)® — (a* + 6* — c^) (m -^n){L - n) 

_ 2 A (ZX, + m Fi + nZi) 

Va* (Z — w) (Z — m) + 6'* (m — ») (m — Z) + c* (w — Z) (n — w) 

2 A (J/Xi + TyiYi + viZt^ 

VS ’ 

where 

fl = Z*a* + + 7?®c= — 2mnhc cos -4 — 2nlca cos B — 2lmah cos C. 

268. We see then that the lengths of the perpendiculars 
from the vertices A, By G of the triangle of reference on the 
line 

J/X + ViiY “ 1 “ 71 Z = 0 

2AZ 2Am 2An 
are -jy , -g-, , 

where D stands for the denominator 
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269. These perpendiculars p, q, r firom the vertices A, B,C 
on to the line are sometimes called the coordinates of the line, 
such coordinates satisfying this identical relation. 

We may however for all practical purposes speak of I, m, n 
which are proportional to p,q,raa the coordinates of the line, 
but there is no identical relation satisfied by I, m, n nnloag they 
are actually equal to p, q, r. 


270. Special form of the equation of a line. 

1/ Y, Z) he any point on a line passing through 
(X„ Fi, F,) then 

, X-Zi ^ F-F, ^ Z-Z, ^ 

• I m n ' 

‘where r is the algebraical distance of^ (X, F, Z) from (Xi, Z^) 
and I, m,n are constants for the line which satisfy the relations 

f + m + 71 = 0, 
a*7wn + h^l + (i‘hn = — 1. 


For let D be the point (X„ F,, Z^ and let E (X„ F„ Xj) be 
some other definite point on the line. 

Then if P be the point (X, F, Z) on the line and if 

DP-.PE = k‘.1(! 

we know that 

kX^ + VX, ^ kY^ + k'Y^ ^ kZ^ + k'Z^ 

k+k' * ^ ThF"’ 


X-X,- 


k(^Xf— Xj) 

k + E 


etc.. 


X-X, F-Fx_X-X, _ * _DP r 

•’* X,-X, Y,-Y\ Xi-X, le + if DE r,,’ 

where r is the distance DP, and r^ the distance DE reckoned 
algebraically. 

Now write 


X. 


-X,. 


F,-F. 
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and the equations of the line become 


Z-Zi 

I 


m 


Z 



1 I Za + 1^2 + ^2 

where c + m + n = 

and a?mn + 6*nZ + cHm 


~( z ,+ y ,+^0 
n* 


= 0 . 


aHF,-F2)(^x-^2)+&H^i- ^ .)(Z,~Z2)+c^(Z,-Z2)(F,-r2) 


It is easy to sec that if the line be parallel to the side BC 
of the triangle of reference Z = 0 for Z will be constant along 
the line, so that in this case 


7??, + n = 0, 

= — 1. 

So that Z:m:n = 0:l : — 1. 


The student will of course understand that the Z, m, n used 
in this form of the equation of a line are not the same as the 
I, m, n used when the equation of the line is written 

ZZ + mF + nZ=0. 


271. General equation of the second degree. 

As the general equation of the second degree, which we will 
take to be 

AZ* + BF^ + CZ^ + 2FrZ + 2(?ZZ 4- 2//ZF= 0, 
transforms to an equation of the second degree, in a;, y the 
corresponding Cartesian coordinates by means of § 258 or § 259, 
it is clear that this equation must ^present a conic 

272. Condition for a pair of straight lines. 

If the equation represent a pair of straight lines then 
AZ + BF* 4- OZ + 2FYZ + 20ZX 4- 2EXT 
must be the product of two linear factors such as 
(ZZ 4- MY 4 - NZ) (Z'Z XZ\ 
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that is to say 

AX* + 2irXY+ £¥> + 20 X + 2FY + C 

= (LX + MY+N) {L'X + M'Y+ N% 
and the condition for this we have seen to be 
A, H, Q =0. 

H, B, F 
0, F, G 


273. The nature of the conic 'represented by the general 
equation in the case where this is not two straight lines can be 
decided by transforming to Cartesians with CB, GA as axes. 


X-^ 


V — — 
a’ 


a b 


We writs 

and the equation becomes 

The terms of the highest degree, which determine the 
nature of the conic are 


0^ 

ab 


0 . 


B+G-2F „ G+H-F-G G + A-20, 

.a,-+ 2 ‘e!f+ ^ y*. 


a" 


ab 


274. Conditions for a circle. 

If the conic be a circle the terms of the highest degree 
must be of the form 

K(a:^ + 2osy cos G + y*). 

Therefore 

5 + C7-2J?’ C + A^2G _ C+H^F^G 

a* ’ 6* ’ ab 

“ ^ ^ • 2a6 ’ 

That is 

B^C-2F G + A- 2G^2(0+H--F- G) 

a» “ 6» “ + 
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and each of these 

_{B + C + A -2G)-^{C + H - F- 0) 

o» + t»-(a* + 6*-c“) 

A+B-2H 

^ • 

Thus the conditions for a circle are 

B + G-IF _G + A-m A + B-2H 
a> . ^ ’ 

276 . Dlaciimlnatloii of ellipse, parabola and hyper- 
bola. 

Reverting to § 273 we see that the general conic will repre- 
sent sin ellipse, parabola, or hyperbola according as 

(G+H-F-Qy=iB + G-2F)iG+A-20). 
that is, according as 

F’‘+(? + H*-2FQ- 2QH - 2HF+ 2AF 

+ 2BQ + 2GH-BG-GA-AD%0, 

that is, according as 

A, H, 0. 1 =0. 

H, B. F, 1 
O, F. G. 1 

I . 1 , 1 , 0 

This discrimination can be otherwise expressed : 

If we write B + G — 2F=p, 

G + A — 20^ q, 

A+B-2H = r, 

we see that 2{G ^ H — F—0)=p-\-q — r. 

Thus the conic is an ellipse, parabola, or hyperbola according as 
(p + g - r)* = 4pq, 

that is p* + j’ + r* — 2pq — 2qr — 2rp ^ 0, 
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276. Condition for rectangular hyperbola. 

Again we see that the conic will be a rectangular hyperbola if 

B+G-2F ^G + A-2Q ^G + H-F-0 ,, ^ 

^ 2 ^ C08G = 0, 


that is 


^ ^ g _ p + ^ — r a® + 6® — c® 
a* 6® ab ' 2a5 


that is 2pb^ + 2qa^ — ( + g — r) (a® 4* 6® — c®) = 0, 

that is jp (i® + c® — a®) + q (c® + a® — Z>®) + r (a® + i® — c®) = 0, 

which we may write 

jD cos A qcosB r cos (7 _ ^ 

"I* 0* 


277. Summary. 

We may then sum up these results for reference. 

The conic will be a circle if 

p ^q 

6® c®‘ 

The conic will be an ellipse, parabola, or hyperbola according as 
A, H, G, 1 =0. 

H. B, F, 1 
G, F, G, 1 

I , 1 , 1 , 0 

or as this may be written 

p* + g® + r* - 2pg — 2g7’ - 2rp = 0. 

The conic will be a rectangular hyperbola if 
p cos g cos 5 ^ r cos (7 _ q 
a b 0 ~ ’ 

Should the conditions for tv/o straight lines and for a rect- 
angular hyperbola be both satisfied, then of course the equation 
represents a pair of straight lines at right angles, these being a 
particular case of a rectangular hyperbola. 
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278. We can discriminate the ellipse, parabola and hyper- 
bola without any transformation to Cartesians by making use of 
the line at infinity. For eliminating Z between 

AX^ + + 'IFYZ + 2(?ZZ + 2HXY= 0. . .(1) 

and • X + y + ^ = e {IX -f mY + nZ) (2), 

we obtain on making e very small 

AX^ + BY^ + C{X+ r)»-2(FyH-GX)(X+ y)-h2^rXF = 0, 

that is 

(iH-(7-2&)X> + 2(G4-^-X-G)XF 

+ (5+C-2F)F* = 0 (3). 

The left-hand side of this equation being the product of t vo 
linear factors of the form XX +//.F, X'X + /i*'F, (3) represents 
the pair of straight lines j6ining the vertex C of the triangle 
of reference to the points of intersection of (1) and (2), that is 
the points of intersection of the conic with the line at infinity. 
Now an ellipse meets the line at infinity in two imaginary 
points, a hyperbola meets it in two real points (§§ 183 — 185), 
and, as is known from Pure Geometry, a parabola touches it. 
Thus the conic will be an ellipse, parabola, or hyperbola 
according as 

(C-hif-X- G^)« = (^ + C-2C?)(5 + (7-2jP). 

It will be observed here again that as we make € very small 
after the elimination of Z the result is the same as if we had 
written X 4* F + 0 for the line at infinity. 

Examples. 1. The condition that fhe conio 
AX^+BY^+CZ»^Q 

should be a parabola is 

BG+CA^AB=0. 

% The condition that 

FTZ^^OZX^HXY^^O 

should be a parabola is 

±-JT±-Ja±-/S’=o. 
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8 . Shew that the conic 

is an ellipse, parabola, or hyperbola according as the angle A of the triangle 
of reference is obtuse, right, or acute, a, 6, e being the lengths of the sides 
of the triangle. 

4 Itationalise the equation 

ixY vZ^O 

and shew that the conic represented by it will be a parabola if 

X+fi + V “0. 

5. Shew that the equation 

represents a circle, as does also 

a® 7Z^ h^ZX+ c^X r+ (X+ F+ Z) {IX + m T+ nZ) * 0. 

10 . Shew that the equation 

p {yy - wzf + <7 («» - ma)® + r {ux - vyY = 0 

represents a pair of straight lines meetiifg in the point whose coordinates 

are proportional to - i , 

U V w 

279. As throughout the rest of this chapter we shall not 
have occasion any more to transform our areal coordinates into 
Cartesian, it will be unnecessary to continue to use capital 
letters Jf, F, Z for the areal coordinates of a point. We shall 
accordingly make use of x, y, z instead. Wo shall continue for 
the present to use capital letters A, B, (7, etc., for the coefficients 
in the general equation of the conic so that there ui^ay be no 
fear of confusing these coefficients with the lengths of the sides 
of the triangle of reference. 

280. Intersection of line and conic. 

Let us find where the line 

= = ^ . ( 1 ) 

I m n ' ' 

meets the conic 

/(«5| y, + Cz^ 2Fyz + 20zx + 2nxy = 0. . .(2). 

From (1) we have 

y=yi+wr, z^zx + nr. 


19 
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Substituting in (2) we get 

A (a?i + Zr)* + 5(^1+ mr)® + C(£:i-h nr)^ -f ^F{yi + mr) {z^ + nr) 

+ 2G (^1 + nr) (a?i + Ir) + 2H (x^ + Ir) (yj + mr) = 0, 

thut is 

/(Z, m, n) r^ + 2 (Z|^i + m??, 4- nQ r +f{xy, = 0. . .(3), 


where = Ax^ + Hy^ + Gz^, 

fi =" Oxj-\-Fy^ -I- Gzi. 

This quadratic equation in r gives tlie algebraical distances 
from (a’i, 2 /i, Zi) of the points in which the line meets the conic. 


281. Equation of tangent at a given point. ^ 

If l^Pii 2/ii ^i) be the given point, the line (1) of the preceding 
article will be a tangent to the conic if both of the roots of the 
quadratic equation (3) in r ai*e zero. 

This requires (i) /(x^, t/i, z,) = 0, 
which is satisfied since the point is on the conic ; 
and (ii) Zfj -f + nj’i = 0. 

Thus the equation of the tangent is 

(a? - a;,) 4 (y - ?/i) + (^ - z^) =: 0, 


that is ‘ + yq^ 4- z^^ =f{ocu y^ = 0. 

Written at length the equation of the tangent is then 
{Axi H- liy^ 4- Oz^) X 4- {Hx^ 4- %, 4- Fzi) y 

(Cra?! + Fyi 4- Cz^) z = 0. 

If the notation of the differential calculus be employed 
this is 


where ^ means the partial differential coefficient of /(a^, Zi) 
with respect to Xi, and so on. 
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The quantities fi, rji, f,, are respectively 








282. Chord of Contact and Polar. 

It will be convenient to write T for the expression 

(Aa;, + ffy, + O^i) x + {Hx^ + Bx/y + Fz^ y + {Qxy + Fy^ + Cz,) z 

so that T= 0 is the equation of the tangent if (xy, y^, Zy) be on 
the curve. 

If (a?„ yy, Zy) be not on the curve, it can be proved exactly 
as in § 135 that '£=0 represents the chord of contact of tangents 
fi iAn {Xy, yy, Zy) and the polar of {xy, yy, Zy). 

It can also be proved as in § 1^1 that the equation of the 
chord whose middle point is (xi, yi, is T=Si. 

283. Condition for tangency. 

We can at once find the condition that the line 

lx-\-my + nz = 0 (1) 

should be a tangent to the conic given by the general equation. 
For suppose it is a tangent at {xi, y^, Zi), then (1) must be 
identical with 

{Ax^ + Hyi + Gzi) X + {TIxj, + By^ + Fz^) y 

+ ( Gxy^ + Fyx + Czi)z==0, 

. Ax^ + Ily^ -h G zj ^ Hx^ + By^ + Fz ^ ^ Gx^ + Fy^ + . . 

' ‘ i w n V / /* 

Thus Axi + Hyi + Gzi — t\^0, 

Hxi + By I + Fz^ - m\ = 0, 

Oxi + Fyx 4* Gzi — = 0. 

Also since (arj, satisdes (1) 

hji-i-myi = 0 . 


19—2 
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Eliminating X we get 


A. 

H. 

G, 

1 1 = 0 , 

n, 

B, 

F, 

1 

in 

0, 

F. 

c, 

71 

i. 

m, 


0 


which when multiplied out gives 

AiP + + 6 ^ 2 * + + 20^nl + 2HJm = 0 , 

where -4,, Bi etc. are the minors with theii- proper signs of 
A, B,C etc. in the determinant 

4 , H, G 
//, B, F 
0. F. G 

We see from (1) that the condition that the conic should 
touch the line at infinity + 0 is 

4, iT, G, 1 1 = 0, 

H, 5, F, 1 

G, F, C, 1 

I , 1 , 1 , 0 

which is also the condition that the conic should be a parabola. 
Thus all parabolas touch the line at infinity. 

284. Equation of pair of tangents. 

We can prove in exactly the same way as was done in the 
case of Cartesian coordinates (§ 214) that the equation of the 
pair of tangents from (a?!, z^) to the conic is 

/(<», y> •®)/(«i. Vx. «j) = 

For we have the general equation of conics having double 
contact with the given conic where the chord of contact T == 0 
meets it, viz. 

f{x, y, z) = \T\ 

We now choose \ so that this passes through (xi, yi, Zi) and 
thus have the equation of the pair of tangents. 
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286. The equation of the director circle. 

The pair of tangents from (a,, y,, z,) to the conic 

S = Aa? + Bif-\-Cs^-\-2Fyg + 2Gzx + Hi}oy7=0, 
is 

+ By* + + ^Fyz + ^Gzx + 2Hxy) S, = yy, + 

Expressing the condition that these should be at right 
angles (§ 277) we find at once 

{iB + G-2F)S,-{v.-m^ 

(Jb 

+ {(C + A- 2G) 8, - (g - ^ 

+i(A+B- 2II}8, - (f. - y.)’} ^ = 0. 

Thus the equation of the director circle is 
/ p cos A ^ g cos B r cos C\ ^ 

V a 6 c ) 

COS^ , y.. . COSB .y y.. , COS G . y .a 

where 17 , f are what ?i, 171 , become when we suppress the 
suffixes of X, y, z, that is 

^^Ax-^-Hy+Qz, r) = Hx + By + Fz, ^=Ox~{- Fy + Cz, 

286. The centre. 

Tangents at the extremities of any chord through tJfe centre 
axe parallel 

Thus the polar of the centre must be the line at infinity. 
Hence if (a?i, yi, z^ be the coordinates of the centre, the line 
(A®, + Hyi + G«i) ® + (H«i + Byi + Fz^ y 

~i~ (^Gxi ^ yx"^ Gzi^ z — 0 

must be the same as 

x + y + z^€ (lx + my + nz), 

wffien € is very small 

Axi + Hyi+ Ozi=^irxi+Byj + Fzi 

Gx^ "f Fyi + Gzi = X (say)» 
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We thus have 

Axy + Hyy + (?^j — \ = 0, 
Hxx + Syi + Fzx — X = 0, 
Oxi + Fyi + C’^, — X = 0, 
aud also scx “)■ y^ *4" 1 ”■ 0« 

Eliminating x^, y„ z^ we get 

•1, H, G, X =0, 

H, ,B, F, X 
G, F, G, X 

I , 1 . 1 . 1 


A, 

IT, 

G, 

\ 

+ A, 

H, 

(T. 

0 

= 0, 

H, 

B, 

F, 

\ 

IT, 

B. 

F, 

0* 


0, 

F, 

c, 

\ 

G, 

F 

G, 

0 


1. 

1. 

1, 

0. 

1, 

1. 

1. 

1 



that is 


A, 

H, 

Q, 

1 

+ A, 

IT, 

G 

H, 

B, 

F, 

1 

H, 

B, 

F 

G. 

F 

0, 

1 

0, 

F, 

0 

1, 

1. 

1, 

0 





Thus the coordinates of the centre are given by 
Axi + Hyx + Ozx = Hxx + Byi + Fzx = Gxx + Fyx + Czi 
= - A, H, Q - 5 - A, H, G, \ . 

H, B, F H, B, F, 1 

O, F, C G, F. C, 1 

1 . 1 . 1 , 0 

287. The coordinates of the centre can also be found very 
simply by using § 280. For as ev^^y line through the centre 
Vu ^i) meets the curve in two points equidistant from the 
centre the two roots of the quadratic equation (3) in r must be 
equal in magnitude and opposite in sign. 

for all values of I, m, n. 

But i + m + n = 0 (§270), 
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288. The Fool. 

If (xj, y-i, Ai) be a focus of 

S = Aa? + Gi^ + 2Fyz + 20zx + ^Hxy = 0, 

the pair of tangents from (a^, y,, a,), viz. 

{Aa? + By^ + Oa’ + ^Fyz + 20zx + 2Tlxy) 8i 

-(a'fi+yi7, + A5’,)> = 0, 

satisfy the conditions for a circle. 

These are (§ 277), 

iB+0-2F)S,-(v,-^,y JC+A- 20) S, - (ft - 
a* 6* 

^ (A + B-2H)S,-(^,-V,y 
c» 

The coordinates of the foci then arc given by 

pS-iv-^r ^ gg-(g-f) » ^ rS-{^-r,y 

a? 6* c> ' 


289. The Axes. 

The foci are by the last article given by 

vs -(v- r)“ _qS-(^- ly rs-{^-vy_. f. 

whence we have 

rjS — (f — y)® — Xc* = 0. 

Elim inatin g S and \ we see that the foci lie on the conic 

p. (g-o*. a* =0 .(1). 

q, (r-fn ft* 

which is satisfied hy — that is (§ 286) by the centre of 
the given conia 
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Thus (1) is the equation of the axes, for only one conic can 
be drawn through five points of which not more than three are 
collinear. 

I am not aware that the equation of the axes has ever been 
given in so simple a form before. 

290. The Asymptotes. 

The equation of the asymptotes will be 

+ By^ + Cjz^ + 2Fyz +20zx + 21lxy + A? (i*? 4* y + = 0, 

where A is a constant (§ 186). 


But the asymptotes pass through the centre 
given by 

AXi + Hyi 4 - Gzi = IIxi 4 - By^ 4 - Fz^ = Gx^ 4 - Fyi 4 - Czi = 
where \ has the value found in § 286. 

Thus 

k = — (Axi^ + Byi^ + Gz^ + 2FyiZi + ^Oz^x^ + 2jffa;,y,) 
= - <E, {Ax^ + Hyi + Ozi) - y, {Hx^ + i?y, + Fz^) 

-0,(G'a;,+ Fy^ + Cz^ 

\ (a:j + yi-\-z^ = — 


Thus the asymptotes of / {x, y, a) = 0 are 


/(x.y.^r) A, H, G, 1 
E, B, F, 1 

0. F. G, 1 

1 . 1 . 1 . 0 


+ (x + y + zy 


A. 

H. 

Gf 


H, 0 = 0 . 
B, F 
F, G 


291. The student can easily prove as in § 138 that the 
condition that the lines 

lx 4- my 4* = 0, 

Vx+ m'y + n'z = 0, 
should be conjugate lines for the conic, 

Aa^ 4- -ffy* 4- 4- 2Fyz + 20zx 4- 2Hxy * 0, 
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13 A, H, O, I = 0, 

H, B, F, m 
0, F, C. n 
i V, m', n' 0 

and that the condition that the pair of lines 

ua^+v^ + wz^+ 2u'yz + 2v'zx + 2'u/aiy = 0 , 

should be conjugate is 

A^vl + + (/,«; + 2F^ii + + 2H^' = 0 , 

where A^, B,, etc., are the minors with their proper signs of 
A, B, etc., in the determinant 

A, II. 0 
ti, B, F 
0. F, G , 

Examples. 1. If tho vertex A of the triangle of reference be a focus 
of the conic then Bh^^Cc^. 


2. Shew that the equation 

2yz + ’Hzx + 2xy = 0 , 

represents a hyperbola touching tho side a:=0 of tho triangle of reference 
at its middle point, and having for asymptotes the sides y»0, a^O. 


3. The condition that 

lx+my-\-nz—Q and Vx-{-rn!y-\-n'z=0^ 

should be conjugate lines for the conic 

wo?® + vy^ + = 0, 

IV mm! . nil' _ 

is — — =0. 

u V w 

4 The coordinates of the centre of the conic 
+ V/xy + = 0 

are proportional to /x+i/, v+X, X+/:i. 


292. Conics circumscribing the triangle of reflsr- 
ence. 

The equation of a conic circumscribing the triangle of 
reference is of the form 

Fyz-^ Ozx-^Hxy^O. 
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For taking the conic 

+ By^ + Gz^ + 2Fyz + 2Gzx + = 0, 

and expressing the fact that this passes through (1, 0, 0) the 
vertex A of the triangle of reference Ave get ^ = 0. 

Similarly . £ = 0 = C. 

293. Conic touching the sides of the triangle of 
reference. 

The general equation of ^uch conics is of the form 
s/\x + V/iy + \^vz = 0. 

For taking the general conic and putting -sr = 0, which is the 
equation of the side AB oi the triangle of reference *we obtain 
, Ax^ + Bif + 21Ixy = 0. 

The left-hand side of this must be a perfect square in x and y, 
otherwise the conic would meet = 0 in two different points. 

/. H^^AB. 

Similarly = BO and = CA. 

Thus the equation of the conic becomes 

Aa^ + By^ + Cz“ ± 2^JJGyz + 2V GA zx ± 2'>J A B xy=^0. 

Now put A = B = C= v\ 

The equation becomes 

± 2fjLvyz ± 2pKzx + 2\fixy = 0. 

But the left side is a perfect square if we take all the 
ambiguous signs positive or if we take two negative and one 
positive. 

We must then exclude these cases and we have left one of 
the two forms 

W + fjL^y^ + v^z^ — 2fii/yz — 2v\zx — 2\fixy = 0, 

+ v^z'^ + 2fjLvyz + — 2\iixy = 0 . 

But if we write — i/' for v in the second of these it becomes 
the same form as the iirst, which is then the most general 
form. 
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It can be written 

(VXx + y//Liy + V vz) (— + V/t?/ + \fVz) (VXic — ^ fiy -k-^lvz) 

{sl\x + V/Lty — *Jvz) = 0. 
Thus ± ^fxy + »JVz = 0, 

which we may write 

VXa? + V/ty + •sivz = 0, 

the ambiguous sign being understood before each of the 
radicals. 


294. The condition that 

• lx + my + nz=0 

should touch the conic 


IS 


4- V/Iy + = 0 

^+^+:-o. 

I m n 

For if we eliminate z between the two equations we get 


that is 


that is 




\x + fiy + 2^Xfixy = — — ^ , 


ar + 2'J\fM;y + (ji + ^^y = 0. 

The left side must be a perfect square in and Vy. 


which reduces to 


\mn + finl + vim = 0, 
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296. Conics for which the triangle of reference is 
self-polar. 

The general equation of conics for which the triangle of 
reference is self-polar, that is to say each vertex is the pole of 
the opposite side is 

For the polar of the vertex A (1, 0, 0) for 

Aa^^ + + ^Fyz + 2Gzx 2Hxy = 0, 

is Ax + Uy + 0z = 0^ 

and this has to reduce to a; = 0 ; 


G = 0andir = 0. 


Similarly F=0. 

Thh condition that lx 4- my + nz=^0 should be a tangent is 


P m* 
A^ B 



= 0 . 


For the tangent at (a?i, y^, Zi) is 

A.xxi 4 “ Fyy^ 4 " Gzz\ ^ 0 * 
Making the two lines identical we have 

Axi^ _ Byi __ Cz^ 

I m ~~ n ' 


But 




Z* . m* n® 


= 0 . 


296. Equation of the circumq^ole of the triangle of 
reference. 

The general equation of conics circumscribing the triangle 
of reference is 

Fyz + Ozx + Hxy = 0. 

The conditions for a circle become in this case 
F G H 
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, Thus the circumcircle has for equation 
a^yz + h^zx + c^xy = 0 , 
or, as it may be written, 


X ^ y 



= 0 . 


297. Equations of incircle and ecircles of the 
tiiang^le of reference. 

The equation of a conic touching the sides of the triangle 
is given by 

+ v^z^ — 2iJi,vyz — 2v\zx — 9Xfixy =» 0 . 

, Expressing the conditions for a circle we have 

/A® + v* + 2fjLv _ i;* + X® + 2v\ _ X* H- /A® + 2X/i 
a* 6* * ^ 


that is either 


/A + 2/ _ V + X _ X + /A 
± ct +6 i c * 

a ” 6 ^ c * 


which give 
or 

which give 
or 


\ fJL ^ V 

b + c^-a c + a — i’”a + 6 — c’ 

/i4-i'__i/ + X_X+^ 

a 6 ”” —0 * 

\ ^ fJL ^ V 

6 — c-a”” — c+a-6"’a-h6 + c* 
fi + v _ y -f X _ X-f 
a ~ —6 ” c * 


which give ■ , ^ = - - - . = — ^ . 

o c+a + 6 a-b-^o 

fju-^v _ y 4-X _ X + ; i. 

a""— 6~— c* 


which give 


X _ fjL y 

-6-c — a~ — c + a + fe^a— 6 + c* 
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Whence we get as the equations of the four circles touching 
the sides of the triangle of reference 

V(5 — a) •J{s — h)y + — c)^ = 0, 

V (s - 6 ) a? + ^/(s — a)y + \/ — 55: = 0 , 

^l(s — c) a; + \/ — + V(s — a) -gr = 0, 

V — sic + — c) y + — 6) = 0. 

It is easy to see that the first of these gives the incircle^ 
the second the ecircle opposite to G and so on, for the z 
coordinate of every point on this ecircle is negative, whereas 
the X and y coordinates are positive. 

We observe that the equation of the ecircle opposite to A 
is got from that of the incircle by writing — a for a. 

• 

298. Equation of the nine points circle of the 
triangle of reference. 

This circle has to pass through the middle points of the 
sides and the coordinates of these points are (0, i), (i, 0, J), 

(i. 0). 

Taking the general equation 

+ By^ + 4- ^Fyz + ^ZQzx + 2Hxy = 0 

we have the conditions 

B+G+2F=0, 

C + A+2G=-0, 

A + B + = 

And the conditions for a circle are 

B + G-2F _G + A-20 +B-2E 

a* b‘‘ "c* 

B+G_ G+A A+B 

" o= b* ~ c» ’ 

wMchgive 

2.^^ = — + 0) = — A (2a®) ; 
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Hence the equation of the nine points circle is 
+ c> - a») + (c* + - ¥)y^ + (a? + 6* - c'^ 

— 2aHiz — 26®-2:a; — 2c^xy = 0,. 

that is 

a® {(y — -e)® — 4* 6* {(^ — a?)® — 2/^j + c* {{x ~ i/)’* — = q, 

or a^{y x){y^z-\^ x)-\r hr {z — x — y) (z — x + y) 

-{- c^x - y - z) (x - y + z) = 0, 


which can be written 
n! 


^ c* 

+ r—r — r + r-TT: — i = 0, 


y 4- z — x z 4- x — y x4‘y — z 


299. Oil the form of the equation of the nine points 
011*010. 

$ 

It may have already occurred, to the reader that, as the 
equation of the circumcircle of the triangle of reference is 


T y z * 


and that of the nine points circle is 

6* 


+ ^ = 0. 

Z4- x — y x4 y — z 


y4-z — x 

there is some connection between the two. 


Such indeed is the 


case. 

Let A\ B\ C' be the middle points of the sides of the 
triangle of reference. A' being opposite to A, S' to Ji and 
0' to G. 

Let (x, y, z) be the areal coordinates of a point B referred 
to the triangle ABC. And let (x', y\ z') be the areal coordinates 
of the same point referred to A'B'C, 

, APJ9'(7' ^APB'a 

rhoQ CO- ^ AAliC • 

But the coordinates of P, B', G' referred to ABO being 
respectively 

(i.O. i). (i.i.O), 
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A PRO' 
AABG “ 


we have 


h 

y, 0, 


i 




h o\ 

m' = y-\-z — x. 

Similarly ^^z + x — y and = a? + y — 

Now the nine points circle of the original triangle ABO is 
the circumcircle of the triangle A'B'C'. 

If then the point P be on the nine points circle of ABG, it 
is on the circumcircle of A'B'G\ 



that is 




+ — ; 1 

y + ^ — a? z-k-x-^y x-^-y-^z 


= 0 . 


Again the equation of the incircle of A'B'G' referred to 
A'RG' would be 


V(s' -a')a?' + v'(5' — 6')y' + — c')/ =0, 

where a\ b\ d refer to A'B'G\ And a' ; 6' ; c' = a : 6 : a 

Therefore the incircle of A' RU has for its equation referred 
to ABG 


V(a — a) \y + ^ — a?) + V(5 - 6) + a? - y) + V(a — c) (a? + y — = 0. 

We see then how when we know the equation of some locus 
connected with the triangle ABG we can find the equation of 
the corresponding locus connected w^th A'B'G', 


300. The Circular Polnte at infinity. 

We have seen that the equation 

Ax^ + By* + Gz* + 2Fyz + 20zx + 2Hxy = 0 (1) 

represents a circle if 

5 + C-2J?’_C + A-2(? A+fi-2jr 

”” o» • 


a* 
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. Suppose these conditions fulfilled and equate each ul these 
fractions to 

= Xtt*, 

2H A +B- \c\ 

Thus the equation of the circle becomes 
Ax^‘\- 0— \a^)yz + A -~Xh'^)zx 

(A + B — Xc^) xy — 0, 

that is 

(-4a? + jBy + Cz) {x -\-y z)-X {a^yz + If^zx + d^xy) = 0. . .(2 ). 

Thus pojnts common to this circle and the circumcircle of 
the triangle of reference satisfy 

{Ax By Gz) (a? + ?/ + ^) = 0. 

We see then that Ax + By + (^ = 0 is the radical axis of (1) 
and the circumcircle; and further that (1) meets the line at 
infinity, £c 4* y + -s = 0, in the same points in which the circum- 
circle meets it. 

Thus all circles in a plane go through the same two points 
on the line at infinity, viz. the two points in which the line at 
infinity cuts the circumcircle of the triangle of reference. 

These points are called ‘ the circular points at infinity.* For 
their use seer my Gourse of Pure Geometry, Chapter xviii. 

300 a. It seems desirable here again to justify our taking 
the equation of the line at infinity as 

« + y 4- ^ = 0, 

instead of using its more accurate expression 

a? + y 4- = Lt € (fa? 4- my + nz) (3). 

This line meets the circle (2) in points determined by 
€ (/a 4- my 4- nz) (-4a? 4- -By 4- Gz) — X {a^yz 4- h^zx -h c^xy) = 0, 
that is by 

€ (ia? + my + nz) = 


X (a^yz 4- h^zx 4- c*a?y) 
Ax-\‘By-\-Gz 


20 
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Now the points satisfying this and (3) are at infinity, and so 
the numerator of the right-hand side unless it be zero will be 
large compared with the denominator, whereas the left-hand 
side is finite. Hence we must have 

dryz 4- + c^xy = 0. 

Thus the circle meets the line at infinity in the same points 
in which the circurncircle meets it. 

Another way of regarding the matter is this. We see that 
x + y+z\^ always finite, being in fact equal to unity, and the 
equation (2) can be written 

Ax + By + 6/^? — A, {a-yz + h^zx + c^xy) = 0, 
so that at infinity the terms of the higher order in a?, y, z, 
namely 

X (a?yz ;f b^zx -h c^xy), 

must overwhelm those of the lower order, namely 

Ax -f By + (Jz, 

unless indeed a^yz + b^zx + d^xy = 0. 

This is just what we get when in (2) we put a? + ?/ + = 0. 
Thus when we write x-^y-\-z=0 we arc really expressing 
the fact that even when x, y and z have infinite values they 
assume these values consistently with x -h y -i-z being finite ; 
and if a; -H y + ^ be finite it is the same as if we write 

x + y + z = 0, 

for finite quantities are negligible in comparison with infinite 
ones. 

301. Radical axis of two circles. 

If S = Ax^ 4- By^ 4- Gz^ + 2Fyz 4- 2Gzx 4- 2Hxy = 0 . . .(1), 

= A' By 4- OV 4- 2F'yz -f 2G'zx -h 2H'xy = 0. . .(2), 
be two circles, and if 

B^C--2F _G + A^2G A +B--2H 

^ tt" 6* c» “ ’ 

, F + G-2F' 6^4-^'-2G' A' + B'-2H' 

ana \ = r = j- 

a* 6* 
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the equations can be written (§ 300) 

(Ax -f iBy + (a; -f y 4* ^) - X (a*y^ + b^zx + c*a;y) = 0, 

(A'x + 5'y + C'z)(x + y + z)-X' (a^yz + h^zx + c^xy) = 0. 
Thus points common to the two circles satisfy 
(Ax 4- By Cz)(x z) _{A'x-{‘ By + Uz) (x + y + z) 

X ~ V • 

Thus the radical axis of the two circles is 

Ax 4- By + Gz _ A'x 4- By + C'z 
X V ■ 

The student will have no difficulty in proving for himself 
that the square of the tangent from (a?, y, z) to the circle (1) 
. « 

Example. Tf p, g, r be the lengths of the tangents from the vertices 
Ay By G of the triangle of reference to a circle the equation of that circle is 

{p^x 4 <fy 4 r*^s) (x 4y 4«) - (<i^yz 4 hhx 4 o^xy) * 0 [W olstenholme]. 

302. Feuerbach^a theorem. 

Let us find the radical axis of the nine points circle of the 
triangle of reference, viz. 

(b^ 4 c* - a'O + (c^ 4- - 6-) if 4 (a^ 4 - c») 

— 2a^yz — 2¥zx — 2o^xy = 0 

and the incircle, viz. 

(a — a)® a?® 4 (s — by y* 4 (s — c)* 0 * — 2 (a - 6) (a — c) yz 

— 2 (5 — c) (5 — a) 0a? — 2 (5 - a) (5 — 6) = 0. 

a* 

and - W + {s - c)"4 2 (g - b) (s-c) ^ (2^- 6-c)« ^ 

a* a* 

Thus the radical axis of these circles is 

(6* 4 c* — a-) a; 4 (c® 4 a* — 6®) y 4- (a* 4 6® — c®) z 
4 

= (5-a)*a74(5-6)“y 4(«-c)* 0, 
20—2 
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that ia [(6* + c* — a’) — (6 + c — a)*] x + etc, = 0, 
which reduces to 

(a — b)(fi-a)x + (b — c)(a — b)y + (c — a)(b — c)z = 0, 
that is 




b—c c— a a—b 


Now this line touches the incircle ; for the condition for 
this is (§ 294) 


b—c c—a a—b 

that IS (s —a)(b — c) + (s — b)(c — a) + (s —c)(a — b) = 0, 
wiiich is satisfied. 


Ecnce the nine points circle touches the inoircle. 

As the equation of the Wrcle opposite to A can be derived 
from that of the incircle by writing — a for a, and the equation 
of the nine points circle is unaltered by this, it is clear that 
this ecircle must also touch the nine points circle, and similarly 
the other ecircles touch it too. 

This is Feuerbach’s well known theorem. 


303. The condition that the circle 

Aa^ + By^ 4- Cfe® -f- 2Fyz -f 20zx + 2Hxy = 0 (1) 

should cut orthogonally the circumdrcle of the triangle of 
reference is 

Aa cos Bb cos j3 + Cc cos y — 'habc = 0, 
where a, y are the angles of the piangle and 


X = = etc. 


For if the circles cut orthogonally the pole, with respect to 
either circle, of their radical axis must be at the centre of the 
other circle. 

Now the radical axis of the two circled is (§ 300) 

Ax By 


( 2 ). 
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Let (jTi, y,, Zi) be the pole of this with regard to (1), 

, _Hcc^ + By^ + Fz^ Oxy, + Fy^ + Cz^ 

•• B G ‘ 

And if the circles cut orthogonally (a;,, yx,z^ must be the 
centre of the circumcircle. 

i = a cos a : 6 cos : c cos 7. 

Aa cos a + Hb cos /S + Gc cos 7 Ha cos a+-B6cos/3+ Fc cos 7 

... 2 ^ 

_ Ga cos a + Fb cos 13 + Cc cos 7 

Q ...(d). 

Taking first of these equalities we get 
A*a cos a{B — H) + Bb cos ^ (JT— A) + c cos 7 (BG — Af") = 0. 
We now make use of the relations 
5 + a-\a>= 2^", = A +i?- Xc» = 2^?, 

and so obtain on elimination of F, G, H 
Aa cos a (i^ — -4 + \c“) + Bb cos — A — \c^) 

+ c cos f^[B{G+ A — \h^) — A {B + C^ \a*)} — 0, 

that is 

Aa cos a {B-- A) + Bb cos ^ (JS — -4) + (7c cos 7 (5 — 4.) 

+ \4.ac (c cos ci + a cos 7) - XBbe (c cos /8 + 6 cos 7) = 0, 
which gives either jB — 4 = 0 or 

Aa cos a + Bb cos /3 + Gc cos 7 — Xa6c = 0 (4). 

Had we taken the second of the two equalities (3) we should 
have obtained either (4) or B = C. 

Thus either (4) holds or 4 = 5 = (7. But in this latter case 
the radical axis becomes x + y + z = 0, that is the line at infinity. 
Ill other words the two circles would be concentric. 

We see then that (4) is the condition that the circles should 
cut orthogonally. 
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EXAMPLES. 

1. Shew that every conic circumscribing the triangle of 
reference and passing through the orthocentre must be a rect- 
angular hyperbola. 

2. If a rectangular hyperbola circumscribe a triangle it passes 
through the orthocentre. 

3. The circle for which the triangle of reference is self-polar is 
coaxial with the circumcircle and the nine points circle. 

4. The centre of a rectangular hyperbola circumscribing a 
triangle lies oji the nine points circle. 

5. The areal coordinates of the points of contact of the conic 

\/Xx + s/ fjLy+ ijvz = 0 

with the sides of the triangle of reference are 


( 0 , ^ ' 

\ n + V fi + v, 

\ (JL. 0 — ^ 

f-tL. 

^ 0 

)’ \v+\' * v + K/' 

VV + /X 

* x + ^ 

which become 




1 

1 

ti- 


4»). 

l~v> 

where the conic is 

a parabola. 




The area of the triangle formed by three tangents to a parabola 
is half that of the triangle formed by their points of contact. 

6. The condition that the line lx + my + 712 ; = 0, should touch 
the conic Fyz + Gzx + lixy = 0 is 

^|TF±J^±^|^ = 0. 

7. If the conic Ax^ + By"^ + Cs? = 0 be a parabola, the co- 
ordinates of its focus are proportional ito 

Bh^ 4- C7c«, Cc* + Aa\ Ac? + Bh\ 
and the equation of its axis is 

a, y, » =0. 

B}?^Gi?, Cc^^Aa\ Aa^+Bl? 

1 1 1 

A* C 
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» ^ 

[As in § 288 the coordinates of the foci are given by 

= two similar expressions. 

Using the fact that BC + CA + = 0 in our case wo have 

BC {y + z-x^{x + y+z) _CA(z-{-x- y) (a: + y + z) 

a? “ 6 * 

_ AB (r + y — 2?) (fl3 + y + s) 

_ ^ . 

Dividing out by x + y-\-z we get 

x + y — K 


y -^z — x z-\-x—y 
~Aii~ " ~Bb^ ' 

y 


Cc^ 


, Bb- + Cc^ Cc^ + Aa^ Aa^ + Bb^' 

• If lx+Tny + nz = 0 be th** axis, since this passes through the 
focus we have • 

{JJb + W) I + (Cc- + Aa^) m + (Aa-+ Bb^) w = 0. 

Also tlie axis goes through the centre the coordinates of which 
(xif yit Si) are infinite but are in a finite ratio to one another given 
by (§ 286) 

AXi==By^ = Cz^, 


Thus 


I m n ^ 


On eliminating /, m, n we have the equation of the axis.] 


8. Obtain the equation of the director circle of the conic 

Fyz + Gzx + fJxy = 0, 

and deduce that the equation of the directrix in the case where the 
conic is a parabola is 

S {(fi! + ff-F)x+F(y + *)} = 0. 

ct 

9. The centre of the circle circumscribing a triangle which is 
self-conjugate with regard to a parabola lies on the directrix of the 
parabola. 

10. Prove Gaskin’s theorem, of which Ex. 9 is a special case ; 
The circle circumscribing a triangle which is self-conjugate for a 
conic is orthogonal to the director circle of the conic. [Use § 303.] 
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11. Obtain the equation of the parabola touching the three 
sides of the triangle of reference, the point of contact with sc = 0 
being the middle point of that side. 

4- 2/® + z* — 2yz + 4a3D + = 0.] 

12. If in the last Example D, Ey F be the points of contact 
with the sides, ‘prove that EF is parallel to BCy and that A D passes 
through the middle point of EF, Prove further that the middle 
point of all chords parallel to BC lie on the line A D. 

13. Shew that the equation a?^2kyz represents a conic 
touching the sides ABy AC of the triangle of reference in B and 0. 
Prove that the straight line joining A to the middle point of BC 
cuts the conic in a point the tangent at which is parallel to BC. 
Further shew that this line passes through the centre cf the conic. 

1 4. Prove that if the conic VA-r + V/xy + Vvs-O be a parabola, 
the equation of its directrix isv 

A + c® - a^) £C + /A (c^ + a^ — b^)y + v (a® + — c®) z = 0. 

Shew also that the coordinates of the focus are proportional to 



that the focus lies on the circumcirclc of the triangle of reference, 
and that the directrix passes through the orthocentre of the 
triangle. 

1 5. Shew that the equation of the axis of the parabola in the 
previous question is 



16. The necessary and sufficient condition that the triangle 

A* EC whose vertices are (osj, *' 2 ) 2/8> ^s) should 

be in perspective with the triangle of reference ABC {A’ corre- 
sponding with A and so on) is 

17. If two triangles ABCy A* EC be reciprocal for a conic 
(that is A the pole of EC\ B of CA\ C of A'E) they will be 
in perspective. 
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18. Shew that if the sides of the pedal triangle of the triangle 

ABC be produced to meet the opposite sides in 2), the 

straight line DEF is the radical axis of the circumcircle of ABC 
and the circle with respect to which the triangle ABC is self- 
conjugate. 

19. The locus of the centre of a conic which touches the 
sides of a given triangle and passes through a given point is a conic 
inscribed in the triangle formed by the lines joining the middle 
points of the sides of the given triangle. 

20. A conic passes through the vertices of the triangle of 
reference and their centre of mean position. One of its axes is 
parallel to x = 0, the coordinates being areal. Shew that its 
eo[uation is 

a c coJ B b cos C 

_ + ^ 

X y z 

21. Shew that the locus of the centres of conics which circum- 
scribe a given triangle ABC and have a common tangent at A 
is a conic. 

22. 0 is a point whose areal coordinates are (a?, y, z) with 
reference to the triangle ABC, whose sides are of lengths a, 6, c ; 
if P be any other point prove 

X , PA^ + y . PB’^ + z . PC^ = PO’ + a^yz + h^zx + c'xy 

and deduce the equation of a circle whose centre and j'adius are 
given. 

23. The general equation of conics passing through the middle 
points of the sides of the triangle of reference is 

2* (» + fit; - y ) (a? + y - «) + Cr" (a? + y - ») (y + » - a?) 

+ (y + « - fic) (« + fiB — y) = 0. 

24. The angular points A, J?, (7 of a triangle are joined to any 
point 0, and OA^ OB^ OC meet the opposite sides in a, y. Shew 
that if the conic through a, y and the middle points of the sides 
be a rectangular hyperbola, then 0 lies on the circle round ABC. 
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25. A triangle circumscribes a conic and a, p, y are the points 
of contact. Shew that the intersections of the lines BC, Py \ CA, ya ; 
AB, afi are collincar and that if the conic touches a fourth fixed 
line, this line of collinearity passes through a fixed point. 

26. The locus of the pole of the line Xx + fiy + vz = 0 with 
respect to the, system of parabolas which pass through the vertices 
of the triangle of reference is the curve 

Jx {fiy + - Xx) + Jy (i/a: + Aa? — fxy) + Jz (Aa; + jay — vz) = 0. 

27. Conics touch the sidts of a triangle ABC \ iiiad the point 
of contact with the side BG is a fixed point. From another fixed 
point in BG tangents are drawn to the conics. Shew that their 
points of contact lie on a fixed line through A, 

0 - 

28. The equation of the lino containing the centroid, the 
orthocentre, the circumccntre and the nine points centre of the 
triangle of reference ABG is 

cosil .a? + -— T' cosF.i/-»- cos (7 . 2 = 0. 

a b c 

Shew that this line contains the four corresponding points for 
the triangle joining the middle points of the sides. 

29. The areal coordinates of the centre of the conic 

\/Aa;+ fj^iy + ijvz = 0 

inscribed in the triangle of reference ABG with respect to the 
triangle joining the middle points of the sides are in the ratio 

* fjLiv. 

30. Shew that the common chord of the conic yz-hzx + xy = 0 
and its circle of curvature at the vertex A of the triangle of 
reference is 

y {a^ — c^) + z (a- — 5*) ^ 0, 
a, &| c being the lengths of the sides. 

31. The locus of the centre of the conic lyz + mzx + nocy = 0, 
which passes through {x'y'z’) is a conic whose centre is at the 
point 

/1+a;' l+y' l+«'\ 

V 4 ' nr* ~ir)' 
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32. The axis of a parabola is Aa; + fiy + = 0, and the tangent 

at the vertex is X^x + fiy + v» = 0, shew that its equation is of 
the form 

(Xa5 + fiy-¥ vzy = k(x + y + z) (X'x + fi'y + v'z). 

33. A conic circumscribes a triangle and its centre moves along 
a rnocliaii, prove that the asymptotes touch a conic which touches 
two of the sides of the triangle at the extremities of the remaining 
side. 

34. A conic is inscribed in a triangle ABO and one of its 
asymptotes passes through a fixed point. Find the locus of the 
centre, and prove that if the point coincides with A the locus 
becomes the sides AB, AC and the straight line joining the middle 
points of these sides. 

• 

• 35. Prove that if a parabola touch the sides of the triangle 

ABC^ the polar with respect to the parabola of the centroid G of 
the triangle will touch the conic wl]ich passes through A^ C and 
has its centre at G, 

36. Prove that if 

not? + hy^ 4- ca* + 2fyz + 2gzx + 2hocy = 0 
represent a circle in areal coordinates its radius is 

{(2/- h-e)(2g-c-a){2h-a- 6)}* 
where A is the discriminant, and R the radius of the circumcircle of 
the triangle of reference. 

37. Shew that one asymptote of the conic aa? + hy^ + = 0 

will be parallel to one asymptote of the conic asd^ + V cV = 0, if 

X* + /a® + 1'^ — — 2i'X — 2X/A = 0, 

where X = 6c' — 6'c, /a = ca'— c a, v ^ ah' — a'hy 

the coordinates being areal 

38. Shew that if 

f s vy — wzj rj = wz — ux, t^ux — vy^ 
the asymptotes of the conic usd + vy^ + tea* = 0 are 

+ vry + wfy = 0 , 

and that + represents a pair of conjugate diameters 

provided that 

jp(v + u;) + g (w + w)+r (m + v)«0. 
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39. Shew that the equation of a pair of conjugate diameters of 

the conic = 0, may be written 

{q-r) {y^zf-\r{r-‘p){z-xf + (p-q) (x-yf = (S, 

40. Shew that the locus of the centres of all conics of given 
eccentricity which circumscribe a triangle is in general a curve 
of the fourth degree passing through the middle points of the sides 
of the triangle. 

41. The area of the ellipse whose areal equation is 

\yz + ixzx + ixy = 0, 

bears to the area of the triangle of reference the ratio 
4zrA/ii^ ; (2/x^ + 2vk + 2A/i. — A* - 

» 

42. The areal coordinates of the point of contact of the incircle' 
and nin^-points circle of the triangle of reference are in the ratio 

(6 - c)* (« “ a) : (c - a')* (s — 6) : (a - bf {a - c). 
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HOMOGENEOUS COORDINATES IN GENERAL. 

304. Areal coordinates, which we have treated in the last 
chapter, are only a particular case of a general system of homo- 
geneous coordinates which we now proceed to explain. We 
transform ^he Cartesian coordinates {x, y) referred to any axes, 
I'ectangular or oblique, in .ohe plane to new coordinates (X, F, Z) 


by the relations 

X = AjA + “1“ ViZ (1), 

y = XjjX -i“ (2), 

where X, F, Z are connected by a linear relation 

l=aX+/9F+7^ (3). 


As yet no geometrical meaning is given to the new 
coordinates X, F, Z. 

We can solve the above equations and express X, F, Z in 
terms of x and y, provided the determinant 

Xj, ^ 1 , vi \ be not zero. 

«, 7 

We will write these results 

X = A.^x + Biy 4* Cj, 

F = Aa® 4- 4- C 2 , 

Z = 4- B^ + Cj. 

It is clear that the equation IX + mT -^-nZ — being 

equivalent to 

J{A^x 4- J5,y 4- Oi)4- m {A^ 4- 4- Ci) 4- w {Aye 4 4- Ci>= 0 

represents a straight lina 
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And in particular Z = 0, F=0, Z=0 represent straight 
lines. 

These last three lines form a triangle ABG which we shall 
speak of as the triangle of reference. 

The vertex, A of the triangle being given by F= 0, ^ = 0, 
we have from (3) X = 1/a. 

Thus the coordinates of A are (1/a, 0, 0). Similarly, those 
of B and G are (0, 1/^ , 0) and (0, 0, I/7) respectively. 

The Cartesian coordinates of A are thus (Xj/o, Xa/a), of B 
0*i/A IhIP), and of G (vjy, vjy). 

All Cartesian equations of algebraical curves transform into 
homogeneous equations in X, F, Z by reason of the relation (3). 
The general equation of the second degree may thus be written 
A + BY^ + GZ^ + 2EYZ + 2GZX + 2HXY^ 0, 
and this of course represents a conic. We shall later on 
discriminate the nature of the conic thus represented 


305. Area of triangle. 

We proceed now to find an expression for the area of a 
triangle PQR the coordinates of whose vertices are (ZiFi^Ti), 
(ZaFaira)> {X^Y^Z^) respectively. 

Let be the Cartesian coordinates of the 

vertices P. Q, R. 

The algebraical area of the triangle is then 
aji, x^y Xq I sin a>, 

^2, 2/3 

1. 1, 1 

where to is the angle between the axes. And this 




XjZi+ziiFj+i^i^j, XiZy+/Li-iFa-|-i/iZj, XiZs+/AiI'3+ri2^ I sin*® 
X2Zi+/AaFiH-I^2^1> X2 Zj + /Un|F 24 -Z.^ 2 ^ 2 > X 2 Z 3 + /i- 2 F 3 + J/2^3 
aXi + ^ Fi + yZ^j (1X2 + ^Fa + yZif aX^ + ^13 + yZ^ 


= i Xif Za, Zs 
F„ Fa, Fa 
Zl, Ziy Z2 


^i> fht 

X3, p>3, 

a, A 


Vi sm ®. 

*'a 

7 
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And in particular the algebraical area of the triangle of 
reference ABC is 


1 0. 0 


IH, «'i 

p 

0 



0, 0, - 
7 


a, B, 7 


sin o) 


1 1 
2 'ay 87 


a. 


A 


Vi 


sin CO, 


• Denoting this by A we have that the algebraical area of the 
triangle FQR is 

a^yA 1 y,, A% 


Zi, Zs, 


Fa 


306. Geometrical Interpretation of the new co- 
ordinates. 

The expression thus obtained for the area of a triangle gives 
us a geometrical meaning for our new coordinates. 

For if (X, F, Z) be the coordinates of any point P, the area 
of the triangle PBC is 


afiyA 


X, V z 

0, 0 

0 . - 

7 


0 , 


= uAX. 


A PBC 


A PC A 


APAB 


Thns«X=^--- . Siuularly/SF^^- and^^= 

Thus we learn that 

X is 1 /a times the ratio of the area of A PBC to that of A ABC. 
Fisl/^ „ ,> „ APCA „ „ 

Z is 1/7 n n n ^PAB „ ff ^ 
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We see then that areal coordinates are the special case 
where a = y8 = 7 = 1. 


307. Transformation to Cartesians. 

Now let (iTiyi), he the Cartesian coordinates 

of the vertices Ay B, G oi the triangle of reference. We there- 
fore have from the relations 


® -f- fjLi JK ViZ y = "1“ /Xq Y + V2Z 


that 








Therefore the general relations connecting .together the 
Cartesian and the other coordinates can be written 


X = ax^X + ^x^Y + ^x^y y = ay^X + ^y^Y + yy^Z. 

By means of these relations we can pass from our new 
coordinates to Cartesian coordinates with any axes if the 
vertices of the triangle of reference be known in relation to the 
Cartesian axes. 


In particular if we take as our Cartesian axes the sides CBy 
GA of the triangle of reference, the coordinates of the vertices 
of the triangle are (0, b), (a, 0), (0, 0). 


A 



We thus get x = l 3 a F, 


whence 


X = 


I y 

a'b ’ 



y = abX, 




HOMOGENEOUS COOBDINATES 1n GENERAL 


321 


308. By transformation to Cartesian axes CB, CA we can 
shew in exactly the same way as for areal coordinates (§§ 261, 
262, 270; that 

(i) The coordinates of a point dividing the line joining 
(JVi, Fj, Z,), (Xa, Fa, Z^) in the ratio k : I are 

kX^+lX, + kZ.,+ IZ, 

k+l * k+l ' *4/ ' 

(ii) The square of the line* joining (Xj, Fj, Zi) and 
.Xa, Fa,Xa)is 

- ( F, Y,) (Z, - Z,) - 6V (^I “ (^I “ 

-c^a;8(X,-Xa)(F,-Fa). 

(iii) The equations of a line through (Xj, Fi, Zi) can be 
eifpressed in the form 

I m B n * 

where r is the algebraical distance of (X, F, Z) from (Xj, Fj, Zi), 
and I, m, n are constants for the line such that 
al 4- yn = 0, 
a^0ymn 4- h^yoLiil 4- a film = — 1. 

The student is recommended to work out these results for 
himself. He will observe too that the equation of the line at 
infinity is now 

aX 4- fiT + yZ= Lt €(iX + mY 4- nZ), 

«=« 

which we may write aX + fiY-{- yZ== 0, 
this being interpreted to mean that aX4"y8F4-7X is finite 
even when X, F, Z are some or all of them infinite (see §§ 265, 
266, 278, 286, 300 a). 

309. O-eneral equation of the second degree. 

We come now to the general equation of the second degree, viz. 
/(X, F, Z) = AX^ 4- BF» 4- 4- 2FYZ 4- 2GZX 4- 2HXY= 0. 

We shall have exactly as before that the tangent at 
(Xi, Fi, Zi^ is 

r= (AX^ +HY, + GZ,) X + (ffX, + BF, + FZ,) Y 

+ (GX, 4- XFi 4- CZ,) X = 0, 

21 


A. 
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the form for the chord of contact and the polar of (Xi, Fj, Zi), 
when it is not on the curve, being the same as this. 

The condition that the line IX + mY +nZ = 0 should touch 
the conic will be as before 

A, H, G, I =0. 

H, B, F, m 

0, F. G, n\ 

I, H, 0 ! 

The equation of the pair of tangents from (X,, F„ Z^) will be 

f(X, Y,Z)f(X„ Y,.Z,)^T\ 


310. The centre and the asymptotes. 

The centre being the pole of the line at infinity we have 

if {Xi) Fi, Zi) be its coordinates, 

AX, + HY, + GZ, _ HX, + BY, + FZ, 

a ■ /3 

GX,-vFY,-\-CZ, ,, , 

= — = X (say), 

whence AX, + HY, + GZ, — a\~0, 

SX, + BY, + FZ, — = 0, 


GX, + FY, + CZ,-rfX^0. 
and + B Y, ^Z, — 1 — 0, 

from whic‘n we get on eliminating X„ Fi, Z„ 




A, 

H, 

G, 

OiK 

= 

0, 



H, 

B. 

F, 

B\ 





G. 

F. 

G, 






a, 

/3. 

7. 

1 



we find that 






A. 

H, 

G. 

a 

+ 

A. 

H, 

G 

H, 

B. 

F. 

B 


H. 

B, 

F 

G. 

F. 

c. 

7 


G, 

F, 

C 

«, 

B. 

% 

0 






1 = 0 . 



HOMOGENEOUS COO.RDINATES IN GENERAL 


323 


The equation of the asymptotes can be shewn as in § 290 to be 


/(Z, Y, Z) ' A, H.O.ol 

1 "b 1 4- yZ y 

A, H, G 

1 H, li, F, 


II, B, F 

0, F C, 7 


G, F, G 

a, yS, 7 , 0 




311. Discrimination of the nature of the conic. 

If we transform to Cartesian ax6s GB, GA the terms of the 
highest order arc easily seen to be 
l(B^G F 0\ 

7^ /^y) ab\y^ 0 y 7a j 

+ li£ + ^ 251,,,. 

b- \y^ a-* 7<i / 

From these we can at once obtain as in § 274 the conditions 
for a circle, viz. 

B G 2F C A. 2G A B 2R 

j3^ 7 ® By 7 ' 7 « 

7* * 


which we may write b^^ 

where p, q, r stand for the three numerators. 

If the conic be not a circle it will be an ellipse, parabola or 
hyperbola according as 


G (7 Y G_2F\ fC A 

, 7 * a$ By ya) ^ \B^ 7 * By) W"* 



w^hicb we may easily get into the form 

H- g'* -h — 2pq — 2qr — 2rp = 0. 

Or the condition can be expressed in determinantal form 


A 

B 

G 

0.“ 

ap 

ya' 

H 

B 

F 



By’ 

0 

F 

C 

ya’ 

fiy’ 

7*’ 

1. 

1 

1 


21—2 
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which can be written 


1 

a*/3Y 


I 


A, H, O, a 

n. B, F, 

G, F. C. y 
a, 13, 7 , 0 


= 0, 


that is, for we are supposing a, y all real, 

a I go. 

H, 

G, F C, y 

«. A 7. 0 

The condition for a rectangular hyperbola c^ easily be 
proved as in § 276 to be 

p cos A q QOS B r cos 

a b c 

It must be clearly understood that this discrimination we 
have made is not applicable if the coordinates be imaginary. 
The need for this caution will be apparent at a later stage. 
The coordinates will be imaginary if some of the quantities 
X, /Lt, I/, a, /3, 7 of § 304 be imaginary. 

312. Special conics. 

The student will be able to see for himself that the general 
equation ^of conics circumscribed to the triangle of reference, 
whatever system of homogeneous coordinates is used, is of the 
form 

Fyz + Ozx-\- Hayy =* 0, 

that conics inscribed in the triangle of reference have for their 

equation ^ 

^Xx + ^l fiy -\-\/vz^0, 
and that + Bjf + = 0 

is the equation of conics for which the triangle of reference is 
self-polar. 

The equation of the circle circumscribing the U’langie of 
reference is 

fiy'^ ys 


0 , 
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and in general it will be observed that when the equation of 
any conic related to the triangle of reference is known in areal 
coordinates, its equation in generalised homogeneous coordinates, 
for which the line at infinity is etc -h + 7^ = 0, will be got 
fi:om the areal equation by writing cw?, /3//, yz for a?, y, z 
respectively. 

313. The foci. 

To find the foci of the general conic in any system of 
homogeneous coordinates. 

Let S ^ By^ Cz^ + 2Fyz -f 20zx -f 2Ha)y = 0 be the 

conic. 

The pair of tangents from (iCj, Zx) is 
Sx {Asr} + Bif 4- Cz'^ + 2Fyz + 20zx + 2Kxy) = + 77, y + 

where = Ax^ + Z/yi 4 - ^1 = Hx^ 4 i?yi + Fzy^, 

= (?a?i + i’j/i 4 

That this may satisfy the conditions for a circle we must 
have 


(B C 2F^ 77, » ^ 


^7 


= similar expressions. 


That is 


a» 6“ 

B G 2F 

where 2^ = 731 + " o" » 9 = before. 

These equations then determine the foci. 


314. The axes. 

To obtain the equatim of the axes of the general conic in any 
system of homogeneous coordinates. 

We see from the last paragraph that the coordinates of the 
foci satisfy 
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where ^ = Ax + Hy+Oz, 7i = Hx + By + Fz, 

? = ic + -Fy + Cz. 

The above equations give 

Eliminating S and \ we have 



This then is a conic on which the four foci lie. But this 
conic passes through the centre of the given conic, tor the centre 
is given by 

a /S 7* 

Hence (A) is the equation of the axes (comp. § 289). 


The director circle. 

It may be left as an exercise for the student to prove as in 
§ 285 that the equation of the director circle is 





316. Trilinear coordinates. 


Strictly speaking all homogeneous coordinates as we have 
defined them are trilinear in the sense that they are interpreted 
in reference to a triangle. 
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But the term ‘ trilinear coordinates ' has been specially used 
for that system where the position of a point is determined by 
its perpendiculars upon the sides of the triangle of reference. 
Denoting these by X, F, Z we have the identical relation, 
ttA -+■ cZ = 

where A is the area of the triangle. 



The equation of the line at infinity is thus 

The letters a, 7 are frequently used instead of X, F, Z in 
this system. 

The student may practise himself by shewing that the 
condition that the general conic should be a recta-ngular 
hyperbola in this system is 

A +B + C— 2i^^cos a — 2G cos j3 — 2II cos 7 = 0, 
where o, I3, 7 are the angles of the triangle of reference. 


316. Cartesian coordinates as a homogeneous system. 

Suppose we trimsforra our Cartesian coordinates x, y by 
writing 

= y=F, l = aX-f/ 5 F + ^. 

The sides of the triangle of reference being X = 0, F = 0, 
X = 0 , are in the Cartesians 

a; = 0, y = 0, and ox + /8y = 1, 
that is to say, the axes of coordinates and the line ao; + iSy = 1. 
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Now when a and /8 are very small this last line has very 
large intercepts on the axes, and in the limit when a and /8 
approach zero it becomes the line at infinity, we then have 
x^X, y^Y, 1 - Z, 

and we have a homogeneous system in which the triangle of 
reference is formed by the axes of Cartesian coordinates and 
the line at infinity. 

We may thus make all o'lr Cartesian equations homogeneous 
by the insertion of appropriate powers of Zy which is unity. 

We can thus include Cartesians among homogeneous 
coordinates and write the general equation 

aa^ + iy* + cz^ + ^fyz 4- ^gzx + 2hxy = 0, 
z being unity. 

will be remembered that the equation of a central conic 
referred to two conjugate, diameters as Cartesian axes was 
found to be 




where a and $ are the lengths of the semidiameters. 
Making this homogeneous by means of z we have 




- = 0 . 


Thus we see that the equation of a conic referred to two 
conjugate diameters is really only a particular case of a conic 
for which the triangle of reference is a self-polar triangle. In 
this case the triangle of reference is formed by the two con- 
jugate diameters and the line at infinity, which is of course the 
polar of the centre. 

317. Transformation from one set of homogeneous 
coordinates to another. 


We can transform from one set of homogeneous coordinates 
X, Y, Z to other coordinates X\ Y\ Z* by substitutions, 
such as 


Y^l,X' + nL,r +7hZ\ 
Z^l,X' + 7n,r + n,Z\ 
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then X\ Y\ Z' form a homogeneous system, and as 

there is a relation between X\ Y\ Z\ such as 
a'Z' ^ + 

Wc see now that by a proper transformation we can reduce 
the equation of a conic to a simple form. For in any system of 
homogeneous coordinates the equation of a conic for which the 
triangle of reference is self-conjugate is 

Thus by taking such a triangle for the triangle of reference 
we can express the equation of a conic in this form, and we 
can then write 

XsjA^Xy ZsJG^Zy 

and we have a new set of homogeneous coordinates ar, y, z in 
which the equation of the conic is 

a?’ + = 0. 

Clearly a?, y, z cannot be all real here if the conic be real, 
and the test for discriminating the conic cannot be applied. 

318. Polar reciprocals. 

Let us make use of homogeneous coordinates to prove that 
the polar reciprocal of a conic S with respect to a conic F is 
a conic. 

The polar reciprocal of 8 with respect to i'' means the locus 
of the poles of tangents to 8 with respect to F. 

We may take as the equation of F, 

^ + y»-|-^» = 0 (1), 

and represent 8 by the general equation 

oic® + iy* + + %fyz -f 2gzx • h 2hxy = 0 (2). 

Let yi, ^i) be the pole with respect to (1) of some 
tangent to (2). 

The equation of the polar being 

zzi=0. 
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we see that this must satisfy the condition for being a tangent 
to (2), 

= 0. 



a, 

h. 

9> 

a?, 


h. 

b. 

/. 



9. 

/. 

c, 





Zif 

0 

Thus the polar reciprocal of S with 


a. 


9> 

X 


h, 

h. 

f. 

y 


9, 

/. 

c. 

z 


X, 

9> 


0 


-0, 


which we may write 

Ax^ -f- + Cs® + "IFyz + %Ozx + ^Hxy = 0 (3), 

where -4, (7, etc. are the painors, with their proper signs, of 

a, i, c, etc. in the determinant 


a, 

K 

9 ^ 


K 9 
6 , /! 
/ c ’ 


A. 


Thus the polar reciprocal of S with respect to F is the conic 
(3) which we will call 


319. It is now easy to see that if we take the polar 
reciprocal^ of S' with respect to F we get the conic S. 

For the polar reciprocal wdll be 

+ B\f + GV + 2F'yz + 2G'zx -H 2H'xy = 0 . . .(4), 
where A\ B\ etc. are the minors of A, B, etc. in the 
determinant ^ 

A, //, G 

J5, F 

(?, F, C 

/. A' — {BG— F~) = (ca — g^) {ah — A*) — {gh - a/)® = a A. 

Similarly B' = bA, (7' = cA, F' =/A, 
and so on, so that the conic (4) is the same as 

-h by^ + cz^ + 2fyz + 2gzx + 2Jixy = 0. 
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320. The following special ciises should be verified: 

The polar reciprocal with respect to = 0 of 

(i) i4ar‘ + 7V + O^^’ = 0 is^ +| + ^-, = 0, 

(ii) Fyz + Gzx - 4 - Hxy = 0 is •JFx + Vtf y + V Jlz = 0. 

321. ConicB expressed in terms of a single para- 
meter. 

The homogeneous coordinates {x, z) of any point on a conic 
are in an infinite number of ways given by the ratios 
X \ y \ z = at‘ bt ^ c \ a'i" 4- Vt 4- c* : a"t^ 4- b”t -f 
where the a*s, b*s, and cs are all constants, and t is a variable 
parameter. 

* For if we have a pair of tangents of the conic whose 
equations are 

l^x 4 - m^y 4 - n^2 = 0 , 4 - m^y 4 - n,z ~ 0 , 

and if the equation of their chord of contact be 
l^pc 4- m^y 4- n^^z = 0, 

the equation of the conic will be of the form 

{liX 4- niiy 4- n^z) (l^ 4* m.^ + n^z) = X -f m^y 4- n^zY, 

= {lx -f my -h nzf (say). 

Thus ^ ^ 

lx 4- my 4- nz l^ 4- m^ + ' 

Putting each of these ratios equal to t wo have 
(Z, — ZZ) a? 4- (wi — mt) y 4- (?ii — «Z) = 0, 

(Z — If) 0 ? -H (7/1 — 7nf) y 4- (li — n f) — 0. 

Whence 

X y z 

aZ* 4- 4- c "" r'Z* 4- b't 4- c' a'V 4- b"t 4- c" * 

where a, a\ etc. are constants, being functions of Z, m, etc. 

As we can express the conic in an infinite number of ways 
by taking different p^irs of tangents and their chord of contact, 
we see that this mode of representing the points on the conic 
can be effected in an infinite number of waya 
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322. On the equations of two conlcB. 

We have seen that the equation of a single conic can be 
written in the simple form + 'if + = 0. The question we 

have now to consider is, how best to choose our coordinates so 
as to have the equations of two conics in as simple a form as 
possible. 

Now we know that if P, Q, P, H be four distinct points on 
a conic and if PQ and RS meet in -d, PP and QS meet in P, 
and PiS and QU in 0, the triangle ABG is self-polar for the 
conic {Course of Pure Geometry ^ § 119a). 

Now two conics in general cut in four points. We see then 
that if the four points of intersection of two conics be distinct^ 
that is if no two of them coincide, the conics have a common 
self-polar triangle. 

Thus the equations of the two conics can, if we take this 
self-polar triangle for the triangle of reference, be expressed in 
the form 

4- 6?/ 4- cs;^ = 0, aV + V if 4 c V-* = 0. 

We may now write 

a!'s/a=X, yfh-Y^ z^c^Z 
and so get the equations of the two conics in the form 
Z«4 F»4^= = 0, AX^-\-BY^^GZ^-=0. 

323. The common self-polar triangle. 

It must not however be supposed that the common self- 
polar triangle of two conics intersecting in four distinct points 
is always real. It is clearly real if the four points of intersection 
be real ; we shall shew that it is also real if the four points of 
intersection be all imaginary, but tha# if two of the four points 
be real and two imaginary the self-polar triangle has one real 
and two imaginary vertices. 

For taking the case where the four points of intersection 
P, Q, R, S are all imaginary, their Cartesian coordinates 
referred to any axes will be of the form 

(aj 4 i/3i, 7i 4 iSi), (a, - 7i - (ag + 72 + *5,), 

(ota — i^ 2 » 72 “ ^*^2)* 
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Since the imaginary points of intersection of two real conics 
must occur in pairs. It will easily be seen that the lines 
PQ and R8 are real and so their intersection is real The 
equation of the line PR will be of the form 

+ % + (7+ 1 + G') = 0 

where Ay By G, A\ etc. are all real. 

The equations of QS will be obtained from this by writing 
— i for i, that is the equation of QS ivill be 

Ax + By + {A'x + Ry + C') = 0. 

Thus the point of intersection of PR and QS will be that of 
the lines 

Ax -h By -{-C—O and A*x + B'y G' = 0, 
which is real. 

Similarly the intersection of PS and QR is real • 

Thus the self-polar triangle is feal. 

But if the conics have two real points of intersection P (a, , 7 ,), 
Q (« 2 , 79 ) and two imaginary points R (asH-iySj, Ts + iSa) and 
S (tts - ifis, 7 * — iSs). It will be seen that PQ and RS are both 
real and therefore their intersection is real. But the inter- 
sections of PR and QS and of PS and QR are both imaginary, 
for an imaginary line (and PR, PS are such) cannot contain 
more than one real point ; for the line through two real points 
is real. 

Thus the common self-polar triangle is imaginary. • 

324. Double contact. 

We now proceed to consider the cases where the four points 
of intersection of the two conics which we will denote by S and 
S' are not all distinct*. 

Consider first the case where the conics have double contact ; 
that is touch at two points. We consider this case first because 
the conics have a common self-polar triangle. Let the conics 
touch at P and Q, Let their common tangents at P and Q 
meet in G. 

* I hsTe made use of the Cambridge Tract on Quadratic Form by T. J. I'A. 
Bromwich, Sc.l). 
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Take any two points A and B on PQ which are conjugate 
points with regard to 



Take ABC for the triangle of reference. 

Thus the equation of B will be of the form 

(Kc® -f hxf + — 0. 

Now S' is a conic having double contact with S at the 
points where it is cut by z—0; thus its equation will be of 
the form 

a£c^ -f- + cz^ = \z^, 

which we may write 

aa?’ + by^ + o' - 0. 

These then can be reduced to 

+ F* -f = 0, X* + F* + = 0. 

We see then that ABC is self-polar for S' as well as for fif, 
and as we have an infinite number of possible positions for A 
and B on the line PQ the two conics have an infinite number 
of self-polar triangles. p 

Moreover we have an infinite number of real self-polar 
triangles. This is clearly the case if P and Q are real. If P 
and Q are imaginary their Cartesian coordinates can be expressed 
(a + 7 + iS), (a — iyS, 7 — iS), The tangents at these points 

will intersect in a real point. Therefore G is real, and more- 
over the line PQ is real and so an infinite number of pairs of 
real conjugate points can be taken. 
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325. Single contact. 

Let the conics 8 and 8' touch at A and cut in B and D. 
Draw the common tangent at A and let the chord BD meet 
this in C. 

From G draw CB' tangent to 8. 

Take ACB' for triangle of reference. 

The equation of 8 will thus be of the form 2iry + \e= = 0. 
Also the common chords of 8' ^th S are y = 0 and a line 
through C whose equation will be of the form kx-\-ly=^ 0. 



Thus the equation of 8 will take the form 

2xy + + y {kx + ly) — 0, 

that is the form hy^ + \z^ + 2/w7y = 0. 

Writing Z we see that two conics with single contact 

can be expressed in the form 

+ 2xy = 0, 

-f + ^hxy = 0. 

Or again if we draw the tangent to at J5 to meet the 
tangent at A in C and take (JAB for triangle of reference, the 
equation of 8 will take the form z^ + 2xy = 0, and 8' will be of 
the form z^ + 2ayy + y (kx + Iz) = 0, that is + 2fyz 4- 2hxy = 0. 

Again we might take AUB for triangle of reference, in 
which case the conics would be of the form 

fyz + gzx + hxy = 0 , f*yz + gzx + lixy = 0 . 
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The tangents at A being 

gz + hy = 0, ff's+h'y = 0, 
and being the same line, we have 

ff' ^ 

the conics will be 

fyz + gzoc + hsry = 0, fyz -f X {gzx 4- hx^j) = 0. 
There is no common seVf-conjugate triangle in this case. 


326. Three point contact. 

Let the conics have three point contact at A and cut in B. 
Let the tangent to /S at cut the common tangent at in C, 
Take ABC for the triangle of reference, 

T^e equation of 8 is of form 2xy = \z‘^. 

And 8' has with 8 the pair of common chords ?/ = 0, ^ = 0. 
Hence its equation is of the form 2xy — \z^ = y>yz. 



In this case then the equations of the conics can be written 
"ihayy + cz^ = 0, 4- "^hxy 4- cz‘ = 0, 

which again might be reduced as be^re to 

2ZF4--2^ = 0, 2ZyZ + 2ZF + ^P* = 0. 

There is no common self-conjugate triangle. 

327. Four point contact. 

Let the conics 8 and 8' have four point contact at A. 

Let C be any point on the tangent at A. Draw CB the 
other tangent to 8, and take ABC for the triangle of reference. 
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The equation of 8 is of the form 2xy = and the pair 
of common chords of 8' with 8 being y = 0 twice over, the 
equation of S' will be 2xy 



* Thus the equations thfe' time are of the form 

2hxy + = 0, 2hayy + cz'^ = 0, 

which we can reduce to 


2Zy +^> = 0, 2ZF+^» = 0. 


Here again there is no common self-conjugate triangle. 


EXAMPLES. 


1. If a.r + jOly + = 0 be the equation of the line at infinity in 
any system of homogeneous coordinates and a, b, c the lengths of the 
sides and A, C the angles of the triangle of reference, prove that 
the condition that the two lines 


lx + my + w» = 0, rx + m'y + n'» = 0 
should be at right angles to one another is 

+ «&»»»» + —qWw — - 3 - (mn -f- m n) cos il 

- — (nr + n'l) cos ^ ^ (Im' + I'm) cos 0 = 0, 

Simplify this in the special case of * trilinear coordinates/ 

A. 22 
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2. Prove that the necessary and sufficient condition that the 
pair of lines 

lx + my + nz = 0, I'x + m'y + n's = 0 
should be conjugate lines for the general conic 

aa^ + + cz^ + ^fyz + ^gzx + ^hxy = 0 

in any homogeneous system is 


o, h. 


1 

h, b, 

A 

m 

y, % 


n 

V, m'. 

n\ 

0 


3. If the lines 

l^x + m^y -I- n^z - 0, l^x + -f = 0, = 0 

form a triangle self-polar with respect to a conic for wiiich the 
triangle of reference is self-polar, then 


1' 

mi * 

fii 

1 

1 

1 

w 

ma’ 


1 

1 

1 

lA 

Ws’ 



4. The line lx + my + na = 0 meets in E and F the sides AC^AB 
of the triangle of reference for any system of homogeneous coordinates. 
The equation of the line at infinity being known, obtain the equation 
of the line joining A to the middle point of EF, 

5. In any system of homogeneous coordinates if (Xj, y^y s,), 

(scj, y^y ^s) vertices of a triangle inscribed in the 

conic 


I m n ^ 
- + — + - = 0 , 
xyz 


the sides of the triangle will touch the conio 


: /JL / 

V V ViyiVi V 




- = 0 . 


Shew also that the triangle will be self-polar for the conio 

^ -0 

ccix^Xt y\y%y% 
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6 . Shew that if ahc =fgh, any one of the three conics 

aa?-\-2/t/z=0^ 2gzx 0^ cz^ + 2kxy=^0 

is the polar reciprocal of a second with regard to the third. 

7. Prove that the four points of intersection of the conic 

yz + + ajy = 0 

with the conic 

a (6 + c) ic® + 6 (c + a) + c (a + 6) s* — 2hcyz — 2cazx — 2ahxy = 0 

are concyclic, and find the equation 6f the circle througli the four 
points, the coordinates being trilinear. 

Transpose this problem into one with the notation of areal 
coordinates. 

* 8. Two conics pass through the angular points of a given 
equilateral triangle and cut each other at right angles at these 
points ; shew that the locus of their i*emaining intersection is 

- xyz {yz + cias + xy) (a; -h y + z) + {yz + za: + xy)\ 

the coordinates being trilinear and the equilateral triangle the 
triangle of reference. 

State the corresponding equation if the coordinates were areal. 

9. Prove that the locus of the centre of a conic which circum- 
scribes tlie triangle of reference and touches the line 

lx + my + Tiz = 0 
• 

is Vte(- ax^by + cz) + \l my {ax — by + cz) + ^Jnz {ax -\-by— cz) = 0, 

a, 6, c being the sides of the triangle of reference, the coordinates 
being ‘trilinear.* 

Give the corresponding equation when the coordinates are 
(i) areal, (ii) homogeneous coordinates for which the line at infinity 
is ax + (Sy + yz == 0, 

10. A conic is inscribed in a triangle and the trilinear coordi- 
nates of a focus with respect to this triangle are (a;', y\ z ) ; prove 
that the line 

xad (y'® - «'®) + yy (»'* - »'*) + (a'® - y'®) = 0 

is an axis of the conic. 


22—2 
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11. Prove that in trilinear coordinates 

a \/a;sin (B — C) + 6 sly sin (C — A) + c s/z sin (A — B) = 0 

is a parabola touching the sides of the triangle of reference, and 
having for its directrix the line through the centre of gravity and 
the orthocentre of the triangle. 

Generalise this for any homogeneous coordinates. 

12. Shew that the equation in trilinear coordinates (x, y, z) of 
a conic circumscribing the triangle of reference is 

a b c f. 

px qy rz 

where a, 6, c are the sides of the triangle, and p, q, r <iAre the focal 
chords parallel to these sides. 

( 

13. The coordinates being 'trilinear and referred to the triangle 
ABCi the equation of the directrix of the parabola 

Xyz + fxzx + vxy = 0 

is (/X* + F* • 2/iF cos A) hex + (f® + X® — 2fX cos B) cay 

+ (X* + /X* — 2X/X cos C) ahz = 0. 

14. Shew that two triangles whose sides pass tli rough A, B, C 
respectively (the vertices of the triangle of reference) can be inscribed 
in the conic 

,JIx + Jmy + = 0 , 

and that the equations of the lines joining corresponding vertices of 
the triangles are 

lx + my — 3n2 = 0, eta 

16. iS is a conic inscribed in a given triangle OMN, S* is a 
conic touching OM, ON at M and N and intersecting Sin B and Q, 
Prove that tangents to at JP and Q will intersect on S\ 

16. Prove that if two conics have four point contact at 0, and 
Q be the pole with respect to the second of the tangent at P on the 
first 0, P, Q are collinear. 
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17. The polar reciprocal of y* — 4c£c= 0 with respect to 

-3 + ^ = 1 IS a%* + h^x = 0 . 

Also the polar reciprocal of = 1 with respect to y* * 4ca = 0 is 

J*y* = 4c* (iC* — 65*). 

18. A conic having (as,, j/,) (asj, yo) for foci is reciprocated with 

respect to the circle as* + y- = c* sh'jw that the equation of the 
reciprocal is of the form * 

A; (a:* + y*) + {xoc^ + yy^ - c*) (.rajg + yy^ - c*) = 0. 

Tf the given conic pass through the origin determine k and shew 
that the later^ recta of the two possible reciprocals are 

C" (^ - sin I (61. - tf,), c» cos (tf, ~ tf,), ^ 

where (r,, ^ 1 ) and (?a, dj) are the polar coordinates of the given foci. 

19. Show that the polar reciprocal of as* + y* - = 0 

w'itU reference to asy - 1 = 0 is given either by 

W + y') + '/) - ip^Vo + y»o - 2)" = 0 , 

or kj(y„-ix^) [x+iy) + >/(y, + ta:,) (» - »y) + 2 = 0 

and account for both of these forms. 


20. If the reciprocal of one parabola with respect to another be 
a parabola, the three curves have their axes parallel or coincident. 

aj* w* * 

21. The conic ^ = 1 is reciprocated with respect to a point. 

Shew that if the reciprocal be always similar to the original curve 
the point must lie on the curve 

a b^ (a;* + y*)* = (a*- 6*) - ah/), 

whereas if its area be constant, the point must lie on a conic similar 
to the original one. 

22. The triangle formed by the polars of the middle points of 
the sides of a given triangle with respect to any inscribed conic is of 
constant area. 

[The conic may be taken to be sfy + 
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CROSS RATIOS, HARMONIC SECTION, INVOLUTION. 

'^"^328. Analytical representation of cross /'atlos. 

It is assumed, as is explained in the preface to this work, 
that the reader is already familiar with the principles of cross 
ratios, harmonic section and involution. We are now concerned 
with the bearing of analytical geometry on this branch of the 
subject. 

Prop. The cross ratio of the pewil formed hy the lines 
whose Cartesian equations are 

y^miX, y = y^ra^y y = m^ 

{rrii - W4) (w, - m2) ■ 

Draw a line parallel to the y-axis to cut the four lines, taken 
in order, in P, Q, P, S. Let this line cut the oj-axis in L, and 
let OL = X. Then 

LP=^m^Xy LR^m^, RS = m^, 

The cross ratio required = {PQR8\ 

PQ.RS (LQ^LP)(LS--LR) 

“ Pfif . PQ “ (is - LP) (LQ - LR) 

^ ( rryc — mix) (m^ — m^) ^ (mi — mg ) (m^ — m ^) 

"" (m 4 jx — niix) (m^ — m ^) (mi — (m, — m^ ‘ 

It is easy to see that the cross ratio of the pencil formed by 
the lines 

a^miy, x = « = m,y, w = m^ 


GROSS RATIOS, HARMONIC SECTION, INVOLUTION 343 

• • 

has this same value. This could be proved by drawing a line 
parallel to the a;-axis. It is clear too from the fact that 

(mi — ma) (nit ~ 

(mi-m4)(7^-ma) 

IS unchanged when we write for mj, m,, m,, their reciprocals. 



CoR. The cross ratio of the pencil formed by the lines 
Z = XiF, 

drawn through the vortex G of the triangle of reference in any 
system of homogeneous coordinates is 
(\^^(^-^) 

(Xj — X4) (Xj — Xg) t 

For if we transform to Cartesian coordinates (a?, y) with 
CB and CA as axes we have 

X = ^^=py (say), = (sayX 

SO that the Cartesian equations of the lines are 

Whence, from the proposition, the cross ratio of the pencil is 

(Xi — Xa) (X3 — X4) 

(Xi — X4) (X* — X2) 
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Example. The cross ratio of the pencil formed by lines through 
a point parallel to the four lines whose equations in any homogeneous 
system are 

l\X + 4* — 0, 

i8^ + 77l3y + »32 = 0, 

is 


h, 

nil, 

fii 

h. 

Wl 3 , 

^ 1 ^ 

hi 

thi, 

"> 1 

1 h. 

nhi 

T *3 , 

It, 

Wl2, 

Tit 

h. 

^ 4 , 

Tl 4 1 

y ' 

h. 

7714 , 

TI4 ^2, 

m2, 

Tia 

“l 


V 1 la, 

A 


A 

y 1 

U 

A 

y 


the line at infinity being + y 2 = 0. 

329. Pairs of lines harmonically conJug^jEite. 

Prop. The necessary and sufficient condition that the pair 
of lineff whose Cartesian equations are 

y = mite, y^vn^ 

should he harmonically conjugate with the lines 
y^m^x, y^mix 

is (mi 4“ ma) (mi' 4- mf) - 2 (miTTig 4- m/mg'). 

For the lines being harmonically conjugate the cross ratio 
of them in the order 

y = myX^ y — m^x, y^m^y y^m^x 
must be — 1, 

i(mi — mi') (mj — m^) = — (mi — m^) (m^ — m,'), 
and this reduces to 

(mi 4- ma) (nil + W) = 2 (niim^ 4- m/mj'). 

This condition then is necessary and it can be shewn to be 
sufficient by working the algebra backwards. 

Cor. 1. The necessary and sufficient conditions that the lines 
^ = XiF, ^ = XjF, 

in a/ny homogeneous system, should he harmonically conjugate 
with the lines 

is 


X^Xi'Y, Z = \,'F 
(^l 4- Xa) (Xi 4“ Xa') = 2 (X^Xs 4- X/Xg'), 
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This condition holds equally well too if the lines be 

r=\iZ, f=x,a:, F=\/A^ F=:x;z. 

Cor. 2. The necessary and sufficient condition that the pair 
of lines cwc® -f 2hxy + hif = 0 should he harmonically conjugate 
with a V + 2A'ajy 4- = 0 in Cartesians or any other system of 

homogeneous coordinates is aV 4- afb = 2hh\ 

For let aa^ + 2hxy -f = 5 (y — 7aix) (y — Wj/c), 

so that mi 4- , and mim^ = g , 

and let ax^ 4- 21ixy 4- i'y’ = b' (y — m/x) (y — rn^'x), 

2h' a* 

so that ^ = — g,- , and — g> . 

The condition that the first pair should be harmonically 
conjugate with the second pair is thus 
_ fa a'\ ^hhf 

that is ab' 4- a'6 = 2hh\ 

Example. The necessary and sufficient condition that the two pairs 
of points on the a'-axis given by ax^+2hj?-hb—0 should be harmonically 
conjugate with the pair given by a'^2-|-2A'a7+6'e=0 is a6'+a'6=2AA'. 

330. If the pair of lines y = mx, y = m'x be harmonically 
conjugate with the axes of coordinates in Cartesians then^ni 

This can be deduced from § 329 by considering the pairs 
of lines y® — (m 4- m') xy 4- mm*x^ = 0, £cy = 0 as harmonically 
conjugate. Or we may proceed as follows: 

Let a line parallel to the ^-axis cut the given lines in 
P and Q and the axes of coordinates in P and S, the last point 
being at infinity. 

The condition for the harmonic relation is 

(PQ,iJS) = -l, 

(PQES) = -h 
PR.QS^ 

Pti.QIl 


that is 
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PR = -QR, 

for = 1, S being at infinity, 

/. RP = — RQ.^ 7/1 = — m'. 



Cor. Tlie pair of lines on = X?/, a? = — in any homoyeneons 
system is harmonically conjugate with the sides a; = 0, y = 0 of 
the triangle of reference. 

This is at once seen by transforming to Cartesian axes 
CB, GA. 

331. ,, On the representation of four points In a plane. 

If the triangle of reference be properly chosen four points in 
a plane {no three of which are collinear) can be represented in 
homogeneous coordinates by 

(f (-/ ^0. (/ H (/ - ^0* 

Let P, Q, Ry S be the four points. Let ABO be the diagonal 
points of the quadrangle PQRS {Pure Geometry, § 76). Take 
ABC for the triangle of reference. Let (/, h) be the co- 
ordinates of P. Then the equation of CP is 

(c _y 

f~9‘ 
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But CQ and GP are harmonically conjugate with GA and 
CB, Therefore the equation of (7Q is 



(§ 330 Cor.) 


A 



Also the equation of A P is 

9 h' 

Therefore, the point Q, being the intersection of A P and 
GQ, is given by 

X y z 

-f9l' 

that is 

Similarly •• =/: - : A. 

and 

Thus the four points can be represented by 

(/. 9> K). (-/, g, h). (/, -g, h), (f,g,- h). 

But it must be noticed that if (/ g, h) be the actual 
coordinates of P, then (— / g, h) will not be the actual co- 
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ordinates of Q but only proportional to them. The actual 
coordinates of Q will be (— X/i \g, Xh) where 

X (— a/ + -f yh) = 1. 

A similar remark applies to the coordinates of R and 8, 

^ 332. OonloB through four points. 

By a proper choice of the triangle of reference all conics 
through four given points (uo three collinear) have their equation 
of the form 

Aa^ + By^ + Gz^ — 0 , 

mhere A, B,C are connected by a linear relation. 

For we choose the triangle of reference as in the ljf.st 
paragraph and the coordinates of the four points are then 
represented by 

(/, 9> h), i-f, g, h), (/ -g. h), (/ g, -h). 

Now take the general conic 

Ax^ + By^ -I- Cz^ -f 2Fyz -h 2Gzx -h 2Hxy = 0, 
and make it pass through these four points. We then get 

and A/® + Bg^ -h Gh- = 0. 

Thus^the equations of all conics through the four points are 
included in 

Aa^ + By^ + Gz^--0, 

where the constants A, 5, (7 which are different for the different 
conics are connected by the linear re\i 3 ition 

We see then that the conics through P, Q, P, 8 all have 
the diagonal triangle ABG^ which is the triangle of reference, 
for a self-polar triangle. 

This can be proved otherwise from the harmonic properties 
of the quadrangle and of the pole and polar of a conic {Pure 
Oeometi'y, § 119a). 
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333. Pbop. The locus of the centres of all conics through 
four given points is a conic circu/fnscrihing the diagonal triangle 
of the quadrangle. 

For taking as the typical equation of one of the conics, 
with the relation 

Af^-^-Bg^ + Ch^.-Q, 

we see that the coordinates of the centre are given by 

(§ 310 ) 



> 

, Thus the centre satisfies 




a y z* 

that is to say, the locus of the centre is a conic circumscribing 
the triangle of reference which is the diagonal triangle (compare 
Fare Geometry, § 218). 


334. Representation of four lines In a plane. 

By a proper choice of the triangle of reference the equolions 
of four lines in a plane, no three of which are concurrent, can be 
expressed in the form 

lx my •{■nz = 0, — te + my 4- w^ = 0, , 

lx — my + rwf = 0, lx + my --nz = 0. 

Let the four lines form the quadrilateral PQRS. Let ABC, 
the triangle formed by its three diagonals PR, QS, DE, be 
taken as the triangle of reference. Let the equation of PQ 
be Ix + my + nz^O. 

The line {lx ^-my^- nz) -lx — 0 passes through the inter- 
section of PQ and BG. Moreover it passes through A (1, 0, 0). 

Therefore my + = 0 is the equation of AD, 

Therefore em!CoA{DE,BO) — ^ 1, the equation of A E must 
be my-^nz^O. 
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Now the line PS passes through P the intersection of PQ 
and AO. Therefore its equation is of the form 


lx + my + w-e: + — 0. 

0 



Moreover the line PS passes through E the intersection of 
AE and BG. Therefore its equation is of the form 
my — n-e + ^x = 0. 

Whence, since these are the same line, 

/Lt _ m _ — w 
Z ~ 7/1 + X n * 

/A = — 1 . 

Therefore the equation of PS is lx — my -f w-? = 0. 

By similar reasoning, which the student can effect lor 
himself, it can be shewn that the equation of SR is 
— Za; + vny 4- nj = 0, 
and that that of QR is Z® + my —nz=^0. 

335. It is easy to see that the proposition of the preceding 
paragraph and that of § 331 are reciprocal to each other. For 
if we reciprocate the point (/, g, h) with respect to the imaginary 
conic a?* + y* + s® = 0, we shall obtain the line fx-i-gy+hz^ 0. 

And the reciprocals of the points 

(-/, 9. h), (/, -g, A), (/, g, -h) 
are —fa+gy + hz=0, fx-gy + hz — 0, fx+.gy — he=0. 
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.( 1 ). 


336. Conics touching four lines. 

By a proper choice of the triangle of reference all conic* 
tmching four given lines (no three concurrent) mil have their 
equation of the form Aa? + By'^ + Cz* = 0, where the constants 
A, B, G are connected by a relation which is Linear in the 
reciprocals of A, B, C. 

This may be proved by taking the four lines to be 
lou -h my -\-nz = 0 
— lx + my -{-nz — O 
lx — my + 7iz = 0 
lx m y — nz 0 } 
and oxpressinj^ the conditions that the conic 

+ By^ + Cs- 2Fyz + 2Gzx + 2Hxy = 0 
should touch these lines. 

It will be found that these lead# to the relations 

P m^ _ A 

and A'^B'^C"^’ 

But we can get the same result very easily from § 332 by 
reciprocation, h’or as the conic touches the lines (1) its 
reciprocal with respect to a?+y^+z^-0 must pass through 
the points (I, m, n), (— I, m, n), (f, wi, n), (I, m, v). 

But the general equation of conics through these points is 
(§ 332) 


^ + ?^ + ^ = 0 
A^ B^ G 


( 2 ). 


Z’ nv 

where A'^'B'G 

And the reciprocal of (2) is (§ 320) Aa? + By* + Gz* = 0. 
Thus the general equation of conics touching the lines (1) is 
Aa? + By* + Gs* = 0, 

where the constants A, B, C, different for the different conics, 
ai'e connected by the relation 

il + !?L*+-=o 

A^B^O 




= 0 . 
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* ' I 

Example. The locus of the centres of conics touching four given lines 
is a straight line. 

337. Constant cross ratio property of conics. 

If A, By Cy D he four fixed points on a conicy and P 
a variable point on it, then P (A BCD) is constant. 

We have* seen (§ 321) that a conic can be expressed in terms 
of a single parameter t in the form 

any : z = at^ + bt + a't^ + b't-\-& : a^^t^ 4- b'^t + c". 

Now let tiy tiy t^y U be the values of the parameter t for the 
four points Ay By Gy D on the conic; and let t be the value of 
the parameter for any point P on the conic. 

Take any two lines through P, 

X = /a- + my + = 0, F = Z'aj + nfy + n'z = 0. 

Then any line through P will have its equation of the form 
X-XF = 0. 

Now let Xj be the special value of X for the line -4P. 

Then we must have 

I {at^ + hti + c) + m {a't^ + h% + c') + n {a''t^ + Vt^ + c") 

= \ {V (at,^ 4- bt, 4- c) 4- m' (a%^ 4- b% + c) + n' {aV + + c")} 

and 

I (ar^ 4- 6t + c) + m (a V + 6 't -f c') + w ( a'V’* + b'r + c") 

= Xj [V (ar* 4- 6 t 4- c) 4- m' (aV* + Vr + c) + w' (a'V + Vt H- c^')]. 
On subtraction, and division by < — t we get 
Z {o- (^ 1 4" t) 4 6} 4* w {a* {ti 4- t) 4" 6^} 4* w [a'' (ti 4- t) 4- V'\ 

= Xj [Z ja {ti 4- t) + 6} 4 m* \a' (Zi 4 t) 4 b'] 4 [a" 4 t) 4 

From which we get 

^ At^-^ff^ 

where A, By Cy D are independent of ti. 

Now P (ABCD) = (§ 328), 

and 

y Att + B 

^ ^ Ct, + D Ct, + J)~{Cty + DXCty+By 
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Thus we see that 

which is independent of t. 

Thus P{ABGD) is constant. 


338. Special case. 

The following is a special case of the preceding article. 

The cross ratios of the pencil for'*/ied hy joining any point P 
on the conic + Bif + Cz^ = 0 to the four points {±f ±g, ±h) 
through which it passes are 

, W' 4/*’ 
and their reciprocals. 

Since the conic passes through the four points we have 

Now the equation of the conic can be written 

{xiJA + y — E){x \f A—y = — C)\ 

Thus (§ 321) we may take as our parameter t either of the 

equal ratios 

w ^A + y*J — B , z V — (7 

and — 7 ==t* 

ZN—O x\A—y\—B 

Whence 

^ /V2+5rV'-i? ^ —f‘JA+g’ J~^^ 

^ hT^ ’ h^G 

^ f's/A-g‘J~B ^ _f‘fA->rg^-B 

*• h7^ ’ *' -hJ-:rG ’ 

(2/VT)(2/VZ)_ 

■■ (ii-"*.) («.-<.) 2(/V4+flrV-il)2(/V2-flrVi5)’ 

Af’ Af* 

~‘Ap-rBg^^ Ch*' 

This then is one of the cross ratios and the others follow 
from symmetiy. 


23 
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Ezamples. 1. Prove analytically that if A, C', i> be four co- 
planar points of which no three are collinear, then the locus of a point P 
such that P {ABCD) is constant is a conic through A, D, C, I), 

2. Prove that the constant cross ratio of the pencil formed by joining 
any point on the ellipse ^ ^ 1 points upon it (j?|, yj), 

(^a> 2/^)* (‘'*^31 S/a)* (^41 2/*) is to 

hlZp - _ y4-6\ 

\ J?1 / \ ^3 ^4 / 

/ y3~5 _ y2--6 \ * 

\ -^4 / \ ^3 ^2 / 

8. Prove that one of the cross ratios of the pencil formed by joining 
any point on an ellipse to the extremities of tho latera recta is 

4. Prove that the extremities of any diameter of an ellipse are 

harmonically conjugate with the extremities of the diarneter conjugate 
to it. ^ 

[It is here to bo proved that if Q bo any point on the ellipse and 
PCP\ BCD' 1)0 a pair of conjugate diameters Q{PP\ 

5. Prove that the cross ratio of the pencil formed by joining any 

point on the parabola ^*=4ar to the points 2a/i2), 

2a/i3), 2ap4) is 

(M3-M4) _ 

(P1-P4)(M3-“M2)* 

339. Involution. 

We know that two pairs of lines through a point completely 
determine an involution {Pure Geometry, § 77). We shall now 
establish an analytical test that a pair of lines through a point 
should belong to an involution determined by two other pairs of 
lines through tho point. 

If an involution be determined by the pairs of lines through 


the origin, or through a vertex of the triangle of reference, viz. 

a^x^ + 2hixy -f 5,^* = 0 ( 1), 

a^ + 2h^y + b^^ = 0 (2), 

the necessary and sufficient condition that the pair of lines 

aaic® + + 63^® = 0 ( 3 ) 

shoidd belong to this involution is 

Ri, fh, bi =0- 

O-a, /la, 63 

h„ 63 
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For let AX^ + 2HXY + = 0 (4) 

be the double lines of the involution. 

Then (1) and (2) are both harmonically conjugate with (4) 
(J?ure Geometry, § 82). 

. Ba^ + Aby^ — 2///a, = 0, 

Ban 4- Ab^ — = 0. 

Now if (3) belong to the involution determined by (1) and 
(2), then (3) must also be harmonically conjugate with (^4), 

Ba3+ ^5 s--2////3 = 0. 

On elimination of A, B, H we get 

hfi, bi ! = 0 
Ua, hn, 62 1 

(h, K fh i 

as a necessary condition. 

It is also sufficient, for supposing it to hold it will be possible 
to determine A, B, H to satisfy the equations 

aiB + biA — 2if/ii = 0, 

ttyi? -f biA — 27/^2 = 0, 

UgB + 63^1 — 2 Hh^ = 0, 
that is to say there will be a pair of lines 
Ax^+2Hxy-\’ Bif — 0 

harmonically conjugate with all three of the pairs of lines, 
which must therefore belong to an involution. 

Cor. By similar reasoning we can shew that the above is 
also the necessary and sufficient condition that three paiis of 
points on the a?-axis given by 

+ 'ikiX + 5 i = 0 , 

da®* + 2Aa® + ~ 

-I- 2h^ + 6a = 0, 

should belong to the same involution. 

23—2 
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340. Double lines. 

The equation of the double lines of the involution determined 


by 

Oiit* -h 2hiicy bif = 0 ( 1 ), 

+ 2h^^ 4- = 0 (2), 


IS 


y\ - 

tti, hit 




= 0 . 


h. 


I «2, , hi. 6a I 

For let aa; + y8^ = 0 be one of the double lines. Then (1), 
(2) and 

aV + 4* = 0 

are three pairs of lines belonging to the same involution. 


a*, a/8. 

/8“ 

Oi, 

Ai, 


flai 


h 


Writing J ^ equation of the double lines 


r> 

Oi, 

(Za, 


h\i 

Aa, 


h. 


= 0 . 


341. Involution properties of conics. 

Conjugate lines through a point to a conic form an involution 
of which the tangents from the point are the double lines. 



Let A be the point, AB and AC the tangents from it. 
Take A BC as the triangle of reference. Thus the equation of 
the conic is of the form — 2kyz (1). 
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Take any line through A 

y~X^ = 0 (2). 

Let (a?i, yi, Zi) be the pole of this. 


Then the equation a/Vj — A (yzj + i/iz) = 0 must be identical 
with (2), 

iCi = 0 and ^ 

A» 

Thus y + \^ = 0 is the equation bf the line joining A to the 
pole of (2), that is y + \z==0 is the conjugate line to (2) 
through A. 

And these two conjugate lines are harmonically conjugate 
with y = 0, ^ = 0, that is .vith AG and AB. 

Therefore they belong to the involution of which AJB and 
AG are the double lines. . 

Cor. Gonjibgate diameters of a conic form an involution 
system^ the asymptotes being the double lines. 

342. Test for coi^ugate diameters. 

By means of the proposition just established we can prove 
that the condition that the pair of lines {in Gartesian coordinates) 

+ 2hxy -f = 0 (1) 

should be conjugate diameters of the conic 

Ax^ + ^IIxy * ( 2 ) 

is Ah + Ba — 2Uh — 0. 

For if (1) be conjugate diameters of (2) they must belong to 
the involution of which the asymptotes {i.e. the tangents from 
the centre) are the double lines. 

But the equation of the asymptotes is 

+ 2Uxy + By^ = 0 (3). 

Thus (1) and (3) must be harmonically conjugate, 

This condition then is necessary, and it is easily seen to 
be sufficient. 
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343. If we reciprocate the theorem of § 341 we get: 

Conjugate points on a line with respect to a conic form an 
involution range the double points of which are the points in 
which the line cuts the conic. 

This is proved in Fare Geometry, § 92. We will give an 
independent analytical proof of it as follows. 

Let the line on which the points lie cut the conic in A and 
B (these points may be imdginary). Take the middle point 0 
of AB for origin, OA for the axis of x and a line perpendicular 
to it for the y-axis. 

The equation of the conic will therefore be of the form 
+ 21ixy -f- hy^ + 2fy + c = 0, 

there Joeing no term of the first order in x since the values of x 
when y — 0 have to be equal ’n magnitude and opposite in sign. 

Let P and P' be a pair of conjugate points situated on the 
given line, 0) (ar/, 0) their coordinates. Then the polar of 
each goes through the other. Now the polar of {xi, 0) is 
axxi + /?.r,y -h/y + c = 0, 
axj Xj c ~ 0, 



which is constant and = 0A^= OB\ 

Therefore P and P' belong to an involution of which 0 is 
the centre and A, B are the double points. 

344. Proposition. A system of conics through four fixed 
points is cut by any transversal in pairs of points which form 
an involution. 

Take the line of the transversal for the axis of x. 

Let S = oiF + 2hxy + + 2gx + 2/y + c = 0 (1), 

S' = a'fl? + 2h'xy 4- b'y^ + 2fx + 2fy+c'=^0 (2) 

be two conics through the four points, then any other conic 
through these points will be of the form S + XS' = 0 (3). 
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Now the pair of points in which the transversal (which we 
have taken for the a?-axis) cuts ( 1 ) is given by 

4 - c = 0 . 

So the pairs of points in which the transversal cuts ( 2 ) and 
(3) are given by 

a! a? -f ^g^x + c' = 0 


and (a + W) X‘ 4 - 2 (^r + \g) a? + (c 4 - Xc') = 0, 

and all these belong to the same invi)lution since 
I a, g, c 1 = 0. 


tt, 


a 4- Xr//, g 4- Xg , 


c' 

c 4 * Xc^ 


, Thus the proposition is proved. 


345. Homographic ranges.^ 

If X and x' he the x-coordinates of two points P and P' on 
the x-axis, and x, x' be connected by the relation 

Axx 4“ Hx 4- H'x 4- -8 = 0, 

where Ay By //, IP are any constants, then a range of points 
typified by P will he homographic with a range typified by P\ 

For let Ply Pj,, Ps, P 4 be any four points of the P series of 
points, and let Xiy x^, x^, x^ be their a;-coordi nates. 

Let P/, Pa', Ps', P 4 ' be the corresponding points in the P 
series, and let a;/, etc. be their a;-coordinates. 


Then 

(1 


/D'D ’Tt ^ ) 

{r, r, r, 

Hsci + B Hxj + 5 \ / Hxt + B Hxi + B\ 
Ax,-^H''^Ax,-{-H')\ S' 

ffxi + B Hxf + B \ } Hxi + ii Mxf + \ 

/!.«. M W' A^.jTH') V >1 37.4- Tt> >437.4. H'] 




(P,P,P.P.). 


Thus the proposition is proved 
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346. The above relation gives 

g Hx + 1 ff'x' + S 

Ax + H Ax' + H 

Now suppose that P(x) and Q (x) are any two points on 
the line connected by this relation. 

Then to P, regarded as belonging to the first series of points, 
corresponds Q in the second series. 

But the point Q regarded as belonging to the first series 
will correspond with some other point in the other series. 

But in the special case where H = 11' we have 
, Hx + B 

, Hx' + B 

Ax'+il* 


so that P considered as belonging to the first series will cor- 
respond with Q in the second series, and at the same time Q 
considered as belonging to the first series will correspond with 
P in the second series. 

Thus if P, P*\ Q,Q'; li, R\ be three pairs of corresponding 
points in the two series, 

(PQRP') = {P'Q'R'P). 

That is these three pairs of points belong to an involution 
{Pure Geovieftry, § 80). 

This we can see analytically thus : 

We have Axaf + H{x +x') + B= 0. 

If then the pair of points P (x), P\x') be given by 
0/21“ 4 " ^hX - 1 -^ = 0 , 


we have 
and 


a + a;' = -?!t 
a 

xx' = 

a 


Ah-\- Ba = 2Hh, 


that is to say the pair of points P, P' is harmonically conjugate 
with the pair given by i4X*+ 2HX + B = 0. 
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Therefore all the pairs P, P*\ Q, Q'\ etc. being harmonically 
conjugate with the same two points in the line, form an invo- 
lution with these two points aa the double points. 


347. We can also see that pairs of points connected by the 
relation 

Axx* + H{m + af)-vB^O 
form an involution in the following way : 

Transform the origin to the point (A?, 0). Let the new 
rc-coordinates of the two points be X, X' so that 
x^X-\‘kt (c —X' ■\-k, 

^ (X -h ifc)(X' + h) + if (X+ Z'H- 2i) + 7i = 0, 

Now choose k so that iT = 0. 

Then we have , 

AXX' = ~-B, 


i.e. 


ZZ'- 


H^-AB 

A^ 


Thus the pairs of points belong to an involution whose 
centre is the new origin and whose radius is — ABjA. 
Hence the double points of the involution will be real or 
imaginary according as II ^ is > or < A B, 


348. Double points. 

Now let us return to the more general relation 
Axx -f Hx+ iTV -f P = 0, 

defining two homographic ranges which do not make an invo- 
lution. 

It is clear that there will be two points which will cor- 
respond to themselves in the two series. For putting 
we have 

Aos^ -}- (if H ') X 'jr B 0, 

The points so given ai'e called the double points of the 
homographic ranges. 
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. • 

If we denote the double points by fl and 12', and P, P' \» 
any pair of corresponding points (ilQ'PP') is constant. 

For if Q and Q' be another pair of corresponding points, 

(nn'PQ)=({in.'P'Q'), 
(nii'PP')=(nn'QQ'), 
that is (ftfl'PP') is constant. 

In proving this we have made use of the theorem that if 
{ABGD)--{ABG'D'\ then {ABGG'):={ABDD'). 

This is easily scon to be the case ; for if 
{ABGD) = {ABG'D'), 
then iAGBD)^{AG'BD'), 

by interchanging the second and third letters in both. 

AG^BD AG'^IX 
AD.BG' AD' .BG" 

AG'~.BG 'AD'JID^ 

(AGBG') = {ADBD'), 

{ABGG') = {ABDD'). 

349. The constancy of (flfl'PP') may be made use of to 
find the point corresponding to a point Q, when the double 
points 12, 12' and a pair of points P and P' are known. 



For let the line be turned round 12 through any angle and 
let P„ Qu P,', Qi, be the new positions of P„ Q„ eta 
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Now (an'QQ') * (nn'FP') = (nn/p, p/). 

Therefore since flft'QQ' and fift/PiP/ are homographic 
and have a common point fl, il'ili, P^Q, P/Q' are concurrent 
(Pure Geometry, § 60). 

Hence to find Q' corresponding to Q, we let n'ft/, and P^Q 
meet in A and then join P/A to meet the given line in Q\ 


350. 

relation 


We have seen that points in a line connected by the 
Aoox + PTa? + IV X* -f P = 0 


give two homographic ranges. We shall now shew that if 
there be two homographic ranges in a line corresponding poinis 
are connected by a relation of the above form. 

* For let a, h, c be the distances from the origin of three 
points A, B, G in the line and let a\ b\ o' be the distances of 
the corresponding points A\ B\ O'* 

Let X and of be the distances of any other pair of corre- 
sponding points. 

Then since (PABC) = (P'A 'BV% 

(ic — a) (6 - c) _ («' — a!) (V — c') 

and this reduces to the form 


Axx' + llx -f- jffV + P = 0. 


351. Next let it be observed that it is not necessary that 
the points P, Q, etc. of the one series be measured from the 
same point 0 as that from which the corresponding points 
P\ Q\ etc. are measured. 

Say that the P series is measured from 0, and the P' series 
from O', and OP — x, O'P' — x, then x and x' are still connected 
by a similar relation. 

For let Off = h, 

0F=0(y ^(yp=h+x'. 

Now Ax.OF + .OF + B = 0, 

Ax (A + <c ) + Mx + S' (A + os') + 2^ = 0, 
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and this is still of the form 

A.XX + Hx -4- H'x^ 4" -B = 0 
with changed constants. 

352. Again, we can see that it is not necessary that the 
system of points P', etc. should be collinear with the P system. 

If X and X be the distances of P and P' measured from 
points 0 and 0' in the^ respective lines of the ranges, the 
system P will be homographic with the system P' provided 
a relation of the form 

A.XX + Hx + X + J5 = 0 
obtains, and conversely. 

We can derive at once the property referred to in § 349 that 
if tvfi homographic ranges lie on lines which meet, and the point 
of intersection of the lines correspond to itself in the two ranges, 
the lines joining corresponding points are all concurrent 



For take the two lines OX, OY on which the ranges lie as 
axes of coordinatea ^ 

Let X and y be the distances of corresponding points 
from 0, 

Axy-\- = 

and as 0 is a corresponding point in the two by hypothesis, this 
relation must be satisfied by a; = 0, y = 0, .-. P = 0. and the 
relation is 


Axy + Hx + H'y = 0. 
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Now let p and p' be the distances from 0 of two corresponding 
points P and P', 

. •. App' + Hp f- H'p' = 0, 


H W 

p''^ p 


-A. 


• • t/ 

Thus the line PP' whose equation is - + = 1 passes 

through the fixed point — H/i4). 

We shall prove in a later chapter that the lines joining 
corresponding points of two homographic ranges on intersecting 
lines, the point of intersection of which does not correspond to 
itself in the two ranges, all touch a conia 


• EiCAMPLES. 

# 

1. Prove that the middle points pi the three diagonals of the 
quadrilateral formed by the lines 

±lx± my + = 0 

lie on the line 

l\c + + n^z = 0 . 

2. Prove analytically that the locus of the poles of a given Kne 
with respect to conics passing through four fixed points is a conic 
which passes through the diagonal points of the quadrangle formed 
by the given points. 

3. State and give an analytical proof of the reciprocal of the 
theorem of Ex. 2. 

4. The director circles of all conics touching four given straight 
lines form a coaxial system. 

5. If a system of conics have a common self-conjugate triangle, 
any line through one of the vertices is cut by the system in pairs of 
points which form an involution. 

6. Shew that two of the family of conics drawn through four 
fixed points, no three of which are collinear, are parabolae; and 
that the necessary and sufficient condition that these parabolas 
should be real is that the triangle formed by joining any three of 
the points should not enclose the fourth. 



366 CBOSS RATIOS, HABMONIC SECTION, INVOLUTION 


7. A system of four point conics can be reciprocated into 
concentric conics. 


8. Prove that the four common tangents to the conics 

^ T ^ A 
— 1 - — + - - = 0 


are x ^ liC - B'C +y'JCA’ -CA ±z •JAB' ~ A'B = 0, 
and that all conics which touch these four lines are included in 

as* y* _ A 

A + *?' B + hB GTW'^^' 


9. Prove that the locus of points from which the pair of 
tangents to the hyperbola ^ — |a = ^ harmonic conjugates to the 
pair of parallels to the asymptotes is the hyperbola 

t-t -2. 

a‘ I? 

10. The tangents from a point P to the ellipse ^ ^ ^ ~ ^ 

are harmonic conjugates with respect to the tangents from F to the 
hyperbola -^ — — + 1 = 0; shew that the locus of P consists of a 

Qt G" 

pair of parallel lines. 


11. From a point P on a parabola two normals are drawn to 
the curve. Prove that the bisectors of the angles between these, 
with the diameter through P and the normal at P form a harmonic 
pencil. ^ 


12. Prove that the four points on an ellipse whose eccentric 
angles are a, y, h subtend at any point on the ellipse a pencil 
whose cross ratio is 


sin 


2 



sin 
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13. The double points of the involution determined by the 
two pairs of points given by the quadratics 

oflc* + 2hx + c = 0, Aa? + 2Bx +(7 = 0, 

are given by 

(aB-hA)x^-{cA -a(7) a:+ (5(7 - cB) =0. 

PP'i QQ\ six points on a straight line. Piove that the 

six double points of the three involutions determined by QQ\ RIH ; 
RR\ PF ; and PF^ Q(/ cannot be in Ai volution unless PF, QQ\ 
RF are in involution, when the double jpoints coincide in three. 


14. Shew that the complete condition that the pairs of lines 

+ 25ajy + cy’^ = 0 and aot? + 2h*xy + cy® = 0 
should form a harmonic pencil is 
^ (ale + ac' - {(ac + ac' - 2bby - 3G (ae - 5^) (aV - 5'*)} = 0. 

15. Through the angular point A of the triangle of referiince a 
straight line AD drawn, cutting tho conic 

S = + by^ + oa- + 2fyz + 2(jzx + 2hxy = 0 

in the points P and P', and also cutting the line 
L lx -k- my + W5J = 0 

in the point Q, If a point Q be taken on such that tlio range 
(PF^ QQ*) is harmonic, show that as the line AD moves, the locus 
of Q' is the conic 

IS=L (ax + hy + gz). 

I 

16. Four points -d. By (7, D are taken on -’ = 1 + 6<^os^, and 


the corresponding values of 0 are a, P, y, S. Shew that the cross 
ratio of the pencil subtended by A, B, C, D at any point of the 
conic is the ratio with the sign changed of some two of the three 
quantities 



17. A square is inscribed in an ellipse whose semi-axes are a 
and by and any point on the ellipse is joined to the comers of the 
square. Prove that one of the cross ratios of the pencil so formed 




868 CBOS8 BATIOS, HARMONIC SECTION, INVOLtnPION . 

f 

18. The locus of points from which the two pairs of tangents 
to the circles 

(a; - a)* + y* = o^, (x + a)* + y* = c* 
form conjugate pairs of a harmonic pencil is 

(2a* - c») y* - = c* (a* - c*). 

19. If t'^o complete quadrilaterals have the same lines for 
diagonals their eight sides ^jouch a conic. 

20. Given four points bn a conic section, its chord of inter- 
section with a hxed conic passing through two of these points will 
pass through a lixed point. 

21. If ^2 be the lines aa^ + 24ajy + 6y*= 0, and 1^, the lines 
a'ac* -t- 24'.?.^ + 6'y* = 0, and X be the cross ratio of the ‘pencil 

^ 4 , then 

• ^ “ 2M')* 

22. Shew that the three lines each of which forms a harmonic 
pencil with the lines 

y = 0, a£c* 2hxy + ^y* = 0 
are 005 -I- Ay = 0, 

005® -I- 2Aa5y + ^96 — y* = 

23. If (o, 6, c, /, y, A) (as, y, 1)®= 1 be the Cartesian equation 
of a conic and if JT = oas + Ay + y, Z = Aas + 6y -i-yi prove that the 
equation of the asymptotes is 

AX®-2AA"r-hor* = 0. 

Hence shew that the lines A'.?® — 2A'Xy'+ o'F* = 0 will be a 
pair of conjugate diameters if oA' + o'A - 2AA' = 0. 
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INVARIANT’S. 

353. follows from what has been proved in § 106 that if 
(x, y) be the Cartesian coordinates of a point referred to axes 
including an jingle cd and if 
• ax^ + '2.hxy' + by- -4- ’Igx + 2/?/ f c 

transforms into 

aV'-* + Wx y + 6y ® %fx + 2/';/ 4- c\ 

where {x\ j/) are the coordinates of the same point referred to 

any othcir axes in the plane, 

a 4- i — 2^ cos to ^ ob — hr 

and V" 

sin*© 

are invariant, for by a change of origin the coefficients of the 
terms aa;^4* ^hxy-\-hy'^ are unchanged, and by a change in the 
direction of the axes the invariant relation has been shewn to 
be true. There is another invariant relation between the 
coefficients a, b, c, /, g, h which we have not yet given. We 
shall before proving it establish the following proposition. 

Proposition. If the homogeneous coordinates x, y, z he 
transformed to new coordinates x\ ?/, z' by the substitutions 
or - Ijx' 4- niif 4- n^z ^ 

+ 7i^[ ( 1 ). 

z-l^' 4- n^z' J 

and ax" + hy‘^ 4- cz^ 4 2fyz 4 'igzx 4 2hxy ^2) 

he transformed to 

a'x'^ 4 b'f^ 4 cz'^ 4 '^f yz' 4 2pVa;' 4 2 / 1 V 3 /' (3), 
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then a', h’, g | = e« | a, h, g j 

A'. V. /' I \h. b, 'f ! 

9 '> c \ I g, f. c i 

where cj. | /„ »i,, «, i. 

WS, ^3 

On mating the substitutions* (1) we see that (2) becomes 
a + TTh^y' + Uizy 4- h {l^x + + c (l^x' + ms?/' -f V:iS')^ 

4 2/ 4- m..j/ 4- n.^z') {life* 4- xfiiy* 4- na^') 4- 2g {l^x + lUiy' 4- thz') 

X 4- m^fy* 4- Wi^') 4- 2/i 4- m^y 4- n^z*) 4- roiy' 4- n^*). 

Comparing this with (3) we have 

a' = dl^ 4- hli 4- i^li 4- ^flJi + 4- 

b' = anii^ 4“ 4- etc., 

c — a V + &Wa* 4- etc., 

/' = antinx 4- bm^fn^ 4- cmiUi 4 - /{mirii + martg) 4 g 4- miW,) 

4* h (m,na + rngWi), 

g' = anjj 4- bnJi -h ewgi, 4- /(riaig 4- riaJa) +y{'ihli + nj^) 

4- A ( 711 L 2 4- nji), 

h! = a?, mi 4- 6ia??l3 4- cigma 4- + 9 {h^^i + 

4- h {liifi^ 4- liiUi), 

If now we write 

Li = aZ, 4- AZa 4- I Mj •■= ami 4- hvu 4- //mg ^ 

io = AZi 4- AZj 4- //j [ Mi = Ami + f » 

Li = gh 4- /Za 4- cZg ) J/g = 5^/7ii 4-///^ 4- c?/4s ) 

1^1= anj + hui 4- grti 
i^2 = Ani 4- fewa 4-^/?., • , 

.Ar, = ^nj4./ni4-C?ia- 

we have 

a' = Zi£i 4' IJLi 4" ZgXj, 

5' = TiiyMi 4- 7fiiM% 4" /WaJIfg, 
d = /iijRTi 4- WaiVa + W 3 JV,, 

* See the Cambridge Traot on Quadratic Forms by T. J. i’A. Bromwich, Sc.D. 
{Camh. University Press). 
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/' = m.jN’j + + m.N, = 711J./, + + n,M„ 

~ ‘^h ^<2^2 ^2^2 — l\ iV I *4“ 2 + j , 

h' ~ ^jil/i + I 2 M.J + IgMi =■ niiLi + tii..L.i + in~Lj. 

,\ a', k', g’ = li, m„ n, x Jl/,, iV, j 

^ t ^ t f ^21 ^ ■/'2J ^ y I 

9'. /'. c' ! u, OTj, Ha ^ Zj, Mt, ;V, i 

= ii, /«,, 71, i X /,. 7?*,, X a, /i, : 

ij, TTlj, 77, j k, VK, 77, //, 6, /■ I 

^,1. »ls, 77,, I l^, nil, '«a £'> /. C ! 

— ■ t'-* ; a, h. g I . 

I / I 

i ,7. /. c i 

364. We can use the proposition of the preceding para- 
graph to prove that if 

ac/;- + 2/?.;;y 4* hf -f- 2fj.v 4 - ^ fj/ 4- c, 
where x, y refer to some Cartesian axes iytclined at an angh o), 
he transformed to 

ax'’^ 4- 2h'x'y' 4- Uy^ -h 2fx 4- 2f'y 4- c\ 
where of, y* refer to Cartesian axes inclined at an angle <0 with 
the same or a different origin, then 


a'. 

h\ 

9 ' 

a, h. 

7l 

h’, 

h', 

r 

h. b, 

/ 



•' _i 

U_,/. 

c 


sin^ (o sin“ cw 

For we make our expressions homogeneous by the insertion 
of z and z which are unity, then 

aa^+bif-\- cz^ 4- %fyz 4- 2gzx 4- 2hxy 
transforms into a V® 4- b'y^ 4- cz^ 4- %f'y'z' 4- 2g'z'x' -h 2h'x'y' by 
substitutions of the form 

X = l^x' 4- 4- nizf, 

y^l^' + m*y' 4- 


24—2 
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SO in this case 

€ = I Zi, mi, r?, I = (ZiTUa - hnu). 

i k, n., ! 

i 0, 0, 1 ; 

Now we /know that the area of the triangle whose vertices 
are (a;,, 1 / 2 ), (^*, ^0 is 

isinw ; X,, Xs, Xs 

Vu 2 / 2 . 2/s 

^2, 2^ 

-= sin w '1 + ^ 2 . 2 / 2 ' + 


I 

I 

^1, 

^2 > 

= sin ft) 

i,, in,, n, 


®i', Zx 


^ 2 , niy, 


iz-i, yi, z' 


0. 0, 1 


a'/, 2//, ■£.' ! 

But the area of the triangle is 


Jsinw' y{. 

Z 



^'a > 2/2 j -^a I 
*3 > 2/3 1 ^3 I 


A' 


• • • « / 

Sin* 6) 


Zi, mj, w, j = 


Zj, ma, 

n, j 


0, 0, 

1 1 


where 



sin* ft) 



A = a, 

/t. 

9 

K 

6. 

J 

9y 

/ 

c 


sin 

sin ctf ’ 


We thus see that -.-r — is an invariant for the general 
sin* ft) ° 

equation of the second degree in Cartesian axes for any changes 
of origin and axes. 
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Ezaiinplos. 1. If -\-2hxy lie a parabola in 
oblique Cartesian coordinates, prove that the semi-latus rectum is 

siu^ o) ( — A)^ (c + A — 2A cos a>) -i 
where A is the discnminant abc'\-2fgh - 

[We know thcat when wo transform to the axis and taniyont at the 
vertex as axes of coordinates the equation of the parabola becomes 

y2-2/y=.o, ^ 

where I is the semi-latus reotuni. 

Thus we must have 


-f 2 te/ -f- hjr 4 2 ^*^ 4 ify i- r = 2 / 7 V 


whore 1= — , that is I- ~ Hp 


Now A' --. - h'y ■ 


and* 


A' 

A 


6^2* 


810“ nr 


1 


But 


<'§ 354 ), 

sin- a> sin ’ o> 

A - - Ay 2 ^in2 ^'>7/3 

a-l-A — 2 Aooa <i) ^ b* 
sin-w siif^^TT 
- A - A sin^ . 




••• ^^-AM 


A' * sin'^a> (u + A- 2 Aco3 

■1 


^ ( — A'l^ silf'* O) 

(a -p A - 'Ih cos o) 


2. If aa^ 4- ^hxy + hr^ -f- 2gx + ^fy 4 c == 0 be a parabola the length of the 
focal chord which makes an angle B with tlie axis of the parabola is 

2 siii^ o) ( - A) - -V sin® ^ (a 4- A — 24 cos w)^. 

3. If >S'sa:p® 4-2/ia;3/4-A//2-p2^.v4-2/^4-c==0 represent an ellipse, prove 
that the difference of the eccentric angles of the points of contact of 
tangents from (jf, y) to the curve is 

su„-. 


4. If the general equation in rectangular axes represent a rectangular 
hyperbola its equation referred to its asymptotes is 

2 xy=^. 

Investigate also the corresponding equation when the original axes of 
coordinates are oblique. 
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355. InvartantB of two conlcB. 

Let S = aaP + 6?/® + cz^ + 2ifyz + 2gzx + 2hxy = 0 ...(1), 

8' = aV + 6'y* + cz^ + + 2g'zx + 2h'a!y = 0 . . .(2), 

be the equations of two conics in any system of homogeneous 
coordinates. Then 

8 + kS' = (a + ka') + (& + kb') + (c + kc') 

+ 2 (y + k^ ) yz + + kg') zx + 2 (/t + kh') zx = 0 . . .(3) 

represents for different "constant values of & a conic passing 
through the four points of intersection of (1) and (2). 

Now let k be so chosen that (3) is a pair of straight lines, 
that is k satisfies 

a 4 - ka', h 4 - kh', g + kg' = 0 / 
h-^kh', b + kV, f+kf' 
g + kg', f^kf', c + kc' 

that is 

(a + ka^ (b + kh') (c + kc') + 2 (/+ kf') (g + kg^) (h + kh') 

- (a + ka') (/+ k/'y - (6 + kb') (g + kg'y 

— (c + kc) (h + kh'y = 0, 
that is 4- ®k 4- A = 0, 

where 

A = abc + 2fgh — a/*® — bg^ — cA® = a, h, g , 

h, b, f 

9 ’ /. c 

A' = o'6'c' + 2/yA'-a/'»-6j'»-c/t'> = | a', K, ^ 

h\ V, f 

/'. c' 

0 = (60 -/’) a' + (ca — g*) V + {ah — h*) o' 

Jr^igh- «/)/' + 2 (A/- bg)g' + ^{/g- ch) h! 
s Aa' + Bh' + Cc' + 2Ff' + 2Qg + 2Hh'. 

0' = (6V « + (cV - g'^) b + {a'b' -h'')c 

+ 2 (sr'A' - a'/')/+ 2 {h'f - 6^' ) ^7 + 2 (/'/ - o'h') h 
sA’a + Fb+C'c + %F'f + 20' g + 2H'h, 
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where A, B, Gy F, 0, II are the minors taken with their proper 
sign of a, 6, c, /, g, k in the determinant A, and A', H, etc. are 
the corresponding minors in A^ 

There will thus be three values of k for which the conic (3) 
will represent a pair of straight lines. We can see that this 
must be eo, for if the conics (1) and (2) intersect. in P, Q, B, 8, 
we can have three pairs of lines through these points, viz. PQ, 
Its ; Pliy QS ; PS, QR ; and each o/ these pairs of lines will be 
a conic through the four points. 

Now suppose we tnmsform to any other homogeneous system; 
let S become S, and S' become S', then S + kS' will become 
S + kS', and exactly the same values of k will make S + kS' = 0 
pair of straight lines as will make S+kS' = 0 a pair of 
straight lines. 

It follows then that • 

A' A'^ a' A'* A' A'* 


In other words the ratio of each of the quantities A, A', 0, 0' 
to any one of the four is invariant. 

These four quantities are called invariants of the two conics. 
But it must be clearly understood that they are not invariant 
individually, but only in ratios. 

We have already seen (§ 353) that 

A = t‘^A, A' = €*A'. 


As then 


0_ 0 

a” A' 


we must have 0 = 

and similarly also 0' = e®0'. 


366. Invariants and projection. 

Suppose now that we transform the equations of two conics 
z= -h -h 2/yz -f 2gzx+ 2hayy = 0, 

8' = a'iP + 6y + cV + %f'yz -h 2g*zm + 2K(iDy = 0, 
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by the substitutions 

aA"+/3F+7^ 

‘^'~~'xX'+]jiY+vZ’ 

y ' XA^ fiY^vZ ’ 

a"X + ^'r+7"^ 

\(C +^Y-\ vZ~' 

the denominator being the sh. me in all of these 
On substitution wc find 
S(\X + ^^Y + pZr 

= a (aX +/3 V + 7 ^)= + b (aX +fi'Y+y'Zy + c (d'X h fi"Y+y'Zy 
+ 2f(a'X + /3'y + y'Z) (a"A' + ff’Y + y'Z) 

+. 2g (<x"X + 13 " Y+ y"Z) (aA + ;8 F + 7F) 

+ 2/t (a A + ,SF +7A) (a^A + yS'F+ 7'A) 

= (say) AA> + BY* + CZ‘ + 2h’YZ + 2GZX + 2nXY. 

And 8' (\A 4 fiY 4- vZ f will be of a similar form 
A'X* ^■B'Y* + G'Z^ + 2F'YZ 4- 20' ZX 4- 2//'AF. 

Now if P be the point (a;, y, z), and P' thf3 point whose 
coordinates referred to some triangle or other be (A, F, Z\ 
then as P describes the locus 

-S4-/fc>S' = 0 (1). 

P' will describe the locus 
AX* + BY* + GZ* + 2FYZ 4- 20ZX + 2EX Y 
4- jfe (A'A» 4- JS'F* 4- G'Z* + 2F'YZ + 20' ZX 4- 2 i/'A F) = 0 ( 2 ). 
And if (1) be two lines, viz. 

(Za: 4- my + m) U'x 4- m'y + n'z) = 0, 

(2) will be 

{Z(aA 4-/SF4-7A)4-w(a'A4-/S'F4- 7'A)4-n(a"A'4-/9"F+7"A)} 
X {/' (oA 4- /9 F 4- 7A) 4- m' (a'A 4- yS'F 4- 7'A) 

4-n'(a"A4-/3"F4-7"A)} = 0. 
which is a pair of straight lines too. 
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That is to say, the same values of k will make both (1) and 
(2) represent a pair of straight lines, lienee the' invariant 
character of the ratios of A, A', (rY to each other is still 
preserved for transformations of tihe form we are considering. 

357. Now tlie transformation we have made in the 
preceding article is just that which occurs in the case where 
we project conically from one planelj[> on to another tt (see 
Fare Geometr]!. Cha]). iv.). * 

This we shall now' proceed to shew, mjildng use of the 
elements of analytical Solid (Geometry. 

Let 0 be the vertex of projection, lake three mutually 
perpendicular Mnos OX, OV, OZ cutting the p plane in A, /i, C 
anTl cutting the tt plane' in A\ B\ (Y, Let F bo any point in 
the p plane, and let OF cut the tt [danc in F\ so that P' ft; the 
projection of F. * 

Let (,^*, 7/, z) be the areal coordinates of F rcfen*ed to the 
triangle ABC, and lot {X, F, Z) be those of F* referred to 

Let 0^ = a, OB = b, and let OA'=^a', OB'=^b\ 

OC' = d. 



(f# 'n* K) and (|', 77', O Cartesian coordinates of 

P and P' respectively referred to OX, OY, OZ, 
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A PBG _ projectioR of A PBC oji plane YOZ 
AABG^ projection of A ABC on plane YOZ 



(1 

O- 

O 

+ .0, b. 

0 ' = 

6 0 


0, c 

p 

p 

c 


1, 1, 1 1 

! 1. 1. 

1 1 

Thus 

f = ««, - 

II 




Jl 

t = c'Z. 

But 

= Z £ for each of these ratios = , 

V t 


ax hy 

cz 







X V 

z 

1 


a b 

c a 

A' + -f F+ 
b c 


368. It follows from the two preceding articles that if 
S = iS' = 0 be two conics in a plane whose equations are 
expressed in terms of any homogeneous coordinates referred to 
a triangle in the plane, and if these conics he projected on to 
another plane and the equations of the new conics he ^ = 0, 

= 0 referred to any triangle in the new plane, the ratios of the 
quantities A, A\ 0' are unaltered. 

For we can pass from the homogeneous coordinates in terms 
of which S and S' are expressed to areal coordinates referred 
to the triangle ABC of § 357, still preserving the invariant 
character of our ratios. We no^ project and get two new 
conics expressed in areal coordinates referred to the triangle 
A'B'C'; and by the two preceding articles the invariants still 
hold good, nor are they disturbed when we pass to any other 
homogeneous coordinates referred to any triangle in the tt plane. 

369. It seems desirable to give a word of caution at this 
point. We know that two conics can be simultaneously projected 
into circles by projecting two of their points of intersection into 
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the circular points at infinity {Pure Oeometry, § 246). It might 
then seem that we could take 

S = «- + + 2iri X + 2/\ y+Ct 

and 5' h: x* + y' + 2gtX + 2/,y + c,. 

But this would be incorrect and would lead to serious error. 
What we may do is to write « 

S 3 a, (x» + y’) + 2gJ + 2/iy + Ci, 

S' = ttj + y) + 2fi^x 4- 2/,?y 4- Ca. 

We may then write x V a, = X, y v^'ai = F, and so get 
S = Z*4- h2y;F4-c„ 

. • S' = a, + Fn 4- 2g,X 4- 2/,F + Ca. 

The point to be made clear is that when we pass from 
S and S' to S and S' by an algebraical substitution of the form 
given in § 356 we are not entitled to divide out any factor in 
either 8 or 8^ unless indeed we divide it out of 6otA of them. 
To this last there can be no objection. 

Just in the same way if we have two conics 8 and S' which 
have double contact we cannot, because two conics with double 
contact can have their equations (§ 324) expressed 

4- 4- 2 :® = 0, a® 4 - y® + cz'^ == 0, 

write S = a?® 4- y® 4- z-, S' = a?® 4- y® + cz\ 

We may however write 

fif = ic® 4- 4- z\ S' = a (a;* 4- y®) 4- cz\ 

360. Illustrations of invariants. 

To find the condition that the conics 

S = oa;® 4- 6y® 4“ cz^ 4- 2fyz 4- 2gzx 4- 2hxy = 0 (1), 

S' = a'a?® 4- fe'y® 4- c'2® 4- 2fyz 4- 2g'zx 4- 2h'xy = 0 . . .(2), 

should he such thaJt it is possible to inscribe a triangle in S' wlu)se 
three sides shall touch S. 
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Let ABC be such a triangle. If wo transform our co- 
ordinates so that ABC becomes the triangle of reference we 
shall have 

S - V - 2/11/ YZ - ^v\ZX - 2X F, 

S' = 2F'YZ-\- 20' ZX + 2irXY. 

If now wc Vvritc X' = \X, V' — ^J'Y, Z' ^vZ we shall get 
S = Y'‘^ + Z^'^2Y'Z'-2Z'X'-2X'Y' ...(3), 

S' = 2FF'J^' + 2aZ'X' + 2ffZ'F' (4). 

If now A, A', 0, 0' refer to (3; and (4), we hav^e 

A = — 4, 

A' - 2FGH, 

0-4(^>G 4-J7), 

©' //* -f 2(?ff (- 1) + ^HF (- 1) + 2FO (~ 1) 

= - (i" + (/ + //)l 

From these we derive the homogeneous relation, viz. 

0^ = 4A0'. 

As this is homogeneous it holds when A, 0, 0' refer to (1) 
and (2). 

This then is the necessary condition if the conics S and 8' 
are such that a triangle can be inscribed in S' so that its sides 
touch S^ or, as we may put it, circumscribed to S and inscribed 
to S'. 

361. We now proceed to enquire whether the condition 
02 = 4A0' is sufficient to ensure that 8 and S' are such that 
a triangle circumscribed to S will be fnscribed to S'. 

Let A and B be two points on S' such that AB is u tangent 
to 8. Draw the other tangents from A and B to S, and let 
them meet in G. 

Taking ABC for triangle of reference we may write 
S Hi + 'tf + — 2yz — 2z(c — 2ry, 

8' = cz^ + 2fyz + 2yzx + 2hxy. 
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Whence we have 

^J=4‘(/+'7 A-=-- 4!, 

(^y ~— (/+ (f +/«)“+ '-ich, 
therefore the coTuhtion H- — 4d0' = 0 becomes 

^6 (/+ g + hf - 16 (/+ ^ + A)® -i- :32cA^ - 0, 


0 — 0, or 1% ~ 0. 

J 

' S' 



But if h = 0, S' becomes two straight lines 
js (cz 2/y + 2gii[!) = 0. 

Excluding this case we see that 

S' HE 2fgz + 2gza^ + 2hxy, 

that is G lies on S', 

Thus if S and S' be two non-dogenerate conics satisfying the 
relation @* = 4A@', they are such that some triangle circum- 
scribed to 8 is inscribed to S'. And we shall now shevr that 
when there is one such triangle there is an intinite number. 

362. Proposition. If one triangle can he inscribed in 
a conic S' and drcmiscribed to another conic S, then an infinite 
number of such triangles can he drawn. 

Let ABC be such a triangle. 

Let A' be any other point on S'. 

Draw A'B' to touch S and to cut S' in B\ 
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Draw B'C* and A'O* to touch 8 and to meet in C\ 

Then the six vertices -4, /?, 0, A\ B\ C' all lie on a conic 
(Pu7'e Oeoinetry, § 252). 



Dut the conic through the five points A, B, G, A', B' is S\ 

Therefore G' must lie on 8' also. 

Thus the triangle A'B'G' satisfies the conditions. 

Thus we see that an infinite number of these triangles can 
be drawn if one can. 

363. We proceed now to a further problem in which we 
shall make use of projections. 

To find the condition that the two conics 

5 = aa;* + by^ H- cz^ + 2f!/z H- 2gzx + 2ha;y = 0 (1), 

+ =0 ( 2 ), 

should be such that the sides of a quadrilateral having its vertices 
on S' should touch 8. 

Let AB, BG, 01), DA be the ^ides touching 8 of the 
quadrilateral whose vertices A, B, G, D lie on S'. 

Let PQ-R be the diagonal triangle for the quadrangle 
A, B, G, D. Then PQR is a self-polar triangle for S', 

Now project S' into a circle with P projected into the 
centre. Then QR goes to infinity, and ABGD becomes a paral- 
lelogram, and being inscribed in a circle it must be a rectangle. 

Thus, using small letters in the projection, a, 6, o, d are 
points on the director circle of 8. 
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Thus 8 and S' are a conic and its director circle. 

So then we may take 


S ^ -h c, 



As our k equation arises from the condition that S + kS' 
should be the product of two linear factors, we may ^mit the 

common factor - and take 
c 

5 = -a^' + ^y’ + l, 

Wc now write a? Va' = VcX, y^a' and get 

f=~,X» + ^,F* + l=«X*+y3F» + l (say), 

S'.i:-+r. + (;^ + f).jr.+y>+(i + l). 
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Now form A, A', 0, 0' for these ; we have 
A = «/J A'=2+‘ 

0 = 2(a + A J+^ + 3 = ^?5i^’ + l. 

pa a/3 

These givo AA' -- a + A ® = 2AA', and 0' = AA'“ -h 1, 

. . 00 ',v MA' + 2A'**A'», 

/. A00' 2AW + 2A®A'», 

4A@0' = 8A"A' + 0^ 

0-^-4A©(h)' + 8AW = O. 

This, being a homogeneous relation, holds when A, A', ©, 0' 
refer to the original conics S and S'. 

The above relation is necessary that the conics (1) and (2) 
should be such that a quadrilateral circumscribed to (1) should 
be inscribed in (2). It must nob however be assumed that it Ls 
sufficient (see Ex. 10 at end of chnptor). 

It is clear from the projection tifiFected above that if one 
quadrilateral can be inscribed in 8' and circumscribed to S, 
there is an infinite number of such quadrilaterals. 

364. Condition for single contact. 

To find the condition that the conics S =- 0, S' ~0 should 
touch. , 

In general the conics cub in four points and we have three 
possible pairs of lines through their points of intersection, viz. 

8 + kS' = 0, 


where k is given by 

A'P -H 07c* + 0Ar + A = 0 (1). 

If the conics touch, these three pairs of lines reduce to two. 
That is, this equation giving k has a pair of equal roots. 

Now a double root of (I) is also a root of 

3A7c* + 2@'A-t-@ = 0 (2). 


The condition that the conics should touch is then the 
result of eliminating k between (1) and (2). 
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This can be effected thus : (1) x 3 — (2) x A; gives 

0'A;* + 20A: + 3 A = 0 .(3). 

From (2) and (3) we have 

Ic^ ‘ 1 

2 (3A0' - 0») “ 00' - 9A A' 2 (3A'0 - 0'*) ‘ 

Whence (00' — 9A A^* = 4* (3A0' — 0*) (3A'0 - 0'>), 
which becomes on multiplying out ^ 

@20'a 4. 18AA'00' - 27AW*- 4A0'» - 4A'0» = 0. 

This condition is also sufficient that the conics should touch ; 
for by the theory of equations we know that the expression on 
the left side is^ a multiple of the square of the product of the 
differences of the roots of the equation (1). If then it is zero, 
two roots of (1) must be equal. 

365. Equation of common* pair of chords of two 
conics which touch. 

Suppose that A, D are the four points of intersection 
of two conics S and S\ The three pairs of common chords are 
AC, BD; AD, BG; AB, GD. 

Now if B coincide with A so that the conics touch at 4, it 
is the first two of these pairs that become the same, thus the 
duplicate root k in the last paragraph will be that Avhich gives 
the pair of chords AG, AD when the conics touch at A and cut 
in G and D, 

But from the work of § 364, we see that this value of k is 
0©'-9AA' 

2(3A'0-0'»)‘ 

Hence the equation of the common pair of chords through 
the point of contact of two conics 5 = 0, S' = 0 which touch is 
2 (3 A'0 - 0'») 8 + (00' - 9AA') S' = 0. 

366. Double contact. 

We naturally seek next to discover the condition that two 
conics 8 and S' should have double contact. 


25 
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We know (§ 324) that we can reduce these so that 
S = a (a?® + y®) + 

+ + 

so that we have 


A = a»c (1), A'=l (2), 

@ = 2ac + a* .(3), 0' = 2a -f- c (4). 

We should then hav^^. to eliminate c and a between (1), (3) 
and (4) and make our resulting relation homogeneous by means 
of (2). It will be found however that the result obtained is the 
same as that which we had for single contact. This relation 
then is necessary for double contact but not sufficient. There 
must be other conditions satisfied if the conics are to have 
double contact. These will be set forth in a subsequent 
chapter. 


367. Condition for three point contact. 


In this case three of the points A, B, G, D must coincide, 
say A, By G; then we have only one pair of common chords, viz. 
the tangent at Ay and AD. 

Thus the equation giving k must have three roots equal, i.e. 


Whence 


W 0 A 



0 ' 


0 


0 


3A 
' 0 ’ 



each of these being equal to X. 


368. Pair of tangents. 

To find the equation of the pair of tangents to 
S = (a, b, e, f, g, h) («, y, zj = 0, 
the divrd of contact being lx + my + = 0. 

Here we take S' = (ia: + my + nzfi, 

. 80 that we have A' = 0, @' = 0. 
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The pair of tangents is a pair of common chords of 8 = 0, 

And the pairs of common chords are given by 

8+kS'=^0, 

where A'i* + + A = 0. 

Putting A' = 0, ©' = 0 we have A; = ^ . 

Thus the pair of tangents is 

®S = A (lx + my + iiz )• 

where 

@ s= (6c — /^) Z* + (ca — g^) m® + (ab — A®) w* 4- 2 (gh — af) nm 
^ +2 (hf— bg) nl + 2 (fg — ch) Im 

• = A Z® + J5m* + Cw* +> 2Fmn + 2(??iZ + 2Ulm. 

Writing this 2, we have as the equation of the ^air of 
tangents • 

XS = A (Zip + my + n£)\ 

which is the same as 

a, h, g, I a, h, g ^ (lx -f my 4- nzy = 0. 

h, h, f, m h, h, f \ 

g, f, c, n 9. f. 0 \ 

I, m, n, 0 

As a particular case of the above, we see that t|je equation 
of the asymptotes of 

Oic® 4- + cz^ 4- 2fyz 4- 2gzx + 2hxy = 0 

in areal coordinates is 

a, h, g, 1 1^4- a, h, g (a?4'y 4-^^)® = 0. 

h, b, f, 1 h, 6, / 

9, f. c, 1 9> f’ 

1, 1. 1. 0 

And the equation of the asymptotes of the conic represented 
by the general equation in any system of homogeneous coordi- 
nates is 


25—2 
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a, h, g, a 
h. b, f, /3 

S'. /. c. 7 
o, 7, 0 


-S+ 


o, h, g (a® + ^y + 7 A)*=: 0 , 

A, 6. /, 

S'. /. c 


where our + /Sy + 7 ^? = 0 is the equation of the line at infinity. 


369 . Invaxiants and reciprocation. 

If the condition that a geometrical relation should exist 
between two conics S and S' is detet'mined by a homogeneous 
function of 

A, 0, 0', A' 

equal to zero, the reciprocal relation is determine^^ hy the same 

function of ^ 

A», A0', A'0, A'» 

equal to zero. 

For suppose the two conics S and S' reduced to 
iS = cwc* + + cz^. 

Then A = a6c, 0 == 6c + ca + a&, 0' = a + 6 + c, A' = 1. 


If we reciprocate with respect to S', the conics become 
8j = bca^ + cay® + abz\ 
and S' = ic® + y® + z\ 

and 

Ai = a®6®c®, '01 = abc (a + 6 -h c), 0/ = 6c + ca + ab. A/ = 1 = A'® 

= A®, =A0', =©A'. 

Now let ^ (A, , @ 1 , 0/, A/) = 0 

be the homogeneous equation thaUmust hold if a certain 
geometrical relation holds between Si and S'; then the re- 
ciprocal relation holds between S and S'; and the condition is 
equivalent to 

^(A®, A0', A'0, A'®) = 0. 

Thus the proposition is proved. 

Illustration, The condition that triangles inscribed in S' 
should be circumscribed to S is as we have seen 0®s4A0', 
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hence the condition that triangles circumscribed to S' should 
be inscribed in S is 

A*0'»=4A*A'0, that is 0'* = 4A'0, 
which is obviously correct. 

370. Geometrical interpretation of 0 =.0. 

It can be seen that 0 = 0 for two non-degenerate conics 
S and S' in the two following cases: 

(i) If some triangle self-conjugate to S is inscribed to S'; 
for then we can take 

iS = -|- y* -r J'*, 

8' = %fyz -f 2gzx -h 2hxy. 

(ii) If some triangle circumscribed to 8 is self-conjugate 

for 8'; for then we can take * 

8=^a^-\‘y^-{- — 'iyz — ^zx — 2a?y, 

/S' = cm:!® + -f- CJ®. 

We will now shew that if 0 = 0 hotli the geometrical 
properties (i) and (ii) hold. 

For let A be any point on 8\ Let the polar of A with 
respect to 8 cut /S' in jB. Take G the jx)le of AB with respect 
to /S. Then ABC is a self-conjugate triangle for 8, Taking 
it for the triangle of reference, we may write 
/S = cc® -I- y® + -s®, 

8' = cz^ + tfyz -h "tgzx -I- 2hxy^ 
since 8' goes through A and B. 

For these 0 = c, .*.0 = 0, 

that is G lies on /S'. Thus ABG, a triangle self-conjugate for 8, 
is inscribed in /S'. 

Hence 0 = 0 is the necessary and sufficient condition that 
some triangle self-conjugate for 8 should be inscribed in /S'. 

Reciprocating we have A0' = 0 ; i.e. 0' = 0 (for A 0) is the 
necessary and sufficient condition that a triangle self-conjugate 
for S should be circumscribed to /S'. 
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That is 0 = 0 is the necessary and sufficient condition that 
a triangle self-conjugate for 8' should be circumscribed to S. 

Thus if 0 = 0 both the geometrical properties (i) and (ii) 
hold simultaneously. 

It is further clear that there is an infinite number of triangles 
satisfying thexonditiona. 


EXAMPLES. 

1. Two circles S and S' of radii r and r' and with centres at 

distance d apart are such that the sides of a triangle rinscribed in S' 
touch S, prove (P = ± 2rr\ . 

[TaAe centre of S for origin and line joining the centres for 
dc-axis so that the circles are 

= (a? - (i)® + y® - -- 0, 

that is ^ = ic® + y® - rV, 

S = 05“ + y* + — r'®) 25* - 2dzx. 

Then use = 

2. If ^5^= 0 be a non-degenerate conic and S' a pair of straight 
lines, then 

(i) If 0' = 0 the point of intersection of the lines S' lies on S 
and con\ersely. 

(ii) If 0 = 0 the lines S' are conjugate lines for S and 

conversely. ^ 

[Take S = (a, 6, c,/, y, h) {x, y, zf and S' = 2y2;.] 

3. Prove that if 0 = 0 for the conics S and <S", then S and 
can be projected into a circle and a rectangular hyperbola, the latter 
passing through the centre of the circle. 

Prove also that and S' can be projected into a parabola and a 
cirdoi the centre of which lies on the directrix of the parabola. 
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4. Deduce from § 370 that ‘the circle circumscribing a triangle 
self-conjugate for a conic S cuts the director circle of the conic at 
right angles. 

[Take the conic ^ ^ = 1 and the circle (x — A)® + (y — >5;)*= r* 

and express that © = 0.] 

5. Prove that 0 = 0 if aS^ be a hyjgerbola and S* the director 
circle of its conjugate. 

6. Prove that if S' is a given conic, the locus of the centre of a 
variable conic S such that (i) © = 0 and (ii) a given triangle is self- 
conjugate for is a straight line. 

7. The condition that it should be possible to inscribe triangles 

iC®® 7/® iC® ?/® 

in .the ellipse = 1 whose sides touch — « + = 1 is 



8. If the tangents to S at two of its points of intersection with 
S' intersect on aS", then 

©®-4A©®' + 8A®A' = 0. 

9. If the line joining the points of contact with the conic S' of 
two common tangents to S and S' touches S, prove that 

©3 _ 4^00' + 8A®A' = 0. 

Shew how this result could have been inferred from Example 8. 

10. If a 9 and S^ be two conics which have a conTmon self- 
conjugate triangle and if 

@3 - 4A©©' + 8A®A' = 0, 

then either (i) quadrilaterals can be circumscribed to S which are 
inscribed to S'^ or (ii) the tangents to ^ at two of its points of 
intersection with S' intersect on S', 

[The conics have a common self-conjugate triangle ABC. 
Project aS^ into a circle and BC to infinity. We shall then have a 
conic .S' and a circle S' concentric with it. If r be the radius of the 
circle and o®, /3* the squares of the semi-axes of the conic, it will be 
found that the condition leads to either r®= a* + or r® = ± (a® -/9*). 
The first gives (i) and the second (ii).] 
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11. Tf two conics S and S* have double contact and if in 
addition an ?i-sided polygon can be drawn whose sides touch one of 
the conics and whose vertices lie on the other, then 

@@' = A A' ^1+2 cos® ^1 + 2 sec® , 

where r is an integer prime to n. 

Prove that if one such p Dlygon can be drawn, there is an infinite 
number that can be drawn. 

[Conics with double contact can be projected into concentric 
circles by projecting the points of contact into the circular points 
{PtiO'e Geometry, § 134).] 

12. Prove that the same relation holds as in £x. 10 when the 

conics have single contact. * 

13. If two parabolas with the same focus are inscribed and 
circumscribed respectively to e triangle, prove that the angle between 

their axes is 2 cos"^ i a / r where £ and I are their latera recta. 

14. Shew that the ratio of the curvatures at the point of 
contact of the conics A' = 0, iS" = 0 which touch, is the ratio of the two 
unequal roots of the equation 

A'A® + 0^ + A = 0. 

[Refer the conics to their common tangent and normal as axes 
(§ 237, Ex. 2).] 

16. If A, P, O, D are the points of intersection of the conics 
S=0, S' = 0 and P be any point on - 0, the cross ratio \ of the 
pencil P{ABGD) is given by 

(X»-X+l)> {@»-3A0'}> 

(X + 1 )» (2X’ - 6X + 2)> ~ {2®» - 9 A (®®' - 3 AA')}> ' 

[Take aS’ = aac® + + c*®, and + y* + «*, and see § 338.] 

16. The condition that the pencil formed by joining any point 
on the conic S with its four points of intersection with S' may be 
harmonic is 


27 A®A' - 9A@0' + 2®* = 0. 
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17. The conic S 4- \S* = 0 degenerates into a pair of lines for 
the values Xi, Xg, X, of X ; prove that the cross ratio of the pencil 
joining any point on S + XS* = 0 to the four common points of the 
system is 

(A-X.)(A,-X,) 

(X — X,) (Xg — Xj) 

Shew also that for the pair of conics 5^+/Uax9' = 0, S = 0, 
the condition 0 = 0 becomes 

^ ^8 ~~ _ Q 

/Xg — Xi /ig — Xg /Ig— Xj 

18. ABCDEF is a hexagon inscribed in a conic so that 
any two consecutive vertices are conjugate points with respect to 
another conic prove that 

• 0*-4A(@@'-2AA')=O. 

19. If S and S* be two conics such that a pair of their common 
chords are conjugate lines with regard to S, then 

20* - 9@0'A + 27 A“A' - 0. 

20. If S and S' be two conics such that a pair of their common 
chords are conjugate lines for both conics, then 0^A' = and 
either 00' = 9AA^ 

21. If the four points of contact with S — 0 of the common 
tangents to S-Oj S' = 0 be joined to any point of S and the lines so 
formed determine a harmonic pencil, shew that 

- 900'A' + 27 A A'* = 0, 
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TANGENTIAL EQUATIONS.— ENVELOPES. 

371. Tangential equations defined. 

We have seen that the condition that the lino 

lx -{-my +712 = 0 ^ (]") 

should touch the conic 

^ (a,b,c,f,g,h)(x,y,2y = 0 (2) 

IS a, h, . g, I = 0, 

A, 6, /; m 
9y / c, n 
I, m, 0 

which we write 

AP+ Bm^ + OV + 2Fmn + 2Chnl + 2Hlrn = 0 . . .(3), 

A, B, C, F, G, H being the minors with their proper signs of 
b, Ctfy gy k in the determinant 

A = a, hy g , 

hy by f 

9 > /. 0 

The relation (3) giving the condition that the line (1) 
should touch (2) is called the tangential equation of the conic (2). 

872. Reciprocal relation between point and tan- 
gential equations. 

We now proceed to shew that when the tangential equation 
of a conic is given, the ordinary equation of the conic, which we 
shall call the point equation, can be found from it exactly as 
the tangential equation is formed from the point equation. 
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That is to say : 

If aP + bm^ + cn* + %fma + 2gnl -h 2hlm = 0 
he the tangential equationy then 

Aa^ + B'jf + Cz^ + 2Fyz + 20zw + 2Hxy = 0 
ie the point equation. 

For let the point equation be 
X aV + + 2 /'y 2 r + 2g'za! + 2h'xy = 0. 

Therefore the tangential equation is 
(6V - P + (cV — g'^) + (a'6' — A'*) w®+ 2 {fh^— af^) mn 

+ 2 Qif' - h'g') nl -f 2 (/y - c'A') Im = 0. 

^ Therefore we must hav6 

a ^ ® / 

¥7^^^ “ ~ a/b' 

" /T/ - iy ^JY-ch' “ 

6c -/■ = \« {(cV - yo (a'6' - 6'») - (^A' - o/)’} 

- W {a'6V + 2/yA' - ei7« - 6y» - c'A'«] = XVA'. 
So ca — y = A,®6'A' and a6 — A® = 

Also gh - a/= ((A'/' - b'f) {ff - c'A') 

- (6V -/'O - a'/')} = 

So hf—hg= and fg -- oh \®A'A'. 

Wherefore the point equation of the conic is 
(6c-/®)a;®+ (ca + (aA — A®)2:®+ ^{3h-af)yz 

+ 2 (//- hg)zx-\-2{fg-- ch) xy = 0 , 
that is Aa;® + Bif + Cz^ + 2Fyz + 2Gzx + 2Hxy = 0. 

373. Connection with reciprocation. 

This relation of reciprocity between the point equation and 
the tangential equation of a conic is easily seen to be connected 
with that of polar reciprocation. 

For if {(i,h,Cyfg,h){Xyyyzy^O (1) 
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be the point equation, then 

(A, J5, C, F,0,E)(l,m,n)' = 0 (2) 

is the tangential equation. 

But (A, B, C,F,0,E){x,y,zy = 0 (3) 

is (§ 318) the polar reciprocal of (1) with respect to the conic 

+ (4). 


And, as we have seen, (1) is the polar reciprocal of (3) with 
respect to (4). 

Thus if (a, b, c,f, g, h) (I, m, w)® = 0 
be the tangential equation of a conic, the conic is the polar 
reciprocal with respect to (4) of 

(a, b, e, f, g, h) (x, y, «)» = 0, 
that is, its point equation is 

(A, B, G, R 0, H) {x, y, £f = 0. 

We observe too that equation (2) expresses the fact that the 
point (i, n) lies on (3). 

Also the point (i, m, n) is the pole of the line 
lx + my -f w-sr = 0 

with respect to (4). 

Hence the tangential equation of a conic merely expresses 
the fact that the pole with respect to (4) of a line touching the 
conic lies on the polar reciprocal of the conic with respect to (4). 


Example. 

equations 


Find the point equations corresponding to the tangential 


( 1 ) 

( 2 ) 


aV^ + 6m® + CTi® == 0. 


t + £+^=»o. 


374. Tangential equation of the first degree. 

The general tangential equation of the first degree is 
Al + Bm -h C7w = 0. 

This tells us nothing about the line lx + my + 7i5 = 0 except 
that it passes through the point (A, B, C), The tangential 
equation of the first degree then represents a point. As we 
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have seen, the tangential equation of the second degree repre- 
sents a conic. There is however a special case where it 
represents two points. This is when it reduces to the form 

(AI + Bm + C71) {A*l + B'm + Cn) = 0. 

For this equation is only satisfied if Al Bm^-\- Gn^O or 
A^l + B*m + Cn = 0. • 

376. Envelope of lines Joining oorrespondlng points 
of two homographlo ranges. 

We will now prove the proposition which we stated without 
proof at the end of § 352. 

, The lines joining corresponding points of two homographic 
ranges on two intercepting lines, the pomt of intersection of the 
lines not corresponding to itself in fhe two ranges, all touch a 
conic, which touches the two lines of the ranges. 

Let OX, OF be the lines of the ranges. These we will 
take for axes oi coordinates. 



Let P and be corresponding points in the two ranges. 
Let 0P==J>, 0F^p\ 
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Let lx + my + nz = 0, 

which is the same as lx my + n = 0, 
be the equation of PP\ 

n , n 

^ I ^ m 

But App' lip + H'p' + £ = 0, 

where A, B, H and IF are constants. 

Therefore A ~ — B = 0, 

Lm I m 

An^ — Hmn — H*nl + Blm = 0 (1). 

Therefore the line lx + my nz 0 touche 3 a conic whose 
tangential equation is (1). 

Moreover as (1) is satisfied for the values (1, 0, 0), (0, 1, 0) 
of (2; m, n) it is clear that the conic touches 

and y==0, 

that is the two lines of the ranges. 

Thus the proposition is proved. Another proof will be 
given in § 377. 

In the special case where A = 0 the conic also touches the 
line z^O, that is the line at infinity. In this case, and in this 
case only, the conic is a parabola. 

376.* Envelopes. 

The line lx + my + 712 : = 0, 

when the relation 

a2* + 6m* + cn* + 2fmnH’ 2gnl + 2hlm = 0 
holds, touches (or * envelops ’) the conic 

Aa^ + By* + Cz^ + 2Fyz + 2Qzx + 2PLxy = 0. 

The conic then is called the envelope of the line. 

The coefiicients 2, m, n in the equation of the line are called 
the coordinates of the line (§ 269). If then the coordinates of a 
line ore connected by a homogeneous relation of the second 
order the envelope of the line is a conic. 
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Suppose now that we have the equation of a line in the form 
{liX + m^y + n^z) + h 4- m^y + n^) 4- 4- 4- n^) = 0, 

and we want the envelope of this line due to changes in A, the 
Z*8, m's and w’s not changing with k. 

Now suppose that AB is the position of this line for some 
particular value of i which we will denote by k^. * 

And let A'B' be the consecutive position of the line, differ- 
ing but slightly from AB, for a particular value of k differing 
but slightly from ki. We will denote this particular value by 
ki 4- Si’i where hk^ is very small. 

Let AB and A'B' intersect in P. 

Let A"B" J)e the consecutive position of the line related to 
A*B' as A'B' was to AB, and let cut A'B* in Q. 



Then the locus of these points P. Q for the various positions 
of the line will be the envelope. 

For as we see, P and Q being near points common both to 
A*B' and the locus of P, the line A'P' must touch the lociis of P. 
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Similarly all the other lines mus1> touch the locus of P. The 
locus of P gives then the envelope required. 

This is expressed by saying that the envelope of the line is 
the locus of the ultimate intersections of consecutive lines of the 
system. 

We will now write the equation of the line for short 

L + kM + k^N = 0. 

The equation of the line is then 

L + k^M -h k^N = 0 

and of A'R Z + {h + M+{k^ + hk^fN = 0. 

For poiiita common to these we have 

+ 2Nk,) + (Bk,y iv^ = or 

that is Z + kjM + k^^N = 0) 

(M+2NJc\)-hBk,N=:0r 

Now Bki is very small, and becomes smaller and smaller the 
more A'B' approximates to AB, 

The locus of ultimate intersection of consecutive lines then 
is given by 

M+2Nk^ = 0\* 

thatis 1 + m{-^) + ^,N = 0, 

that is = 4ZN‘, 

or (l^ + ma?/ + = 4 (l^x + miy + n^z) + n^z), 

which is a conic. ^ 

It will be observed that the envelope is the condition that 

L+Mk + Nk^^O 

should have equal roots in k. This fact is easy to remember 
and enables us quickly to write down the envelope of a line of 
this form. 

But it will be observed that the above argument holds 
exactly the same for a curve whose equation can be expressed 
in the form P-^kQ-^- k^R = 0. 
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The envelope of such cur.ves for variations of Ic is 
Q* = 4P7?. 

I^hat is to say this curve touches all the curves belonging to 
the family of curves P -f hQ H- = 0. 

Tt will be seen from this paragraph that if 

be the equation of a conic, then tlie lines 

\Y + 2kX-\-l^Z=:0, 

for the dithirent values of k are all tangents to the conic. 

It can be jjroved in exactly the same way that the envelope 
of the curves whose equation is 

p + Qk + 4- - 0, 

for variations in h is the result of eliminating k between 

P 4“ Q,k 4" q- = 0| 

(24-2KA: + 3.S7.-<^ = 0J • 

And the envelope of the curves whose equation is 

P H- Qk^Rk^^SL^ 4- = 0 

is the result of eliminating k between this and 
Q + 2M 4- 4- = 0. 

But all these are but special cases of a general theorem of 
the Differential Calculus that the envelope of curves (p(k) = 0 
for variations of k is the result of eliminating k between 

^ <#>(*) = OJ 

By the same reasoning as that of § 375, we can see that if 
P 4-QA;4-iJifc* = 0 

be the tangential equation of a curve the tangential equation of 
the envelope is y® = 4PP. 

377. Prop. The envelope of the line lx + my + ne — 0 where 
l:m:n^at^ + bt + c : a't^ 4- Vt -f c' : + 6' t + o" 

(a, b, c, etc. being conetante) is a conic. 


26 
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This proposition is the reciprocal of that of § 321. By that 
article the locus of (Z, m, n) when Z, m, n are connected by the 
given relation is a conic ; and as the point (Z, m, v) reciprocates 
into the line lx + my nz = 0 with respect to the conic 
A*® + y* + = 0, the proposition follows at once. 

We can make use of this proposition to prove the property 
given in § 375. For if P and R be corresponding points in the 
two homographic ranges the lines of which intersect in 0, then if 

op=<, = 

cZ H-cZ 

where a, 6, c, d are constants. 

Thus tlie equation of PP* is v 

X y{ct^-d) 

atVb ■ ' 

that is {at + 5) -h (cZ® -f dt) y — {af + ht) ^ = 0. 

Therefore the envelope of PP' is a conic. 

378. Conics touching the common tangent of two 
given conics. 

Suppose now we have two conics whose tangential equa- 
tions are 

2 = aZ* + hm^ 4- cn® 4- 2fmn 4- 2yaZ 4- 2AZm = 0 (1), 

2' = a'Z* + 6'm® + c'w® + %fmn + 2y'7iZ 4- 2A'Z//6 = 0. . .(2). 

We seek to interpret the tangential equation 

2 4-A2' = 0 (3). 

It is the equation of a conic, for it is homogeneous of the 
second degree in Z, m, n. 

Moreover we can see that (3) touches all tangents which (1) 
and (2) have in common. 

For if Z® + my + n;? = 0 be a tangent to (1) and (2) they are 
simultaneously satisfied, and therefore (3) is satisfied too. 

Thus as, if S = 0, S' = 0 are the equations of two conics, 
S 4- = 0 is the equation of a conic passing through their 

common points of intersection, so if 2=0, 2' = 0 are the 



TANGENTIAL EQUATIONS. — ENVELOPES 


403 


tangential equations of two ponies, 2 = 0 is the tangential 

equation of a conic touching their common tangents. 

Consider now some specival cases. 

The equation 

2 “f" A? (ZiZ “h Mvfi -f- jATh) + JW'tti -j- N' /i) = 0, 

where Z, iV, N, L\ AI\ N' are constant, is tlic tangential 
equation of a conic touching the common tangents of 2 = 0, and 

(LI H- Mm + Nil) (I/l -f- M^m 4 - N'n) = 0, 

and thus it is the tangential equation of a conic touching the 
common tangents of 2 = 0, and LI + ATvi + Nn = 0 and also the 
common tangeyts of 2 = 0, and I/l + Al'm + N'n = 0. That is 
to, say it is the tangential equation of a conic touching the 
two pairs of tangents to the conic S = 0 drawn fj om the points 
(Z, M, N) and (Z', M\ lY). 

In a similar way wo can see that the equation 

(LI + Mm + Nu) (I/l -f Al'm + N'n) 

= ( L"l + iW'm + iV "n) (L'"l + Arm 4- ZT'^n) 

is the tangential equation of a conic touching the lines joining 
(Z, M, N) to (Z", AI", N") and to (Z'", Af", lY") and the lines 
joining (Z', M\ N') to (Z", AI", N") and to (Z'", il/'", N'"). 

379. Equation of points of Intersection of two 
conics. 

To find the tangential equation of the four points of inter- 
section of the conics 

fif = oa;® 4- by^ 4-c^® 4- 2fyz 4- 2gzx 4- 2hxy = 0, 

S' = a V 4- b'y^ 4- c'z^ 4- 2f'yz 4- 2g'zx 4- 2h'xy = 0. 

that is, to find the condition that the line lx 4* my 4- iiz = 0 
should pass through one of these four points. 

The tangential equations of these conics are 

2 = -4Z® 4 - Bm^ 4- 4- 2Fmn 4 - 20nl 4 - 2Hlm = 0, 

2' = A'l^ 4- 4- OV 4- 2F'mn 4- 2Q'nl 4- 2H'lm = 0 

26—2 
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And the equation of any conic through their points of 
intersection is 

S-\-kS'=r.O, 

whose tangential equation is 


a hi'. 

h + kh:. 

9 + kg', 

1 1-0. 

h+kh', 

h + kb'. 

fykf. 

m ' 

9 + h)'> 

j + kf'> 

c 4 ke'. 

71 j 

1. 

m. 

71, 

0 1 


This on being multiplied out gives 
where 

4> = (he' + b'c — 2f/') 4- (ca' + c'a — 2gg') ni* 

+ (ah' 4- a'b — 2hh') n" 4- 2 (gJif -f g'h ~ af' ~ a[f) mn 
4 - 2 {hf' + U'f — bg' — Vg) nl 4 - 2 (fg' 4- fg —ch' — c'h) Ivi. 

Thus the tangential equation of the envelope of the system 
of conics through the four points of intersection of S and S' is 

But the envelope or locus of ultimate intersection of the 
consecutive curves of the family S 4- kS' = 0 is the four points of 
intersection of 8 and S', for no two conics can cut in more than 
four points, and all the curves of the family S 4- kS' already pass 
through the same four points. 

is the tangential equation of the four points of intersection of S 
and S'. 

380 . The student will have understood that — 422 ' in the last article 
must be the product of four linear factors in I, m, n of the form 

(A^ 4 * B\Vfi + Giu) (^2^ 4 4* {^A^ + C3W.) (^4 4? 4 D^w. 4 C^ti) 

and then {AiB^C^) (^2^5262) {A^B^V^ (A^B^C^ give the coordinates of the 
four points of interfjection. 

Let us illustrate this by taking the conics 
S = — 1 = 0 , 

^ 5 4 - 1 = 0 . 
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By actual solving we find that llioao intersect in the points 

Now let us verify that the same result is obtained from <f»2 - 425' = 
We have 5 = - W' - 


: 0 . 


2'= 

and = — (^> -f - (a a!) m\ -f {ah' + a'b) nK ‘ 

0*-422' = ^'‘ {(6 + //y-^-4W'}+m*{(a + a')® — 4«a'} 

4- {{ah' -{- a'b'f - 4aa'66'} 

— 2wW {{a + a') {ah' + ah) — Aaa'b — 4aa'b'} 

— 2n^l“ {(b -f- b') {ah' + a'b) ~ Aa'hh’ — Aabh') 

+ 2f hri^ {{a 4- a') {b 4 - b') - Aa'h — Aab'} 

= {b- 6')- 4- (a — ~ ” 2 (a — a') {ah' - a'b) 

* - 2 {}/ - b) {ah' - a'b) - 2 (a - a') {h' - h) 

— {l\/ h' — h + in\f a — a' 4- w v - <^'b) ( — l\/h' - 6 4- a — a' + n\l ah' — a'b) 
'k{ 1 \l h' — b - 7n sj a ^ a' A-n tsj oh' - a'b) {I fs/b' — h-^-m \/a —a' - n sjal/^^'h). 
Thus the four ]ioints of intersection Jiave their coordinates proportional to 
*>Jab'-~a'b\ (-V&' — 6 , isla-a'^ slab' -a'h)^ 

{njh' — 5, — \/a -*■ a', ^Jah' — a'b, (V b' — b), sja — a', — V ah' — a'6). 

But as the z coordinate is unity, the actual x and y coordinates arc 
/ \Jh' - b sja -a' \ / \/h' - ft \/a - a' \ 

\f\/ab'-a'b^ \lab' —a'b' \ \/ah' — a'b' \/aft' — a'ft/ 

/ tjh' — b i\la~a' \ / \lh-b' \/a — a' \ 

nV ah' — a'b' b' — a'b) * \ V ah' — a'b ' ~>\J ah' - a!h) 

Thase agree with what we get. by actual solving of the eqmAions. 


381. Equation of four common tangents of two 
conics. 

We pass now to the reciprocal of the problem of § 379, viz. 
To find the equation of the four common tangents of two 
given conics 

S^aa^+bg^ -\~cs^ + 2fyz 4- 2,g,r.x 4- 2hxy = 0, 

S' = aV 4- tv + cV 4- '^fyz 4- 4- *lKxy = 0. 

The tangential qquations of these are 

2 = Al^ 4- Bm? 4- On* 4- 2Fmn 4- 20nl 4- 2Hlm = 0, 

2' = A'l^ + 4- O'n- 4- 2F'mn 4 - 2(?'ni 4 - 2H'lm = 0. 
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Thus the tangential equation of a conic having as tangents 
the common tangents of the given conics is 

2 + ifc^' = 0. 

And the point equation of this conic is (§ 372) 

\A+kA', n + kir, O + kO', X =0, 

U + kH', li'^kli’, F-^kF\ y 
G+kO', F-^kF', C + kC\ z 
X, y, z, 0 

which is 

{BC-F^) cf+iCA- (?«) y^ + {AB- H^) «» + 2 {OH - AF) yz 
+ 2 {HF -BG)zx+2 (FG - CII) xy + kY + k\l{ffC - F'^) a? 
+ {G'A' - (?'») f + {A'B' - //'=*) + 2 (O'i/' - A'F') yz 

+ 2 {H'F' - B'G') zx + 2 {F'Q' - CJI') xy] = 0, 

where 

P = (BG' + B'G- 2FF')a^ + (CA'+ G'A - 20G')f 
+ (AB' + A'B - 2HU') + 2 {GIF + Q'H- AF' - A'F) yz 
+ 2 {EF' + H'F - BG' - B'G) zx 

+ 2{FG' + F'G - CH' - G'H) sxy. 
Now BG —F’‘ = (ca — y*) {ah — h^) - {gh — of )“ = «A. 

So GA -G^=bA and AB-H’‘=^ cA. 

Also , 

GH-AF= {hf- bg) {fg - ch) - {be -/») {gh - af ) =/A, 
and similarly 

HF^BO^g\ and FO-GH^k^. 

Thus the above equation becomes 

A5+iP4-*WS' = 0. 

Hence P* == 4A is the envelope of the system of conics 
touching the common tangents of the two given conics. 

But the envelope is the four common tangents themselves. 
Therefore, P* = 4A is the equation of the four common 
tangents of flf *= 0 and S* = 0. 



TANGENTIAL EQUATIONS. — ENVELOPES 


407 


382. Reciprocal relatibn. 

Let us notice that we could have deduced the equation of 


the four common tangents of 

S = (a, 6, c,/, g,h){x,y,zy = 0 

S' = (a' y h'y o'yfy g'. It) {x,y,zf = {} ^^2), 

f’ om the result of § 379. 

For if wc reciprocate these two conics with respect to 

we get {Ay By C, F, O, i/) (a?, y, =0 (3), 

{A'y B y C\ F'y O'y H') {XyyyZf^O ^4). 

The tangential equation of the four common points of thes< 
tvyo is, by § 37^, 

= (5) 


where <I>i is the same function of the capital letters -4, i?, t7.. 
A'y By C' etc., as was of a, 6, c...a', b', c'..., and 

2i — A Bi77i^ + Giii^ -f 2F^mv -f 2Ginl + 2Hilmy 

where yl,, (7i, etc. arc the minors with their proper signs of 
Ay By Gy etc. in 


A, 

H, 

0 

H, 

11 

F 

0, 

F. 

G 


that is Ai = aA, Bi = 6A, Gi = cA, F^ = /A and so on, where 

A= a, liy g y 

hy by f 

9^ / c 

that is Si = A (a, 6, c,/, y, h) (i, m, w)* 

and Sa is similarly A' (a', V, c'yf\ g'y h') (Z, m, n). 

Now if in the equation (5) we write x, y, ^ for /, n 
respectively we shall obtain the reciprocal with respect to 
^ 4 . ys ^ -- 0 of the four common points of (3) and (4), that is 

we shall obtain the four common tangents of (1) and (2), viz. 

r*«4AA'M', 
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where F stands for what of §879 becomes when we change 
i, m, n to a;, y, z respectively and write capital letters in the 
coefficients. 

This result agrees with what we have obtained independently 
in § 381. 


383. Circular points at infinity in generalised co- 
ordinates. 

To find the tangential equation of the circular points at 
infinity in general homogeneous coordinates. 

Here we want to find the condition that the line 


lx + my -Vnz — ^ (1) 

should pass through one or other of the two circular points. 

The circular points are given by 

aa? + -h 7^ 0 (2), 

a*' & 

a + (3), 

for these give the intersection of the line at infinity with the 
circumcircle of the triangle of reference. 

Treating these three equations as simultaneous, we have 
from (1) and (2) 

OLX I3y yz 
m n n I I m' 

^ y y a a f3 

Substituting in (3) we get 
a- /?i _ ^ \ fl m\ n\ 

a^7 \7 Va aidy [a ~ V^a y) 

that is 

a® \ -f ft® ^ 'i ^® - 7 ^ - (6® + c* - a*) ^ - (c* + a* - ¥) — 
a* P‘ 7 ^ ^ py ya 
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which we may write 

If, y f, 26c - 

il = - + TTo ^ ^ 

a* /J® 7^ ^7 

2ca . ^ '2(tb , ^ ^ 

m cos B L- Ini cos (7=0. 

yoL cijS 

This then is the tangential equation required. 

It will be seen that 


7 «7 

- 1 — 7 : e*‘'77i 

- - e“'%) 

1 _,r 

1 t — , e "'/» - 


\a 

7 ' 


7 / 


So that the coordinates of the circular points are propor- 
tional to 

|~ , — ^ (cos C + i sin (7), — ~ (cos B -7 sin 5)| , 

and ~ (cos (7 — i sin (7), ~ ^ (cos B + i sin ^)| . 

These coordinates are not however of any serious importance. 
It is the expression fl that will be used hereafter. 


384. Circular points in areal and trilinear coordi- 
nates. 

(i) If the point coordinates be areal, a = /i? = 7 = 1 , and we 
get 

Cl = aH^ -H + cr^a- — 2bcmn con A 

— 2 canl cos B — 2nblm cos (7 = 0. 

(ii) If the point coordinates be trilinear, a : : 7 = a : 6 : c, 

and the equation simplifies down to 

ft = Z* + m* 4 - n* — "217171 cos A — 2nl cos B — 2lm cos C = 0. 

It is thus a special advantage which the system of trilinear 
coordinates has, that the equation of the circular points reduces 
to so simple a form. 

Example. Shew that the length of the perpendicular distance of the 
point (Xy y, z) from the line +nz=0 in generalised homogeneous 

coordinates is where A is the area of the triangle of reterencc. 
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386. Circular points in Cartesian coordinates. 

To find the tangential equation of the circular points at 
infinity in Cartesian coordinates. 

The equation of the circle of radius a having its centre at 


the origin is 

+ 2a'y cos « -h — a^z’^ = 0 0 ). 

The line at infinity is ^ = 0 i 2). 

We require the condition that the line 

lx + my + 712J = 0 ('3) 


should pass through a point of intersection of ( 1 ) and (2). 

Using (2) in (1) and (3) we have 

4- ^xy cos w + 2/® = 0, * 

^ lx + my — 0, 

— ^llvi cos o) H- wi® = 0 (4). 

This then is the equation required. It reduces to 
i- + 7rr = 0, 

when the axes are rectangular. 

Expressing (4) in factors we have 

(I - 77ie"0 (/ - me-^^) = 0. 

That is the two circular points at infinity have for their 
separate equations 

t — 7ne"‘ + 0 . 71 = 0, I — + 0 . tz = 0. 

Their coordinates are therefore (t, — and (t, — 
where t is infinitely large. When th^ axes are rectangular 
these ai'c (t, + 

386. Confocal conics. 

We will make use of the tangential equation of the circular 
points at infinity to find the equation of the system of conies 
confocal with 

5 = (m:* 4- + C 2 * + 2fyz 4“ 2gzx 4- 2hxy = 0 (1), 

supposed referred to rectangular Cartesiam axes (so that z = 1). 
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The lines joining the foci of a conic to the circular points 
touch the conic {Pure Oeometry, § 250). 

Therefore the conics confocal with (1) touch the tangents 
drawn from the circular points to (1). 

Thus if 

X = f-* -f Bm^ + Gn^ 2Fmn -f 2Gnl -f 2nivi = 0 

be the tangential equation of the conic, since the tangential 
equation of the circular points is 

-f = 0, 

the tangential equation of the conics confocal with the given 
conic is 

Bm^ -f -f 2Fmn 4- 20nl + 2Hlm 4- \ {P + 'irP) — 0, 
i.e. (A H- \) P - 1 - (B 4- X) nP H- 2Fmn 4- 2Gnl + 2Hlm =% 0. 
Thus their Cartesian equation is 



H. 

G, 

X 

H. 

B 4’ X, 

F. 

y 

0. 

F. 

c. 

z 


Vy 

z. 

0 


that is 



A, 

H, 

0, 

X 

4- 


H, 

G. 

X 


H, 

B, 

F. 

y 


0, 

B. 

F, 

y 


0. 

F. 

c. 

z 


0, 

F. 

c. 

z 


X, 

y> 

z. 

0 


0, 

y- 

z, 

0 

4" 

A, 

0, 

G, 

X 

4- 

A., 

0, 

G. 

X 


H, 

\ 

F, 

y 


0, 

\ 

F. 

y 


G, 

0, 

G, 

z 


0. 

0, 

c. 

z 


1 

0, 

», 

0 


0. 

0, 

z, 

0 

that is 










— 4“ X 

B. 

F. 

y 

4“ X 

A, 

G, 

X 

+ \* 

1 G, 


F, 

0. 

z 


G, 

0. 

z 


1 z, 



*, 

0 



B, 

0 
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that is 

^ ^S■V\{2Fyz--Cy^•-Bz^ 1 - 2Gzx- 
that is 

AiS + X {C {a^ + y^) — 2Fyz ~ 'IGzx -{-{A + B) z"^] + XV = 0. 

387. T4e foci. 

To find the fod oj the conic 

S = aa^ + by^ 4- V ■ h 'Ifyz -h 2gzT. + 2hjcy = 0, 
referred to rectangular Cartesian axes. 

Form the tangential equation 

i 4 Bm^ 4 Gn^ 4 2Fmn 4 ^Onl 4 2 Tllni = 0. 

Then 4/.-(P 4 0 

repre :ents the conics touching the tangents from the circular 
points to the given conic, which tangents intersect in the foci. 

Determine k so that this is the pi’oduct of two linear factors 
in It rrit n and the two points thus determined will be the foci. 
The equation giving k is 

A 4 kt Ht Cr ~ 0, 

Ht i?4*, F 

Gt F, a 

that is 


A, 

u, 

G 

+ k, 

II, 

G 

H, 

B, 

F 

0, 

B, 

F 

G, 

F, 

0 

0. 

F. 

G 


4 i A, 

0, 

G + 

k. 

0. 

(? =0, 

H. 

k 

F. 

'b. 

k. 

F 

G. 

0, 

C \ 

0. 

0, 

G 

£ir + k(BG- 

-F^ + AC- 

(?«)+*’C'=0, 


that is A* 4 A;A (a 4 6) 4 k^ {ab — A®) = 0. 

In the case where the conic is a parabola this reduces to 
k (cif 4 4 A = 0« 
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Ezamples. l. Find all the foci of the conic whose equation referred 
to rectangular axes is 

2.r® - Hxif — \y^ - \y + 1. 

[Tlero a = 2, = - 4, ;’=» -2, g—0, h——4. 

7^-2, 6'--24, /"=4, 6' = 8, 77 = 4 and A= -32. 

The equation giving k is 

-24^‘2_2/rA + A2 = 0, 
that is {6k — A) {4k + A)*= 0, 

1 • I ■ , A , A 

which gives ^’ = 7: = - .r j or 7;= 8. 

0 3 4 

Taking 7-= 8, we have 

2 + 7*0 = - 61‘^ + 2/J7- — 24w2 + 6m9i +lGnl + 8lm 4- 8 (7* + m^) 

^10m^ — 24?i^+8mn i-l6nl+8lm 
= t(m + 2n) {4l + 5m — 6n). 

• Thus we have the two foci j'dioso coordinates are proportional to 
(0, 1, 2), (4, 5, -t>). 

TIencc as the coordinates of therfoci arc (0, i), ( - Jf, - f). 

!Neit taking 7= we have 

3 (2 + 7G) = ^ 24^2 + 0^2 - 72?i- + 24?nn + 48nl -h 24lm -\6{P 4- 

s= — iOl^ — lOm* - 72?i2 q. 2 i7jin -f 48a^ -f 24^w 
= — 2 (20^‘-*4- 5m‘^+ 06a* - \2mn - 2471^ - 1 2lm), 

The imaginary foci are then given by 

20^- + 5m^ 4- 3671^ - 127n?i - 24n^ - \ 2 lm = 0, 

that is 20^2—2 {6m + 12n)l+5m^— 12?a?i4*30a“=0. 

j 6ni 4- 12w + v'((h7i 4- 1 2/i)- - 20 - 1 2'//i7i 4- 

l- 20 

0771 4- 12??. ± V - 647/1^4- 384771» - 57071-^ _ 6m 4- 1277. + 1 (Bw - 247t) 

20 20 • 
10^=(3±47) 77i 4-{G + 127) 7i 

that is 

107-(34-47)77i-(6-12i)7i=0, or 107-(3-4i;7» -(04-127)««O; 

thus the coordinates of the foci are 

f 10 34-47 ] ( -10 3-47 1 

t 0(1-20* 0"(l-27)/ \0(l+27)’ 0(l4-2i')J» 

. f 14-27 -14-271 f 1-27 14-271 

that 18 ^ 5-, —^1 and | 

It can be verified that the line joining these two foci and that joining 
the two real ones bisect one another at right angles.] 
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2. Find the focus of the parabola 

^ + ’Ixjf ■\-y^ - 407 + 8 y -6=0. 

3. Find all the foci of the conic 

8 o 7 ^ - ^xy + — 16.17 — 14 ^ + 17 = 0 . 


388. Condition for a rectangular hyperbola. 

To find by means of the circular points at infinity the 
condition that the yeneral equation of the second degree in 
generalised homogeneous coordinates may be a rectangular 
hyperbola. 

We will lake as the general equation 

Aa^ -f By^ + Gz^ 4- 2Fyz 4- 20zx 4- 2Hxy = 0 (1). 

The pair of points (a?,, yi, Zi) (a?a> y 2 >^ 2 ) will be conjugate for 
this if 

AxyX^ 4- Byiy.i + Gz^z^ 4- F ^y^z,^ 4- ya^i) + 0 {z^x. + 

4- // 4- = 0, 

and thus the pair of points given by 

ul^ 4- vm^ 4- wn^ 4- 2u'mn 4- 2v'nl 4- 2u/lm = 0 
in tangential coordinates will be conjugate for (1) if 
Au~\- Bv "h G'W 4" '2ibxt! 4“ ^Gv' 4" ^Ifw^ = 0. 

Now the circular points at infinity are given by 

6* . . c* - ^bc . n ca j „ 

~r 4- 35 m* 4- ^ n* — 2 nm cos A —2 — nl cos B 
er * B rf fiy ya 

— 2 ^ ImcoQ (7= 0. 
ap 

Therefore the circular points wijl be conjugate for (1), that 
is the conic will be a rectangular hyperbola if (see Pure 
Geometry, § 248) 

il --x 4- + G cos A —20 — cos B 

a* 7» fiy ya 

-2H ^008(7 = 0. 
afi 

This agrees with our previously obtained condition (§ 311). 
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389. Perpendicular lines. 

To find the condition that two lines 

lx 4 - my 4 - n-3: = 0 , Vx 4 - m'y 4 - n'z = 0, 
should be perpendicular. 

We require the condition that 

{lx 4 - my 4 - nz) {Vx 4 - nVy 4 - n^z) - 0 

should satisfy the condition for a rectangular hyperbola obtained 
in the last paragraph. 

This condition gives 

ll , 4- mm 4- ww — — {•mn 4- m w) tv- cos A 
i?-* 7* ^ 

— {iiV 4- rVV) cos B - {Ini 4- Vm) ^ cos (7 = 0. 

ya ' aB • 

And this can be written 


or its equivalent 


,3n' an' sn' . 


EXAMPLES. 

1. Obtain the coordinates of the centre of the conic whose tan- 
gential equation for Cartesian coordinates is (a, 5, c,/, h) (/, m, w)* 
and shew that the conic is a parabola if c 0. 

2. The line lx + my + w = 0 satisfies the relation 

(a, h, c,/y g, h) {I, m, w)* = 0, 

shew that its envelope is an ellipse, parabola^ or hyperbola accord- 
ing as 

c ay 4, g i 0. 

K by f " 

gt fi c ■ 



416 


TANGENTIAL EQUATIONS. — 12NVELOPES 


3. The envelope of chords of an ellipse which subtend a right 
angle ihe centre is a concentric circle. 


4. Obtain in generalised homogeneous coordinates the tangential 
equation of a circle whose centre is h) and whose radius is r in 

cho form 


4A*(^ + + wA)® = r* ^ mriQO^A 


2 -- nZ cos B — 2—- Im cos cl , 
ya a/i J 


A being the area of tlie triangle of rot’erenco. 


6. Prove that the conics 

'gz + zx-\- cry = 0 

3 . d , . B , . C , ' 

and sin Jx + sin ^ + sin ^ Jz-0 

in tritineara arc confocal. 

[Use the method of 386. *’Forni the tangential equations S = 0, 
2' = 0 and shew that 2' - 2 -f /cQ.] 


6. The condition that the line lx + iny + n 0 should be a 
normal to the conic 

aoc^ + 21i>xy + hy^ + 2gx + 2fy + c = 0 , 
the axes being rectangular, is 

{al^ + 2A^m + hiv?) {Al^ + Bm~ + Cii- + 2Fmn + 2Gnl + 21flrn) 

[Write, down the equation of the pair of tangente at the points 
where the line cuts the conic (§ 368). Then get equation of pair of 
lines through the origin parallel to these, and express the fact that 
lx + my = 0 is perpendicular to one of these ] 

7. If (a, hy Cyfy g, h) {1, m, nf = 0 l!fe the tangential equation of 
a conic, the coordinates of the pole of the line lx + my + nz = 0 with 
respect to it are in the ratio 

al + hm + gn : hi + hm + fn : gl + fm + cn. 


8. The conics confocal with oas* + 2hxy + hy^ = 1 are given by 
(a + A) a:* + 2hxy + (6 + X) = 1 + A (A + a + 6) 4 (a6 - A*), 
the axes being rectangular. 
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9. Tangents are drawn at the feet of the normals from a 

sc^ 

point (/, g) to the ellipse ^ 2 +^ = 1- Shew that the equation of 
the parabola which touches the four tangents is 


s/a* -b* = 0. 

[Tlie tangent at (o^, yj) is lx + my + w = 0 wliere 


I \ m\n=^ 




The normal at this point goes through g) if 

*1 Vi 

... + 

L m n 


Hence the tangent touches the conic whose point equatioif is 
Jfx + ^/ - yy + ^/{a* - b*j 2 f = 0, 

but this conic is inscribed in the triangle of reference and therefore 
touches z^O which in this case is the line at infinity. Thus the 
four tangents touch the parabola 

s//x + V - yy + \/a® - 6* = 0. 

This parabola moreover touches the coordinate axes.] 

10. If two conics have three point contact, and Q be the pole 
with respect to the second of the tangent at P on the first, the 
envelope of FQ is a conic having double contact with tha first. 

[Take as triangle of reference that formed by the common 
tangents and common chord.] 

11. From (xq, y^ four normals are drawn to ^+^^—1-0- 

or b* ^ 

shew that the four corresponding tangents satisfy the tangential 
equation 

— yovA + c*Aya = 0 where c“ = a® — 6* 

Thence by considering the point equation of 

k (a*X* + b*fi* — V®) 4- 2 [xofiv — y^vX + c*A/a] = 0 
shew that the equation of the four tangents is 

{e^xy - a^asgy + 6®yo»)* “ ^ - »*6*) [(a»?o — yyo - o**)® + ^^pyas^yj s 0. 

A. 27 
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12. Shew that the envelope of polars of a point with respect to 
a series of confocal conics is a parabola which touches the axes ; and 
prove that if normals be drawn from the point to the conics, the 
tangents at their feet touch this parabola. 

13. Shew that the asymptotes of the hyperbolas which touch 
the axes where lx + my — 1 = 0 cuts them envelope the parabola 

(Jix - rnyf - 4 (^ + my - 1) - 0. 

14. From a point T (a, yS) tangents 77^, TQ are drawn to the 
sc^ 

ellipse ^ + ~ = 1. Shew that the equation of the parabola which 
has double contact with the ellipse at P and Q is 
{xp - yaY + 2li^ax + 2a^Py = 

Shew also that if (a, p) is on the line lx-{- my= 1 the directrix tof 
the p^irabola envelopes the parabola whose equation is 

(wa — ly'f + 2 (lx -^jny) = 1 4- (/* + m?) (a® + 6®). 

15. The sides of a triangle inscri})ed in an ellipse touch a 
confocal ellipse. Shew that the points of contact are the points at 
which they touch the corresponding ecircles. 

16. A straight line meets one of a system of confocal conics in 
P and Q, and KS is the lino joining the feet of the other two 
normals drawn from the point of intersection of the normals at P 
and Q. Provo that the envelope of IIS is a parabola touching the 
axes. 

I- 

17. Two fixed points P and Q are taken on a given conic, and 
R is any point on a fixed straight line ; the lines PE and QR meet 
the conic again in /" and Q ' ; prove that the envelope of P'Q' is a 

18. If two conics have double contact, then every conic con- 
focal with the first has double contact with some one confocal to 
the second, and the four common tangents to any confocal to the 
first and any confocal to the second touch a variable conic which 
touches the common tangents of the original conics. 

1 9. The envelope of a chord of a conic subtending a constant angle 
at a focus of the conic is another conic with the same focus and axis. 
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20. A straight line passes* through a given point. Prove that 
the envelope of the line joining its poles with respect to two given 
coaxial conics is a parabola. 


21. From points on a given straight line lines are drawn 
parallel to the polars of the points with respect to a conic ; prove 
that these lines envelope a parabola. 


22. A system of conics have a common focus and directrix. 
Shew that the normals at the points wliere a line through the focus 
in a given direction meets the conics envelope a parabola having its 
vertex at the focus and touching the given line. 

23. Interpret the equations in generalised homogeneous co- 
ordinates : 


< (i) A {lx -I- my + na;)* -f B (Tx + niy + n'js)® = C(ax + fy 


(ii) {lx + my + = k {Vx -i- m*y + 7i*z) (arc + ys), • 

(iii) (lx + my -i- nz) (Vx + m!y + w'l) = k (ax + py+ yz)\ 

in the cases (a) where /, n* are connected by the 

relation 


„ 00 , 0Q . 

^ vy + w' — + n — = 0, 
at dm vn 


(ft) where they are not so connected. 


24. A parabola circumscribes a triangle, shew that its axis 
touches a curve of the third class given by 
30 ,0n 

^ 07 +’^ 0 ;=®' 

and the tangent at the vertex always touches the curve of the sixth 
class defined by the rationalised form of 


JdU 

^ 7'"’' 

where the line at infinity in point coordinates is x + y + z=0, and 
the rational tangential equation of the circular points at infinity 
is 0=0. 

[Use Ex. 23.] 

25. Consider what modification is needed in Ex. 24 if the 
equation of the line at infinity be ouo + -f ys = 0. 


27—2 
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26. The point coordinates being areal, prove that the asymp< 
totes of all conics circumscribing the fundamental triangle and 
passing through the point (oa, Zi) touch a curve of the third class 
whose tangential equation is 

ifjL-vyk ^ (v-x)v ^ 

yi «1 ’ 


27. If four normals be drawn to the conic whose tangential 
equation is 2 = 0 from (xi, then the tangential equation of 

the parabola touching the tangents to the conic at the four feet is 

8(S,Q) , ^ HX ^ a(S,o) 0 

where O = 0 is the rational tangential equation of the circular points 
at infinity. « 


j 

28. A conic confocal with the conic S exists which touches the 
sides of the triangle ABC, Shew that of the conics which touch 
the four tangents to S from tha points B and (7, one has a focus at 
A and the companion focus on BG, 


29. Find the envelope of a line on which two circles intercept 
chords whose lengths bear a constant ratio to each other. 

flC* 1/* 

30. A chord PQ of ^ + ^ = 1 is drawn through the fixed point 

(y*, g\ Prove that if the circle through P, Q and (7, the centre of 
the ellipse, cut the curve again in the points R and then will RB 
touch the parabola whose focus is C7, and the equation of the tangent 
at the vertex 


31. If a parabola passes through fixed points A^ By C, the 
envelope of the tangent to it at the extremity of the diameter 
through a fixed point P is a conic circumscribing the triangle ABC. 
[Use Ex. 23.] 


32. If O = 0 be the tangential equation of the circular points 
at infinity, then the line Xa; + fi^ + va;=:0isa normal to the conic 
(a, 6, c,/, g, h) (*, y, zf = 0, 


provided that 
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33. The point coordinates being areal, shew that the equation 
of the director circle of the conic (inscribed in the triangle of 
reference) whose tangential equation is 

/mn + ffnl + Aim = 0 

is {(6* + c* — + (c® + a® - 6*) + (a® + 6® - c*) hz] (aj + y + ») 

= 2 (yi+ y + A) (a^yz +'&**x + c®a5y). 

34. Find the equation of the ellipse whose real foci referred to 
rectangular axes are (asi, yi), (a^, y^) and whose minor axis has 
length 2^2 in the form 

[(* - *i) (y - yj) - (* - *») (y - y»)]* 

, W [(a: - *,) (a: - ai) + (y - y,) (y - y,)J - 44* = 0. 
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COVARIANTS. 

390. Covariants defined. 

In the last chapter (§ 381) we saw that if 

S = aa? ^-hy^ -{• cz^ + 2fyz + 2gzx + 2lxy = 0 Q), 

8* = aV + Vif + dz^ -h + ^g'zx + Wxy = 0 . . .( 2)/ 

be the equations of two conics in any system of homogeneous 
coordinates, then 

F^-4AAiSfi' = 0 

is the equation of their four common tangents. 

Now suppose that we transform our equations to any other 
system of homogeneous coordinates by the substitutions 

X = XjX + /X 2 T + VxZ 1 

y = X2X + + vjj > (A). 

z = XsX + /ig + v^z j 

So that 

' S = = (a2, 62, C2) (Z, F, = 0 (3), 

S' = ^2' = W, W. O (Z, F, = 0 (4). 

Then the equation of the four common tangents to Si = 0, 
Si = 0 will be ^ 

Ti^^^^Ai'8iS' = 0, 

where Ai, Ai', P2, Si, S^ are exactly the same functions of the 
new coeflScients and of the new variables that A, A', P, S, S' 
were of the old coefficients and variables. 

But we could find the equation of the four common langents 
to (3) and (4), by taking the equation 

P*-4AA'5>S'-0, 
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which represents the tangents to the same two conics in the 
forms (1) and (2), and then changing the variables by the 
relations (A), afterwards expressing the coefficients a, 6, ... a\ V, 
etc. in terms of the new coefficients. 

The result must be the same in the two cases. 

This however does not entitle us to say that 

- 4AAiSA' = I* - 4AA'SS\ 

What we can infer is that the ratio 

- 4A, : P> - 4AA'SSf' 

is independent of the variables. And as Si = S and = 
while Ai = €^A and A/ = t^A', where 


Xi, 



X.2, 



Xa, 


Vz 


(for this has been proved in § 355)nt is clear that Pj = €*P. 

This could indeed be proved by actual substitution but the 
work would be very laborious. 

The expression P and likewise the expression 
P* - 4AA'SS' 
are called covaHants for the two conics. 

Definition. A co variant then may be defined as a function 
of the variables and coefficients in the equations of two conics, 
such that the same function of the new variables a»d the new 
coefficients of the same two conics, when their equations are 
transformed by linear substitutions, bears to the original function 
a constant ratio. This constant ratio is always as a matter of 
fact a power of the determinant e. 

391 . Oeometrlcal interpretation of oovarlants. 

It seems clear then that any covariant of two conics equated 
to zero gives a locus connected geometrically with the two 
conics. For example, as we have seen, P® — 4A A'^SS' = 0 is the 
equation of the four common tangents. We naturally ask then 
how the locus P « 0, which is a conic, is connected with the 
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two conics. Salmon has proved that this is the locus of points, 
the two pairs of tangents from which to the two conics 
are harmonically conjugate to each other. 

This we shall now proceed to prove, nor shall we in so doing 
assume the covariant character of P. 

S92. The F conic. ^ 

To find the locus of points the pairs of tangents from which 
to two given conics 

S = aa^ + + 2fyz + 2gzx + 2hxy = 0 (1), 

S* = a V + + %f'y^ -H 2^2® + 2h'xy = 0 (2), 

are harmonically conjugate to each other. , 

The equation of the pair of tangents from z^) to (1) ili 

{aa^-^ hy^ + cz^ 4- %fyz 4- 2gzx 4- 2hxy) 

X {axi^ + hy^ 4- cz^^ 4- %f 'yiZ\ + "igziX^ 4- "^hx^y^) 

- {{aaoi 4" %i 4- gzy) x 4- {hx^ 4- 4->i) y 

+ +/yi + c^i) = 0. 

Now the coeflScient of a? on the left side is 
a {ax^ + 6yi* 4- cz^ + yyiZi 4- ^gziixh. 4- 2//a;,yi) - {ax^ + hy^ + gz^f, 
which = {ah — hJ^) y^ + (ca — 5^-) z^ — 2 {gh - af ) y^Zx 
= Gyx 4 " Hzi^ — ^iyiZi, 

Similarly the coefficient of y® is 

Az^^ + Cx^ - 2GziXx, 

and the coefficient of z^ is 

Hxx 4 " Ay-^ — 

Also the coefficient of 2yz is 
f{ax^ 4- by^ 4- cz^^ 4- "^fyiZx 4- ^gz^x^ 4- 2hxy^) 

- {hxx 4- byx + fz^) {gx^ ^fy^ 4- cz^, 

which 

^^{gh- af) a?!* - {be -/») y^Zx 4- {fg - oh) ZjX, 

+ (//-6y)a?iy, 

» - Fx^ - AyxZx + HzxXx 4- Gxjjfx- 
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Similarly the coefficient of 2zx will be 

- Gyi* — + HyiZi, 

and the coefficient of 2xy will be 

- Hzi* - Cx^yi + QyiZ^ H- Fz^Xj. 

Thus the equation of the pair of tangents is 

(Cyi* + 5^1* — 2FyiZi) + two similar terms 
+ 2 {Ox^y^ H- HziXi — Ay^Zi — Fxi^) yz + two similar terms = 0. 
Putting 2 : s= 0 in this we obtain 

+’ — 2Fyi2:i) + {Az^^ + Cxf — 20z^x^) y* 

’^r2{Fz,x^-^Gy^Zy-Gx^y^--lIz^^)xy = Q (3), 

which is the equation of a pair of lines joining the (7- vertex of 
the triangle of reference to the points where the pair of 
tangents meet the opposite side of the triangle of reference. 
Similarly * 

-h B'z^ - 2F*yiZi) a? -f {A*z^ 4- C'x? - 2G*z^x^ y* 

+ 2 (^’' 2 : 1 ^?! + (r'yi^i - 0'a?iyi - Jy V) iry = 0 (4) 

will be the equation of the pair of lines joining C to the points 
where the pair of tangents to (2) meet the opposite sides of the 
triangle of reference. 

The condition that the two pairs of tangents should be 
harmonically conjugate is plainly the same as that (3) and (4) 
should be so, and this is • 

(Cy* + Bzi^ + 2FyiZi) V + - 2Q%Xi) 

+ (O'yi* + V + Oxi^ — 20ziXi) 

= 2 (FziXi + GyiZi - Cx^yi - Hzi^) 

X {F'ziXi + G'yiZi - 0'a?,yi - H'zi*). 

Multiplying this out and dividing by Zi^ we see that the 
locus of (xi, yi, Zi) is the conic 
{BC' + B'G — 2FF') 4- two similar terms 

4- 2 {GW O'H — AF* — A'F )yz+ two similar terms = 0, 
that is P = 0. 
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393. The work of the preceding paragraph could be made 
easier if we were to assume the covariant character of F, for 
then we could reduce the equations of the two conics to standard 
forms and write 

8 = 

The algebra would then be simpler, and we should find that 
the locus of the points, the pairs of tangents from which to the 
two conics are mutually harmonically conjugate, is 

P, = 0. 

And as Fj = €*P, we see that the locus when we revert to 
the old coordinates is P = 0. ‘ * 

The student can gain practice in the algebra by going 
through the work in this simpler case. 

394. Properties of the P conic. 

The conic P = 0 passes through the eight points of contact of 
the common tangents to 8 = 0, 8' = 0. 

For let P be a point of contact with 8 o{ a common tangent 
to the two conics. If the equation of this common tangent be 
lx -f my + = 0, then the pair of tangents from P to S will be 


(lx + my + nzy = 0 (1 ), 

and the pair of tangents from P to 8' will be (say) 

{lx + my + nz) (I'x + m'y + n'z) =0 (2), 


and the lines (1) satisfy the test for being harmonically conju- 
gate with (2). 

Hence P lies on the locus P = 0, 

Cob. 1. It 8=0, 8' = 0 touch, then P = 0 will touch them 
both at their point, or points, of contact. 

Cob. 2. If 8 and 8' have three point contact at P, P will 
also have three point contact with them at P. 

Cob. 8 . If 8 and 8' have four point contact at P, P will 
also have four point contact with them at P. 
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ExSiiaples. 1. ^sc«® + 2 A 2 ?y =0 and /S's6y>+ca:*+2Arya»0 are two 
conics with four point contact. Prove that their F conic is 

hy^ + + ^hxy = 0, 

and so verify that F has four point contact with S and S* at their common 
point v=0, «=*0. 

2. S=cz^-^^hxy = Q and iS"=c-8*+2/j/«+2Ary=0 are two conics with 
three point contact at y — 0, Exprei^ their F conic in the form 

- i/ V + + 2^^) = 0, 

and shew that it has three point contact with them. 

395. • F in the standard form. 

The covariant P assumes a simple form when the equations 
of the two conioe are given, in the form 

S = dx^ + + cz- = 0 , 

/S ' = -h z^ = 0, 

for then .4 = 6c, B = ca, C—ah, F=G — E=:0, 

A'^1, 5' = 1, a' = l, r=G'=-H'^0. 

So that jP = a (6 f c) ic® H- 6 (c + a) + c (a + 6) 

We see then that the conic P = 0 has for a self-conjugate 
triangle any triangle self-conjugate to the original conics. 

396. Conditions for double contact. 

To find the conditions that the conics 

/S = CM?® + 6y® + cz^ + yyz + ^gzx + 2hxy = 0, 

S' = a'ai® + 6 y® + c'z^ -h %f'yz 4- ^g'zx + 2,h'xy = 0, 
should have double contact 

We have seen (§ 324) that if two conics have double contact 
their equations can be reduced to the forms 
S= flf = a (ij?® + y*) + c^® = 0, 
fif'^S' = ic® + y® + ^® = 0, 

whence 

P = a(ct-hc)cc*4-a(c + a)y®4- o(2a)«* = aS + aciS'. 

Thus P is a linear function of S and S\ 
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Therefore since 8^ S and and P = €*P, we see that 

F must be a linear function of 8 and 8' ; so then we write 

T^k8 + 18\ 

Now let us write (a, b, c, f, g, h$a?, y, zY for P, so that 
fi = BG' + B'C-‘2FF\ 

and so on. 

We thus get 


a = A;a + Id, b = A-6 4- Ih', 

o — ke + Id, 

f=*/+Z/'. g’^kg-klg'. 

h = M + ZA'. 

Hence we have as the conditions for double contact of the 

conics jS and B’, 


II a, b, c, f, g, 

h =i0, 

a, 6, 0 , f g. 

h 

1! d, b', c', f, g'. 

h' 


by which is meant that all the determinants formed by taking 
any three of these columns are zero. 

The student will see also that these conditions are sufficient 
to ensure double contact. 

397. Polar reciprocal. 

We may use the covariant P and the invariants to find 
the equation of a conic geometrically related to two given conics. 

Thus let us find the equation of the polar reciprocal of 
iS = aaP 4- + 2/y^ 4- 2ffzx 4- 2hxy = 0, 

with respect to 

S' = a'a^ 4- 4- cV + + ^g'zx 4- 2h'xy = 0. 

Transform the conics to ^ 

S= aX» 4- /3F* 4- 7^* = 0, 
ig' = S' = Z*4-r*4-2» = 0. 

We then have 

A' = l, @ = ^7 4-7a4-a^, ©' = a4-i9 + 7 

and F = a(^ 4-7)-Sr*4-)8 ( 74 - a) F* 4-7(a + 

Then (§ 320) the polar reciprocal of 8 with respect to 8* is 
/ 87 Z* 4- 7 aF® 4- = 0, 
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that is / 

+ 7Ct + ol/3) (X^ + -t- Z*) 

- {a ()8 + 7) X »_-h /S^7 + a) F> + 7 (« + )8) Z^] = 0, 
that is @iS'-P = 0. 

Hence the polar reciprocal of 8 with respect to jS' is 
eflf'-P=»0. 

pies. 1. S arid S* are two conics; from P a point on S' tangents 
are drawn to S to meet S' again in Q and It; it is required to find the 
envelope of the line QR, 

• • 


The first solution we will give is somewhat lengthy but it is instructive 
from an analytical point of view. 

We will transform the equations of our conics so that 


( 1 ), 

S'^ax^-\-hy^-^cz^ ( 2 ). 


We mjiy represent ;i point on (2) by means of the relations 
ifax—zisl -ccos Qy , 

\fhy=--z \/ -csin 

and then the equation of the chord through the points given by and 
^s=/3, will be 

VajfcoB^^+ sin^^-«A/^cos5^^*0 (3). 

Let Q and R bo the points a and and let P be given by d-sy. Then 
the chords 

Vaaycos— + VSysin^^^-sV -cco8^^=0 

and tfax cos + ^fiy sin - z oob ^ =»0 

are both tangents to (1). 
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acos* - ~3!+6 8m*^?-c cos>^y^=0 (4), 

acos*^-^^+5 sin® -^~-c cos*— ^-=0 (6). 

We want to find the envelope of the line (3). Let us then write this 
line ij;+my+W 2 = 0 , where 

- /— /T . a"l“3 i a — ft 

i=sva.'30s — m=y6sm— n=-v-ccos~— . 

Now from (4) and (5) we see that a and /3 are roots of the equation in 
0y viz. 

a cos® - + b sin® - c cos® = 0, 

that is a(l+cos ^+y) + 6(l — cos d+y)— o(l +cos d-'y)=0, 

that is a+b-c+(a—b — c) cos^ cosy — (a- 6+c)sin 0 sin y==0, 
which, if wo write *' * 

b + c-a = A, c+a-5=/^, a + b-c—Cy 
becom js A cos 0 cos y + ^ sin ^ sin y = (7. 

Thus we have , 

A cos a cos y + sin a sin y=C, 

A cos /3 cos y sin fi sin y^C. 

And from these w'e have at once 


A cosy 

B sin y 

C 

a + /3 
oos-^ 

. a+/3 
8m - 

cos -2^ 

cosy 

siny 

1 

1 ~ 

m 


As/a 

sTh 

CV -c 


Thus the envelope of the line is 

aA®^ ^bB^y^ + c(7®^® ~ 0, 

that is a(6+c-a)®4;®+6(c+a — 6)®y®^c(aH-ft-c)«®as0. 

Now we have 

A=l, e=a+6+o, e'=fec+ca+a6, 

Thus the envelope is 

a (e - 2a)2 a;*+6 (0 - 26)*y*+c (e-2c)® 0®=O, 

that is 

0® (flw?®+«3^®+C2®) - 40 (a3^+%®+c2«s)+4 (a8a?®+6®y*+c»2®)=0, 
that is e®N' - 4 {a (6®y® + c®^®) + 6 (c2«® + a3a;«) + c (a*a:® + = 0, 

or 6®N' - 4 {6c (6y® + cz®) + ca (c«® + cm;®) + a6 (cm;® + 6y®)} = 0, 
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that is e^S*-4{bo(S*-aa^)’^a (<S'-5y*)+a6*(iS"-<»*)}=»0, 
that is e^S* - 4Q'S' + 4abcS' = 0, 

which we write (0* - 40' A) /S"+ 4AA'iS''«0, 

so that it is liomogeneous in A, A', 0 and 9'. 

This then is the equation of the envelope for all homogeneous trans- 
formations of S and S\ 

We ob.'serve that if 0*— 46' A =0, this reduces to the conic S=0. (Com- 
pare § 360.) * 

The following short and elegant solution of the problem is given bj 
Salmon. 

If we take PQR for triangle of reference we can write 
• - 2zx - 2X/6y, 

and S'= 2 fy 2 -\- 2 gzj;-\- 2 ha:i/. 

Let X = 1 + ^h jn 

,S = + ?/* + ^2 ^ _ 2zx — 2xi/ — 2hkxy^ 

•. *S'+^>S^=ic^+^^+ 2 ® 4 - 2 (/^-l)y 2 + 2 {gk - 1 ) ex - 2xy, 

Hence iS^-|-LS"=0 is a conic touching 2 = 0 , that is 

It can now bo shewn that this conic is a fixed conic. 

For we have 

A=1-2 0 

= - 4 - Uifc - = - (2 + hP)\ 

e=2/(l+AX?+l)-t-2^(l+A^-hl) + 2A(l + l-|-Ai&) 

'=2(/+5r + A) {2+hk)y 

0'= -(/+^+A)*-2^M, 

^’=^2fgL 

Thus 0® - 4A0' - 4AA'it. 

Hence the conic S+kS^—O 'v^ 

(02-4Ae') AS'-i-4AA'/y=0. 

This being homogeneous in A, A', 0, 0' must be a fixed conic. 

The sides of a triangle touch a conic S and two of Us vertices lie on 
another conic S', to find the locus of the third vertex. 

We can so transform our equations as that 

So that A*=a6c, 0 = 26 c, 0'=2c/^ A'e=l. 

Now reciprocate with respect to S' •, we have two conics 

Si s hex^ -I- cay ^ + abz\ the reciprocal of Sf 
and 8'esxHy^+z\ 
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such that tangents from P (the reciprocT^l of p) to 8* meet <Sj in Q and A, 
the reciprocals of q and r. And by the previous example the envelope of 
OR IB 

(0|*® — 401 a/) Si 4“ 4 Aj Aj^iS^^ — 0, 
where Ai-aW^A^, Al'-l-A'^ 

0i*=a6c(a+6+o)*=A0', ©i'=6c+ca+a6=e==A'0, 


{<1^) • 




Thhs the envelope of QR is 

(^^02 _ 42^e'A'2) + caMf^ahz^) + 4 A®A'® {x^ +.y2 + a®) == 0, 

4A- 

that is fcca!* 4 -cay 2 +a 622 +X(a^ 4 -y* 4 - 2 *)« 0 , where , 

The locus of {qr) is the polar reciprocal of this with respect to S\ 
which is 

(be+X) (ca+X) + {ca + X) (a6 +X) y ® + {ah + X) {he + X) «* = 0, 
that is aheS + XF+ X^S' = 0, 

which is A^S" H-Xi^+X* A'>S"=0. 

Wo now substitute for X, and get 

A^ (02 - 4Ae')‘-* + 4A2jP(e2 - 4A0') + ISA^A'^' = O 
On dividing* by A we have 

(02 - 4A0')2 aS'H- 4 a (02 - 4A0') 16A3A'*y' = 0 

398. The conic. ^ 

As the locus of points the pairs of tangents from which to 
two conics form a harmonic pencil is a conic, it follows by 
reciprocation that the envelope of lines cutting two conics in 
two pairs of points forming a harmonic range is a conic also. 

Let us now find the equation of this conic for the two 
conics 


8 = (a, h, o,f,g,h)(te,y,zy = 0 


( 1 ), 
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If we reciprocate these t^o conics with respect to 

+ y* + 0* 0, 

we get Si = (A, B, C, F, 0, H) {x, y, zy = 0 (3), 

8, = {A\ B\ G\ F\ G\ IF) (x, y^zy=0 (4). 

Now clearly if lx-\- my nz — 0 be a line wJiich cuts (1) 
in two points harmonically conjugate with the two points 
in which it cuts (2), then (Z, m, n) will be a point on the P 
conic of (fS) and (4). 

But ^ the minors of A, B, G etc. in the determinant 


A, 

H, 

G 

II, 

B, 

F 

G, 

F, 

G 


are proportiunal to a, h, c etc., being in fact 
aA, bA, cA etc....(§ 372), 

and similarly the minors of A\ B\ U etc. in their determinant 
are a' A', VAl etc., therefore the P conic of (3) and (4) is 

(6c' + 6'c — ^ff') oi^ + two similar terms 
+ 2 {gK -f gh — a/' — a!f) yz + two similar terms = 0. 

As then (Z, m, n) lies on this we have 
{be' + b'c — 2ff') P + etc. -f 2 {gh' + g'h — af — a'f) mn + etc. = 0. 

That is = 0, where ^ is as defined in § 379. 

This then is the tangential equation of the conic which is 
the envelope of lines cutting (1) and (2) in pairs of points 
harmonically conjugate. 

It is convenient to speak of this conic as the conic of 
(1) and (2). 


399. Point equation of oonic. 

To find the point equation for the ^ conic of 

8^(a,b,e,f,g,h){w.y,zy=0 ( 1 ), 

;S' = (a', V. c\f, <f.h'){w,y,zr = 0 (2). 

A. 28 



434 


GOVARIANTS 


We transform these conics into \ 

= + + ( 3 ), 

= + (4). 

For (3) and (4) 


A = a^ 7 , @ = ^7 + 7 a + aj3, 

0' = a + yL? + 7 , A' = 1 , 

and F = a(j3 -\-y)X^-h fi(y + a) r*H- y(a-h/3)Z\ 

Now the 0 conic of (3) and (4) is 

(I3 + y)l^ + (y + ol) + (a + yS) w* = 0, 
and the corresponding point equation is 
(7 -f a) (a + /?) Z* + (a + fi) + 7 ) F® + O +17^ (7 + a) Z^ = 0. 

The coefficient of Z* is ‘ 

a(a +^ + 7 ) + ^7 

= a (a H- yS ^ 7 ) + (j3y + ya-h ct/3) — a (/8 + 7 ) 

= a@^ 4" 0 ® (y9 + 7 ). 

Thus the point equation of (3) and (4) is 
0' (aZ« 4 - + yZ^) 4- 0 (Z^ 4- 4- Z*) 

-{a()9 + 7)Z» + y8(7 4a) F* + 7(a + /3) Z^} = 0, 
that is @'^ 4 @S'-F = 0. 

As this is homogeneous in 0 , ©', P, it follows that it is the 
point equation of (1) and (2) when 0, 0', P refer to those two. 

400. Contravariants. 

The expression ^ which strands for 
(be' 4 b'c - 2ff') + etc., 4 - 2 (^h' + af - a'/) mn 4 etc. 

is called a ' con tra variant ' for the conics 

S = (a, 6 , c,/,gr, K) (a?, y, zj = 0 , 
S'^(a\h\c\f\g\h!)(x,y,zy^O. 

A contravariant differs from a covariant in that it is a 
function of n and the coefficients, not of x, y, z and the 
coefficients. A contravariant equated to zero will give the 
tangential equation of some locus geometrically rdated to the 
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two conics ; while a covariaut equated to zero gives the point 
equation of some locus geometrically related to them. 

The analytical distinction between a co variant and a con- 
travariant can be seen in the following way. 

If the equations of the conics be transformed by substitutions 
of the form 

tC = X.J ^ 4* /Ai + ViZ 

y = iJinY ViX ■ (-A.), 

z ~\^X + K 4- v^Z ^ 

the line la: 4- niy 4- nz — 0 will be transformed into 
VX + m'Y-\-n'Z=^0, 

where 

I = Xj / 4“ Xo^/i 4” XgVi ^ 

* ® * I 

ni' — /i/ 4- 4- CP)- 

v! = Vil 4- Viin + j 

Now' if f (a, b,o a', h\ ni, n) 

be a contravariaiit, 

J" (uj ,hitCi.,.(ii,bifCi I fin f n ) 

will be 

/(a,6,c.,. a, ,6,, Cl... 

where a^fbi, Ci etc. are the new coefficients of X‘“, Y- etc. in the 
transformed equation and e is the determinant 

*'8 

We observe then that the I, in, n are transformed into 
l\ vnlf n* by the substitutions (B), whereas rr, y, z are transformed 
into Xf Yf Z by the substitutions (A). 

We can then define a contra variant in this way ; 

A homogeneous function of m, n and of the coefficients of 
two conics S and S' is called contravariant when, on the equation 
of the conic being transformed by the linear substitutions 
, X = XiX + fti 4" V\Z 
y = “I" "1" vji 

z = XjA 4" /Wj P 4“ 1 ^ 8 ^ ^ 
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and the Z, m, n being transformed\to l\ n' by the substitu- 
tions 

I = XjZ -4- -f" \t,7? I 

m = -f fju.m + fjb^n > » 

v! = Vyl 4 - v^ni 4 - v^n J 

the function .which is related to the new coefficients of Sand 
S' and to l\ m\ n' exactly as was the original function to the 
old coeflScients of S and S' and to I, m, n bears a constant ratio 
to it, viz. where denotes some power of the determinant of 
transformation. 

401. The Jacobian of three conics. 

If we have three conics ^ * 

S = dx^ cz^ 4- %fyz 4- 2gzx -f 2hxy = 0, 

S' ~ a'sd^ 4” b'y'^ 4* c'z- %f'yz 4- 2g'zx 4- 2h'xy = 0, 

S" = a'V4-6V + - 

and wc write down the equations of the polars of these with 
respect to the point (Xu we obtain 

4- Ayi 4- gz,) X 4- {hx^ 4- hy, +fz^) y 4- {gx^ -\-fy, + czj) z = 0, 
(axi 4 - A'yi 4 g'zi)x 4- . . . =0, 

{a%\ 4 h"y^ 4 g"zi) a? H . . . =0. 

The condition that these three lines should be concurrent is 

ax^ +hyi -hgzi, hx^ 4%j 4/^i, gx^ -\-fzi 402^1 1 = 0. 

a'a;, 4%i h'xj -hb'yi -\-f'z^, g'x^ 4/'2/i + 

a"Xi 4 li'y^ +g"zu h"x^ 4 b"y^ 4/"-^i, g''x^ -^f'y\ + <^'z^ 

Hence the locus of points whosd^ polars with respect to the 
three conics are concurrent is the cubic curve 

ax -\-hy +gz, hy +by +/z, gx ’\-fy -\-cz = 0 . 

a'x 4 h'y 4 - g*z, h'x 4 Vy -Vfz, g'x +f'y 4 c'z 

a’'x + h"y-hg'% h"x + b"y^f% g''x^f'y-\^c"z 
The expression on the left-hand side is known as the 
Jacobian of the three conics. In the notation of the differentia] 
calculus the equation can be written 
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where 


S,. 

S\. 


^v> 

S'y, 

S"y, 


S, 

S', 

S", 


= 6 . 



402. Special cases of the Jhcoblan. 

In the special case where the three conics have a common 
self-conjugate triangle we can refer them to this triangle and 
write 

S = rt.'T* + hlf + C-2*, 

S' = a'-e:® -1- 6y + 

S'' = ay ■^hY^c"z\ 

The Jacobian curve, or locus of points whose polars with rftpect 
to the conics are concurrent, is then 

ax, by, cz |=0, 
a'x, b'y, c'z 
a"x, b"y, c"z 

that is xyz = 0, 

which represents the three lines on which lie the sides of the 
triangle of reference. 


403. Should it happen that the three conics all pass 
through the same two points, A and B say, then it is clear that 
the line AB is a part of the locus. For if P be any point on 
AB and we take Q in the same line so that 

(AB,PQ)^-h 

the polars of P with respect to all three conics will be concurrent 
in Q. Thus all points in the line AB belong to the locus. 

In this case then the Jacobian curve will be a line and 
a conic. 

This will always happen when the three conics are all 
circles ; for all circles have the two circular points at infinity 

28—3 
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common. Thus the Jacobian forUhree circles will be the line 
at inhnity and a conic. 

We can now shew that the conic in this case is the circle 
which cuts the three circles orthogonally. 

For the circle which cuts the three circles orthogonally is the 
conic through the six limiting points of the circles taken in 
pairs, and these limiting points belong to the locus of points 
the polars of which for the three circles are concurrent. This 
indeed follows from the fact that the polars of a limiting point 
with respect to two circles are the same line. 

404. The Jacobian will still reduce to a line and a conic if 
the three conics all touch at a common point; for the common 
tangent there is obviously a part of the locus. 

It the three conics have double contact at the same two 
points, then their Jacobian must vanish identically, for they 
have an infinite number of common self-conjugate triangles 
and all points on the sides of these satisfy the geometrical 
property that determines the Jacobian (§ 401). 

Examples. 1. If three conics have four-point contact at the same 
point, shew that their Jacobian is identically zero. 

2. If three conics have three-point contact at the same point, shew 
that their Jacobian reduces to the cube of their common tangent at that 
point. 

3. If three conics have three-point contact at the same point, and a 
second point common to all three, their Jacobian is identically zero. 

405. The cubic cevariant of two conics. 

If we form the Jacobian of two conics S and S' and their 
P conic, it is clear that this will give a covariant for the two 
conics, which is in the third degree in the variables. 

That the Jacobian is a covariant is clear from the fact that 
when equated to zero it gives a geometrical locus connected 
with the two conics, viz. the locus of points the polar of which 
with respect to S and 8' and F, should be concurrent. 
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From what has been already said about the Jacobian of 
three conics we have the following properties of the cubic 
covariant in special cases : 

(1) If S and 8' do not touch, in which case 8, 8' and P 
have a common self-conjugate triangle, the Jacobian (denoted 
by the letter J) is the three sides of this common self-polar 
triangle. 

(2) If 8 and 8' have simple contact, J will be the 
product of their common tangent and a quadratic function of 

y, -2. • 

(3) If 8 and fif' heve double contact, in which case P 
has double contlrfb with them, J will vanish identically. 

(4) If 8 and 8' have three-point contact, in whicjf case 
P has also three-point contact with them, J will reduce to the 
cube of their common tangent. 

(5) If 8 and 8' have four-point contact, J will again 
vanish identically. 

406. Jacobian of S, S' and their conic. 

The Jacobian of two conics 8 and 8' and their d> conic will 
be the same locus as the Jacobian of 8, 8' and P, for as we have 
seen (§ 399) the <I> conic is 

&S + ®S'-F:==0, 

and the left side is a linear function of 8, 8' and P. 

407. The cubic contravarlant. 

It is clear from the principles of reciprocation that there 
must be a cubic contravariant of two conics 8 and 8' to 
correspond with the cubic covariant J. This (which is denoted 
by F) equated to zero will give the tangential equation of the 
envelope of lines whose poles with regard to 8, 8' and their <I> 
conic are collinear. 
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r will be the Jacobian with respect to I, m, n of 2, 2' and 

2 = 0, 2' = 0 being the tangential equations of the two 
conics. 

That this is so is seen &om the fact that 2 = 0, 2' = 0 when 
X, y, z are written, for 1, m, n are the equations of the polar 
reciprocals of = 0, ^" = 0 with respect to the conic 

ic* -f y® H- 2:® = 0, 

and <I> = 0 when a?, y, z are written, for Z, n is the locus of 
points the tangents from which to these two conics, which are 
the reciprocals of S and are harmonically conjugate: 

Thus 2 = 0, 2' = 0, 4> = 0 when in them a;, y, z are written, 
for Z, viy n correspond to the conics 8 = 0, 8' =^05 P = 0. 

Thus the Jacobian of 2, 2', <P regarded as functions of 
X, y, ^ will be the locus of points the polars of which with 
regard to these conics are concurrent. 

Now when we replace x, y, z by Z, m, n again, we have 
a tangential equation which represents a curve possessing the 
property with regard to 8, 8' and P which is the reciprocal of 
that possessed by 2*y*, 2'*y«, 

Hence the Jacobian of 2, 2' and ^ with respect to Z, m, n 
equated to zero will be the tangential equation of the envelope 
of lines whose poles with respect to the three conics whose 
tangential equations are 2 = 0, 2' = 0, = 0 are collinear. 

Note. In the examples which follow F is written for P, 
there being no fear that this F will bo confused with the minor 
of /in the determinant A. 
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EXAMPLES. 

* 1, If for two conics S~0y S* = 0^ the invariant 0 = 0, their ^ 

conic is the polar reciprocal of S with respect to /V'. 

2. The equation of the four tangents to any conic aS'= 0 at the 
points where it is cut by = 0 is * 

(ChVV - AaS")" = - F). 

3. Prove that the ^ conic for two circles which cut ortho- 
gonally degenerates into their two centres. 

4. The envelope of the lines cutting two conics S and S' in 
pairs of points hat rftonically conjugate degenerates into two points if 

^ @0' = AA^ 

Shew too that this is the condition that the F conic Sliould 
degenerate into two lines. » 

5. Two equal rectangular hyperbolas are so placed that the 
transverse axis of the one is in the same straight line with the 
conjugate axis of the other. Prove that the straight line which is 
cut by them harmonically envelopes a hyperbola of eccentricity 

6. If -^=0 be the locus of points from which tangents to the 

conics S and S' are harmonically conjugate, and if .^' — 0 be the 
envelope of lines divided harmonically by the two couics, then 
if 0, F' = 0 be such that triangles can be inscribed in A’ self- 
conjugate with respect to F'^ * 

®®' + 3AA' = 0. 

7 . The locus of points from which pairs of tangents to the 
two conics S=0, S'-O are harmonically conjugate is denoted by 
^=0, and the envelope of lines divided harmonically by the conics 
is i^ = 0. If /’= 0, F = 0 have double contact then S and S' have 
double contact or A0'® = A'0*. 

8. The ^ conic of aS' = 0. S" = 0 is aS^ = 0, and the polar 
reciprocal of aS^ = 0 with respect to aS"' = 0 is kS + S' - 0, shew that 

^ = i(0'*-4A'0)/AA; 
where A, 0 etc. refer to S and S'. 
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9. Shew that the locus of points, the tangents from which to 
two orthogonal circles form a harmonic pencil, is composed of the 
chords of contact of their common tangents. 

10. Shew that the point equation of + <^ = 0, where S and ^ 
have their usual meaning in relation to two conics S and S\ is 

+ k (®S + J^S') + {S& + S'&-F)=0, 
and interpret the equation 

(es + Asy ^4 AS {s®' + ^ = o. 

11. Shew that if the director circle of the conic which passes 
through the points of contact of the common tangents of two circles 
is coaxial with these circles, then one of the limitiag points is mid- 
way between the centres of the two circles. 

t 

12. Two conics S = 0, S =0 are such that triangles ABC can 
be inscribed in S* so that their sides touch S at A\ B\ C\ Prove 
that, as the triangle changes its position, the point of concurrence 
of the lines AA!^ BB\ GG traces out the locus 

206 ’ = 3 

13. If TP and TQ be tangents to a conic S, and 77^, 
TQ* tangents from the same point T to another conic S and 
T{PPQQi)^k a constant, prove that the locus of 7^ is 

* 4AA'SS'‘\k-\) 

and interpret the cases where A: = 0, A; = 1, A; = - 1, 

14. If a conic S and a rectangular^hyperbola S* are so related 
that the centre of S' lies on the director circle of S^ then the conic 
7^ is a rectangular hyperbola. 

15. An ellipse of eccentricity e and a coaxial hyperbola of 
eccentricity e' are such that the eight points of contact of common 
tangents lie on two straight lines. Prove that either a pair of 
collinear axes are equal or 

or (l-c»)(c'>-l)-l. ^ 
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16. Prove that the F conic of two parabolas is in general a 
hyperbola but that in special cases it may be a parabola. 

The F conic of the two parabolas 

(«, b, e,f, g, K) {x, y, zf = 0, 

(o', V, c',/', g', h'){x, y, *)‘= 0, 
will be a parabola if 

(gh - a/) (A/' - b'g') = (g'h' - a'/') (A/- bg). 

17. Prove that 

= F^ - (te'/S + ®S') F^ + (A'®,?* + A®'>y*) F-h (©0' - 3 A A') FSS' . 

- (®« - 2A®') ^'S^S' - (©'* - 2A'®) AaSS"* - AA'^A'* - A*A'iS"* 

[Take /? = aaj* + 6^'' + cz\ S' = ai^ + + z\ 

so that F= a{b-^c) x^ + h (c + a)y^-^ c (a + b) 

and J (b - c) (c — a) b) xyz.'^ 









